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ON THE SPECTRAL PROPERTIES OF THE OPERATOR,
GENERATED BY IRREGULAR BOUNDARY CONDITIONS
AND ORDINARY DIFFERENTIAL EXPRESSIONS

Abstract

In the paper it is proved, that the resolvent of the operator, generated by the
general irregular boundary conditions and the ordinary differential expressions of the
second order, have not the minimal growth.

As it is known itregular in Birkoff-Tamarkin sense boundary-value conditions
for ordinary differential operator of the second order have the form [1, p.433]
Lu=y'(0)+ (Su'(l) + au(O) + Bul)=0,

Lyu = yu(0) - du(l)=0.
In 1927 Stone [2] investigated Green’s function of the operator L generated by such
boundary value conditions and proved expansion of functions in series by eigen and
joined functions.

In S.Y. Yakubov and K.S. Mamedov’s work [3] it was shown that in the regular
case the minimal growth of the resolvent is stipulated for any order of the ordinary
differential equation, but for an odd order the class of irregular boundary value
conditions was chosen for which minimal growth exists. But if the boundary value
conditions are not regular then the resolvent can not have maximum order of decreasing

1
and even can increase for |2.| — . So,1if Lyu= —u"(x),Lm =ul(0), Lyu= Ju(x)dx , then
0

||(L + A1) H 8{t., (0,13} < Clli_%_ﬁ )
But if Zju = u(0), Z,u = «'(0), then
l(z+ 22" ) clate’® ' .

In [4] it was shown that for the class of irregular boundary value conditions if the
quantity 8, =ad + Sy # @, then minimal growth of resolvent doesn’t exist.

In the given paper some classes of irregular boundary value conditions have been
selected for which 6, =0 and the resolvent can not have maximal order of decreasing

and can increase for [}L; -0,
Let’s consider in space Z,(0,1) the operator L determined by the equalities
D(L)=wi({01), Lu=0, v=12), Lu=u"(x).
Let’s consider the equation:
Lu—Au=f. (1
Theorem 1. Let Oy =ad + Py =0,0, =8> -y*=0. Then Ye>0 3R, such

that ail points of the complex plane, for which larg 2,[ <T-£, W > R, are regular for L
and for solution (1} it holds the estimation:
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e_ReJI ur“ + 'A’lé‘e—ReH“uf" + llle-ﬂcﬁ”u“ < Cg "f" . (2)

T-—-&

Proof. Let us denote 4 = p?, where |arg p{-: . Then equation (1} is equal

to the problem: _ '
w"(x)- p2ulx)= f{x), Lu=0, Lu=0.

The solution of this problem is represented in the form of sum u(x}=u,(x)+u,(x),
where 1 (x)} is contraction on [0,1] of the solution of the equation u](x}— p*u,(x)= f on
the whole axis, where

)= {f(x), xefo0)]]

0, xE[0]
and u,(x) is the solution of the problem:
wh(x) - pulx)=0, Lu,=-Lu , v=12. (3)
By help of Fourier transformation it is easy to prove the estimation
[ <l “M)A k=012, )

Now let’s estimale the solution of problein (3). The general solution ] (x)— plu,{x)=0
has the form:
U (x)= c e ™ +c,e?Y (5)
Putting (5) in the boundary conditions of problem (3) we obtain a system for
determination of ¢, and ¢,

{(— vp —Opef +a+ ﬁe"’}, + (ype“’ +8p+ae” + ﬁ}:2 =—Lu ©)
(}’ *&“pkr + (79‘9 ‘5)32 ==Lu, .

The determinant of system (6) has the form D{p)=6,R(p) where R{p)=2pe™”.

T—&

for |p| — = we have

|

Then in sector |arg p| <
[T
'leﬂ +1‘]'|Lzuz\} dx} <cefer

ey | < c{;@e""l
[l o o -

In order to estimate ‘Lvu,l, let us use the formula in {5, p.145]

suplu (e} <+ 7|,
xijl.1

+e”
! ';:I' ||L] |+ ;ep(-t—l}‘(

c, + —-1—02
P

1
k+—
where 05k<2, 0<h<hy, y= 5 2 Let hzlp]_z. Denote the order of the operator

L, by k,.Then k, =1, k, =0 and by virtue of (4}

Jres
2

“me+wﬁgwﬂgdm“%ﬂ-

K, _
!Lvul I S C"“x ”{:*u foa] = Czo{lp‘ 2
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Putting these estimations in (7), we obtain in sector [arg p| < for sufficient

large Ipi
3 3 1 3 3
bab= ool S+l =

<c.emo o + ol A= c.e=lof 1], ®)
From (4) and (8) we get the estimation

bl < |+ el < . ol 1 + ™l LAl

<C, [l + | <C, A" e A ©)
in sector ‘arg l‘ <7 —¢ for sufficient large {;‘l Further, since »"(x)= Au(x}+ f{x), then
(@< 2l + A s ™A (10)

and finally, using the estimation

LT
N Wl ol
cited for example, in [5, p.237] we get

tReEy 1oL SmedTy L o
nu'nscs[ez BT A e f(f)}s

<Az 1] (10
Then on the base of (9), (10), (11) we obtain the required estimation (2).
Theorem 2. Let 8, =ad + Py =0,0, =87 —y* #0. Then V& >0, 3R, >0 such
that
IR, L) < C |4 "o,
Jor largi|<m -2, [A|>R,.
The proof follows from theorem 1 and estimation (9). From theorem 2 as a

corollary it is easy to get the more general theorem.
Let’s consider on the space I,(0,]) the operator determined by equalities

D(L)=Wi {00, Lu=0,v=1,2), L u=au"(x).
Theorem 3. Let 6, =ad +yB=0,08, =6 —~y* #0. Then Ve >0 IR,, such that
IR LY < C, R
Jor |arg A —-arga|<x - &, |A{>R,.
Proof. Since L -AM=al-i]= a(L ~Aa”'I ), then for
Iargﬁa"l <% —&, |ia‘1| > R!, on the base of theorem 2 we get

(- 2a 't fscipart[erel

-y

so for

largd ~argal<m - ¢, [A]>R,, scstll-lenem_

QE.D.

(2, - A1) [ =d
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