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CAVUS A, ABDULLAYEYV F.G.

ON THE UNIFORM CONVERGENCE OF THE GENERALIZED
BIEBERBACH POLYNOMIALS IN REGIONS WITH X -QUASICONFORMAL
BOUNDARY

Abstract

Let G be a finite domain in the complex plane with K -quasiconformal
boundary , z, be an arbitrary fixed point in G and p> 0. Let @(z) be the conformal
mapping from G omnto the disk with radius r,> 0 and centered at the origin 0,

normalized by @(z,)=0 and @'(z,)=1. Let us set ¢,(2).:= ][(p'(c: )]%‘d{ ., and let

z

L}

n, ,(2) be the generalized Bieberbach polynomial of degree n for the pair (G,z,) that
minimizes the integral _ﬁlq;},(z)—P,,’(z)(pdo'z in the class A, of all polynomials of
G

degree <n and satisfying the conditions F,(z,)=0 and P)(z,}=1. In this work we
prove the uniform convergence of the generalized Bicberbach polynomials n, (2) to
K?+1

2K*

@,(z) on G in case of p>2-—

1.Introduction.
Let G be a finite domain in the complex plane bounded by a Jordan curve

L=4&G , Q:=extG and z, be an arbitrary fixed point in G . Let W =¢@(z) be the
conformal mapping of G onto the disk B(0,n):={w:{w/<r} with @(z,)=0,
@'(z,)=1; r, is called the conformal radius of G with respect to z,. We denote y by

the inverse of ¢ .
Let p=>0. It is well konown [24: p.435] that the function

@, (z) = ][.;o'(g)]% d¢ ,ze G, minimizes the integral

' P z
ey =V = Ji 0 0

in the class of all functions analytic in G and normalized f(z,)=0, f'(z.)=1.

Let A, be the class of all polynomials P,(z) of degree not exceeding », and
satisfying P,(z,)=0,P,(z,)=1 , and let p>0. Using a method similar to the one given in
[11:p.137}, it is seen that there exists a polynomial =z, ,(z) furnishing a minimum to the

integral [Fp P

uniquely(11:p.142]. We call such a polynomial 7, (z) the generalized Bicberbach

26 in An ,and if p>1 these polynomials 7, ,(z) are determined

polynomial of degree n for the pair (G,z,) as it is in [17]. When p=2, let us
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emphasize that 7, ,(z) is the same as the »n-th Bieberbach polynomial for the pair
(G,z,), see for example [12].
— 0 for n—> o [28:p.63],

If G is a Carathéodory region, then l]qop Tl

and so the sequence {7, ,(z)} converges uniformly to @,(z) on compact subsets of
G . Therefore, the study of the uniform convergence of the sequence {7, ,(z)} in G

and the estimation of the error ||<pp - ?’E",p" = maxﬂ(pp z)- ?r,,,p(z)':ze 5} is closely

C{G)
related to the geometric properties of G .
In case of p =2, M.V. Keldysh showed [18] that for every £ >0 there exists a

constant ('(¢) > 0 independent of » such that "(p ~T,

e Sﬁn,(—f} for every natural

number n if the boundary L of G satisfies certain smoothness conditions, After that,
the uniform convergence of the polynomials 7, ,(z) to ¢(z) in the closed region G
have been studied in [12],[13],{19],[201,[23],{25].[27]and {29] by weakening the

conditions on the boundary L . If L is a K —quasiconformal curve, in [5] V.V.
Andrievskii proved that there exist constants C > 0 and y > 0 independent of 7 such

m—.)sﬁ- for all natural numbers # but he did not mention how to choose
Fi nt

y . In{21], M.Leclerc figured out ¥ in V.V. Andrievskii's work to be taken in (0,5r

that "cp—‘ifr,,_2

=0 for
o)

arbitrarily. When L is piecewise quasiconformal , the problem of "qa—n'M

n > has been studied in [2],[4] and [6].
If p>2 and L is a K —quasiconformal curve, D.M. Israfilov proved that

there exist constants C > 0 and y > 0 independent of #, not mentioning how to choose
<< 7).

_ |(‘{a'_)' -
In this work , we consider the case in which L is a K — -quasiconformal curve

-2
and p>2- %K;"l , and we prove the following theorem:

y expilicity, such that ”rpp — Ty p

Main Theovem. Let G be u finite domain in the complex plane with a

2
K - quasiconformal bhoundary L and p>2-— I;‘Ktl. Then there exists a constant
C >0 independent of n such that
”‘Pp “hp CGY <Cn?
Jor all natural numbers n =2 and every
1 2K :
O —p-2f oty |, 2-£d<per,
ye pK® K 1-!-l r
0,—= s 22
( - 77 p
Remarks.,

i. If p=2 ,ourtheorem is the same one as in [21].

ii. If p>2, the existence of y=y(K) was proved in [17] .
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fii. If p=2 ,asitisin [5), it is possible to compute ¥ approximately for
some simple regions as follows: Let £ be a sufficiently small positive number. Then;
2ptes ;f“3,22p>1§

&, p>2.

b. If G is a rectangle with the sides d and ¢, d 2e ,

2 p-3Ymew-1H1-& )
) Rl e v s}

¥= Hfr:co%ﬁ’ p>2,

where @ = (arctg -gr)_l .

a. If G is a square, ¥ ={

¢. If G is the L —shaped region, i.e.,
G={z=x+iy:0<x<20<y<tuiz=x+ip:0<x<llsy<2 },

1+3p-18p2(2—p)-¢

4+3p
2> pr2— 2
y o= 3pp(3p+1) p IS‘,D2 where p;=[3+ 5) .
£, p>2 03
Pr ’

In order to prove the main theorem we need some auxiliary lemmas.

2. Some Auxiliary Lemmas.
Let ¢ and & be nonnegative . From now on, we shall use the notations a >< b

1 . .
and a<b tomeanthat —b<a<ch and a <ch for a positive constant ¢, independent
[4

of ¢ and b .
Lemma 2.1. Let G be a finite domain in the complex plane with a

K ~ quasiconformal boundary L. If p>2(1—K™), then the function ©,(z) can be

extented to G continuously,
Proof. It is clear that ¢ ,(z} is uniformly continuous on every compact subset

of G.We show that ¢ (z) is uniformly continuous on G . Let z be any arbitrary point
in & . From lemma 3 in {1}, we know that

2
z lmiqo(z)[ P
! Y = ' Py 10 . 2.1
e, (2)=lo'(2)] { Je D) (2.1)
On the other hand, since ¢ has a K’ —quasiconformal extension to the whole plane

[3:p.75] ,it satisfies K -uniform Holder condition in G [3:p.51], ie.,

lo(2) -] € z-¢[ 2.2)
forevery z , ¢ in G . So, we get
I(p;, (z)‘ <[dqz, L)lm-; >, zeG. (2.3)

Therefore, by (2.3) and the fact in [14] we have
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: 1R 1 .
oo (20, )| S|z~ 7 Tz 5 eG (2.4)
Since p > 2(1 - K™}, from (2.4) it follows that the function ¢ , 1s continuous uniformiy

in G . Hence, it can be extented continuously to G.
Let us mention that this lemma was proved in [17] incaseof p>2 .

Lemma 2.2. Let G be a finite domain in the complex plane with a
K -~ quasiconformal boundary L and p >1. Then

1

‘F‘Jﬁ & n '

"(ap “Tnp
1
Jfor every natural number n>2 and every y (0, —;(—-zw)‘

Proof. Since £ is a X — quasiconformal curve, there exists a quasiconformal
reflection «(z) across L [3:pp.77-80] such that it has bounded partial derivatives in a

neighborhood of L and changes Euclidean lengths at most by a constant factor. Let us
extend @, (z) to the whole complex plane in the following way:

p,(afz)) , zefd
Then

i , ze(,
Py (z) , zeQ

F,:(2)= 2(2) ={ (2.5)

It is obvious that ¢, € L,(G). Therefore ¢} (z) has the following integral representation
[8and [9] :

@) (z) = --‘-ﬂfﬁéﬁé%da;, zeG. (2.6
n ))&~z
9]
The analog of this integral representation for an unbounded region G with boundary
passing through o is given in [10].
Now let us consider the conformal mapping ¢(z) of Q onto the exterior of the

unit disc normalized by ¢{x)=w and iim1—¢>(z)>0. For R>1, let us set
Tegm ¥

L,= {z:|¢»(z)|=R 1. Gr=intL, and Q, =extL,.
Let O0<e& <1 be small enough and R:=1+n°". Since Q:f):u(GR\G) we
get

()= Ji(z) + J,(2) , zeG, 2.7)
where

Ji(z):= ‘ij.%ig%dﬂg zel ,
n A2
€, ‘

and
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Jy(2) .= jj q’”(g) zeG.

Gp'G

Since J,(z) is analytic in G, there is a polynomial @, (z) of degree <n—!

1 —_—
[26:p.142] such that  [(2)-Q, (2)]|€— for every zeG. Let us set
n

E(2)= :an_t (C)de . Then P,(z,)=0 and from (2.7 ) we get

l
=+l 6, - (2.8)

b, =2

o (O}

Since the Hilbert transformation 7(f)(z)=- U L (Q) being defined as a
Cauchy principle value is a bounded linear operator fmm L, into itself for p>1,

considering }6p f(g )]P -.:|q)’(a(§ ))}2 |aE(§ )r 4 ‘go‘(a(é' )),2 in Gy\G, the Calderon-
Zygmund inequality [3: p.89 ] shows that

A
- "LP((,') < ]}apgnf - i[ _fﬂ@'(a(g ))‘2 dcr;} £ (mes(@(@(G \G))Y7.  (2.9)
v Ga'G

Letus take R":=1+2(R~-1).Let L' ==a(l,.), and ¢..(z) be the conformal mapping of

extL,. onto the exterior of the unit disc with the properties ¢, .(x)= and

lim %rﬁk. (2)>0 . Since ¢(2)} is K* - quasiconformal in G and ¢, (w) is conformal,
using again Goldstein's theorem [15] we obtain
mes@(a(Gy \ GY)=mes{p ¢! 0§ (G \GNIS {mesp . (@G, \GHY, (2.10)
for 6 e (0,K7%).
On the other hand, according to Andrievskii's lemma {7: Lemma 2], there
exists a R>1 such that R-1€x"" and if Sp= {z:'giyﬂt(z)':ﬁ}, then

mes{q&R. (a(G, \G))} < mes%;ﬁﬁ. (intS; \int ' }z n(R* 1) € n*?. Thus, from (2.8} to
{2.10) we getl

-

1\ k2
le, - 2], (G)é(ﬂ"x _ @.11)

Now let us consider the polynomial f’;(z) = R,(z)+[1 —P,,’(zu)kz-zo). It is

clear that P (z) €A, and by means of (2.11) we obtain that

i—g

“‘Pp _ E”’-‘;’(o) < G};T :

So if we consider the extremal property of the polynomials 7, (z) in A, , the proof is
completed.
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Lemma 2.3. let G be a finite domain in the complex plane with a
K ~ quasiconformal boundary L. Then, for every z e L there exists an arc B(z,,z) in

G joining z, to z and with the following properties:

i d(¢ L) X | - 2| forevery § & B(z,,2).

ii. For every pair §,{, € B(z,,2), if B(..¢,) is the subarc of B(z,,z)
Jjoining &, to £, and E(E(C:I!CZ)) is its length , then f(ﬁ@biz)) < Igz "’gzl -

Proof. The proof of this lemma is similar to the one of lemma 4 in [6]. It
follows that the arc B(z,,2):={ :{ € G argp({) = argp(z)} satisfies the required
conditions by means of the modified version of lemma 3 in [6] for finite regions and
lemmas 1,3 in [1].

Lemma 24. Let G be a finite domain in the complex plane with a
K —quasiconformal boundary L, and P,(z) be any polynomial of degree <n
with P,(2,)=0. Then

HRF“(‘((T‘) < "Pn”ﬂp((i)x ) 1 s p>2,

0<p<2.

Proof. When p=2 and p>2 the proofs are given in [S] and [17]. So we
consider the case of 0 < p< 2. Let z be an arbitrary point on L. For simplicity, let us

set §:= -I-% and let B(z,,2) be the arc joining z, to z and satisfying the conditions of

lemma 2.3. For an & >0 small enough, if 8, = {4‘ :¢ € B(z., 2), lg _zl <g n""} and
Bz = B(z.,2)\ By, we get

P, =| 1Rt ﬁ[lP;(a:)\ld:[ + BIIP,:(g)lldql, (2.12)

It is well known [16:Theorem 1] that there exists a ¢;>0 such that

& Scln"'"P,, ”(?(6)' Therefore, since ¢(B)<c,en™ for a c¢,>0 which is

independent of &, and

[24:p.432] , by lemma 2.3 we

de (C L) f 27}
obtain
| i
B < enlBlegs 2+ e Bl o | 22k
17, (z) : }B'[I ¢]+es ) ”f.,,(r.:)v K‘z‘%
B
e(g)d
{4
SE 06 “Pn [I(.‘(Er‘_} +03”P” ”"-lr‘(” o
O
<.e.clcz“P “((G »EL Gy o

Using the maximum modulus principle and choosing £ such that & ¢,c, <1,
the proof is completed.
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3. Proof of the main theorem
We use the familiar method given in [5],[12] and [17]. Considering the case
2
2> p>2- KZ +1

Kt

we proceed as follows:

Let be ye(O,;}(—z-—f,%(j’,“—l))- For n with 2<n<2" and

A=y +26-(Z 1) by Lemma 2.2, we have

1
- % . -
|(”z’<~',p Frp L*,,(G) nt
and in particular,
!
- LN 4 .
"’sz“.p Ty, e 3B Jfor j>%

Now since
¢,(z)-m, (2)= [:rzm_p(z) —frm(z)]+ Z; [’Tzﬂ*,p(z) - nzf_p(z)] Jfor ze G,
Jek+l

we have

o

- . a. =T —+ KR [ — -
“"OP Tnp (0 uﬂl” Lp "’plcr((}) ,,.§+] M TVp '(.‘(r_;}
N t n c=(j + )25 (32— 1)- jA and notice that since i;’"" év—j—- usin
ow we put » =(j + Ar (4 ¥ jA an e tha D g

Juk+f
lemma 2.4 , we get
1

@G

“gop “Rpp
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