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INTEGRAL CHARACTERISTICS OF B, , MAXIMAL FUNCTIONS

Abstract

In this work we consider the generalized Bessel-Fourier shift operator, by means
af which Hardy-Littlewood-Bessel-Fourier maximal functions (B, , -maximal functions)

are defined and invevtigared The boundedness of B, ,-maximal functions from
L“"(]Hn L""IR“ 1+h1 QIRH,x};ﬂ; ) space fo  space Lf*'"(R;',,,)E
= (R,’: . ,x;‘n'dx) is proved.

In the theory of functions the shift operator f(x)— f(x+ y) and the connected

with it techniques of Fourier analysis a important role. Natural generalization of shift
operators on R are the Delsart-Levitan generalized [1] shift operators (GSO), particularly
Bessel’s GSO which can be constructed by arbitrary Sturm-Liouville differential operator
on R. Generalized shift operators form oneparametrical family, but nevertheless many
problems of harmonic analysis can be generalized if we use generalized shift instead of
ordipary ones.

In the work we consider the Bessel-Fourier generalized shift operator, by means
of which are determined and investigated B, ,-maximal functions. The boundedness of

B, ,-maximal functions from space I[* (1+ln+ L IR;'. L,(1+ln L XR“,x"“dx)
0<k<n-1 tospace L*" (R,’,"+) is proved. For Hardy-Littlewood maximal functions the
analogous result was expressed in [2]. In the case k=0 By, =B maximal functions

were introduced and investigated by V.S. Guliev [3].
Let R” be n-dimensional Euclidean space of points x=(x,,...,x”),

x| = (Z;xf)% CIsksn-1,x"=x, =0, x e RE, X" = 3, = (000 X, ) E R,
x={x"x"})= (xl,k,x,m)e R, R}, = {x: (x]_,(,xk‘n)e RYx,, >0,..,x, > 0}, B, +(x,r):
U RL HE- T RS S RN ANES PP I G

In the case k=0x=x"=x,cR", R =R}, ={re R"x,>0,.,3, >0} 7=
You =(Y1:---a}’n)'

We will denote by L;“'" =1 (Rf#) the space of measurable functions £(x),

xe R/,

“f“,‘?.n )~ "f"p‘n_., :( ;ﬂf(x]f’ DA dx} , l1<p<w.

Suppose L~ (Rf_+)= LM(R}:#) , where Lw( ;‘) is the class of all essential
bounded functions f with the norm
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Uit =Wl e, ~esssunl 6.

Generalized shift opreator or Bessel shift (in the short form GSO or B, ,-shift) is
determined by the following way (see [4], [5D:

— Vi X — Vs

gxr{%] ff 1,

] e

2 2 2
thl - 2xk+1yk+-l Cosa,,, + yk+l LR an - zxnyn cosa, + ¥, ]X

T f(x)=

n
x [[sin’" a,day,,..da, .

i=k+1
oy, 8
We will denote by B, Bessel’s singular differential operator B, = — + ~L—
, Tal

v,>0,j=k+1..,n, B, :"-(Bk*,,...,B,,), and by A, - Laplace-Bessel type operator

which is determined by the following way:

i az n
n=Tarr 38
i=l =k+1

Let’s determine B, , -maximal function by the following way:
Maﬁ_,,f(x)z Su{]’lgk,+ (Ossl HT vf(xjy}r{*;
&> k + U E)
Here B, {0,)= {y eR; < 8}, 'E|n_ = Jx,ff’,;’dx, EcR,.
o B

The following theorem was proved in [6].
Theorem 1.

DIf fell™ (R,‘L”Jr ) then for any o >0
e rr,oaty, rl)>a] <SU Gy, M

e&i

where C does not depend on f .
VI fel (B ) 1< p<o, then M, f()e L3 (R]) and

“MBtn |P3’ p?’l;“f”phn

where C,, dependsonlyon p, vy, and dimension n.

Let’s note that the first part of theorem 1 may be amplified. Namely, it is valid
Lemma 1. Let £¢e(0)),C,=C,/1—&, then for any tc(0,%) the following

inequality takes place

! he R M, fi)>1)] <&

<=2 | (xwx:fi;"dﬁlf :

Vin ! ‘(ERI\'I,:;f{xI>d

Proof. For & =0 this is inequality (1). For 0 <& <1 let’s determine £,{x} so
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FG), () > 81,
f‘("):{ 0. |fG)ser.
Then |f(x)}<|fi(x)+e¢ and M, f(x)<M; filx)+er. So, if My flx)>1,
then My fi{(x)>(-¢)t,ie.
{xeRf‘+ :ﬂ.&rﬂ»‘”_f(x)>t}c{xeR",+ :MB‘_‘"f,(x)>(l-£)t}.
So, according to (1)
ﬁ;eRﬁ :M,,.”f(x)>rl | sl{xeRf‘,r :Mgi_‘”ﬁ(x)>(l —-s)t} <

¥i ?i‘,n

-1

J=aya g SWsrmcaps, e
! {xeR&'_.,:f,r’(x]:»z.- eRf | Flx)er

The lemma | has been proved.

Definition 1. Lef function f'(x) be determined and measured on R} . Let call

B, , -function of distribution of function [ the function f., = determined Vte [O,oo) by
the equality

Jores (t) = Hx eR/, :if(x] > r}]

The following theorem is valid
Theorem 2 [7]. Let f be measured on R, function. Then for 15 p <

e, = [Pﬁf (,.)d,f - [— }Pdﬂ,ﬂ_” (r)f ,

Yin

and for p=w
“f"z,;*-" ()= infil f, )= 0}.
The particular case (p =1):

Aoy =, N, (0m)” @

The following lemma is valid:
Lemma 2. Let f be measured on Ry, function, then for any s e (0,0)

[ reiyar=sh, ()+ |4, (.
ket {r(x¥os}
Proof. Let

[l ) s,
g(x)"{o, ) <s.”
Forany r > s
8, (!)=l{x €R;.:
For any 1 (0,s)
&, (t)z){xe R, , :\g(x)>t}\n." =]{xe R, :If(x)>s}] H = fes. (s) 4)

Y&

glx) > tﬂm = '{x e Ry, :|fx)> t}, = £, @) (3)

Y.

Then taking into account (2), (3), (4) we have
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| llf(x]xlf,:’dm eGXslrax= [g.,, (dr=
. o

{,tekg_df[x]>s

= [uy,, ()t + [, Q= (5)jdr+ £, ()t
1] & ] &
= of.,, ()4 £y, Ot

Lemma 2 has been proved.
Let’s prove the following

Theorem 3. For any r >0 and any measured on R; , function f, for which
supp f < B, , (O,r) the following inequality holds:

s, 1,

0y S CBM !1 ,j:)(xl(l + It (Y ae +|B, ©r), .

where C does not depend on [ .
Proof. By virtue of lemma 1 and lemma 2 we have

JM 5. (x)x,’: rdx < I My _fgx)x,};j;‘ dx + _[M B, ﬁx)x:f;;' dx £
B0 <8, (013, /(0K fceB, (0,000, e

< xhrdx + My )x"deB+(0r Mg £, 1)+
{xEB” r).i:nj(x}s]} {‘EHA A0, rﬁ[;:kg(ﬂxbg ¢ I ¢ X"” ( Bir ):h...

+ ]_[(Ms,‘,,f)..m (t)dt < ‘1‘;73,,’+ (G,rlm + [ {x e B, {0.r): ‘MB&_Nf(xX > 1}|n-_, +

+ fla,, f). s, o), +c°]r/}2 (Gl e e+
1 " - 1

{xeﬁk,+{u.r)|_f(x]>5}
¢ [l ac<|B, . (0, r]y + c?l | f(x]x,ff;’dx]dt +
8, ,{0r) . it JL xeBy , (0,0) f{x]:-—;-}

2|r(x§ df
_ﬂf(x]x{",,dx*ﬁiB“(O r] J+C _ﬂf(x} j p MY R

B} (0 r) {n—‘.ﬁﬁ_*(ﬂ,r)]f(.\t]>%} !

A LR R R e

B (00) {.teb’*_* (O,r)jf(x] %}

ﬂf(x]x}:*” dx <|BJ( (X ’] o C ﬂf(xl (1 +1n* ‘f(x])x:*ndx

B, |
lleBg._,(o-r)f-’( (xl>2}

Theorem 3 has been proved.
Author expresses her gratitude to her supervisor Prof. V.S. Guliev for the
formulation of the problem and attention to the investigation.
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