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GASANOVA LK.

ON THE SOLUTION OF GOURSAT-DARBOUX PROBLEM WITH THE
BOUNDARY GENERALIZED INFLUENCES

Abstract

Theorems on the existence and unigueness of the weak local and the weak global
solutions of Goursat-Darboux problems with boundary generalized influence are proved,

In the given paper the theorems on the existence and uniqueness of the weak
local and the weak global solutions of Goursat-Darboux problem with the boundary-
generalized influences are proved.

Let the process be described by the system of equations

z,. = flz.t,x), (Lx}eD= D, xD, (1}
with the condition
z,{t.x,)= £zt %0 b0} + G ()i, (); 2 & b:, =[f0*’1]s (2)
3x(‘0’x): fz(z(to,x),x)+ Gz(x)’iz(x); X€e Ex, = [‘xosxl]’ (3)
z{ty,x,)=2". (4)

Here f(z,t.x), £,(z.t}, £{z,x), 2° are the given n-dimensional vector-functions; G, (r)

and G,{x) are matrix functions with dimensions nxm, and nxm, correspondingly,

{w,t)u,(x)) is m, + m,-dimensional vector-function with the bounded variations,

(#(1),u4,(x)) is a zero order distribution, being a generalized derivative of the function

(u,{t),u,(x)) [1, 51 Let us denote by VB, (f,.#,) the set of m,-dimensional vector- .
functions of the bounded variation on segment [Ig,xl] and continuous from left on the

open interval in the neighbourhood of segment [ro,t]] (%3)2

Vector-function z(t,x) e VB, (D) (see [2]) satisfying the integral system

{t,x)=2" + ]ji (2(z, x5 ) )dr + J]fz (z(ry, 5 ) 5)ds + I_[']f(z(r,s), T, 8 Mdsdr +

f fy Xy

+ _[G, (r)a'u, (r) + J‘Gz (.v)a’uz (s) &}
fo Ty
is called the weak solution of problem (1)-(4) corresponding to vector-function
(), (x))e VB, (to.11)x VB, (x3.%,).

The last two integrals in the right-hand side of equality (5) are understood in Stieltyes
sense.

Theorem 1. Let functions f(z,t,x), £;(z,1), £,{z.%), G {t), G,(x) be continuous
by totality of arguments for te 5,1 VX E ﬁxl ,Z€ R,. Moreover, let functions f (z,t,x),
filzot). folz,x) satisfy locally Lipschitz condition with respect to z, i.e. for (t,x)e D,
2,2, € SR(zO): {z eR,,|z~ z”ll < R} inequalities || f{z,,5)~ f{z),s) < L(R)z; - z].
i=1,2; H f (zz,r,x)— f (z,,r,x]}s L(R]k:2 -2 ” are valid, where L(R) is the constant
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dependent on R. Then for arbitrary distributions (i, {t},11,(x)) of zero order the unique

weak local solution of problem (1)-(4) exists.
Proof. Let

VaP}Llul (r)=w,, Var;luz t}=N,, m"{}h‘ag’f]"Gu (f]’ =Ng» xﬁrsl.ffx,"Gz (r)" =N,
< R}, Wi Jl’|| flzt)=N,,
Sp (f"nﬁ: ) Jlfz (z, t]l =N 27 S:ﬂﬁ‘i‘pllf(z,t,x]l =N i

We choose t, <# €2, x, < x; < x, from condition
N, (‘{ - ‘0)"‘ N, (x; "xu)"" N_f(r; "‘0)(1'; - x0)+ N\Ng +N,N; <R.
Let us prove the existence and uniqueness of the weak solution of problem (1)-(4)
in domain D' =(z,,2]}x (x,.x]).
Let’s consider successive approximations ([4])

24 (e, x}=2° + ]l_f;(zk_l(t,xo),‘t}f‘r + T[fz(z”"l (ro;s);s}is + ].]f(z*“' (r,s),t,s}isdt +

ig %y

a
Z—Z

R=2N\ N + NNy, ), S,p0)={e®, -

166 )+ 16, (Hnls). k=12,

2(r,x)=2". )
From equality (6) for £ =1 we obtain:

”z’(t,x)~ z°" < ;ﬂ|f, (zo,rl'dr + x:!"fz (zo,sllds + ’_f]‘"f(zﬂ,r,sndrds +

faxq

+ POl Y+ 1 oMot 5.

Hence we have
“z](t,x)u z°u£ N_f‘ (t -ZQ)+ N, (x - x0)+ N;.(l —tﬂ)(xﬂ —x)+

+ Ny flw )+ N, 'ﬂ)duz ().
fa Xy

Since
T

.ﬂ!dai({j’sya’}:% [’)= N, te[fﬂsli}a

fy
iﬂ|a'u2 (s=< Var,iu, (x)=N, , xelx.x],

Rl

then it follows from choice of ¢ and x| that
Hz' (t,x)— 20” <N, (6] —1,)+ N, ()~ xp )+ N, () — 1, Mx] — x5 )+
+ NNy + Np Ny <R
By the mathematical induction method one can prove, that
l*.x)- )< R, (Lx)e D', k=12, (7
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Now, let us prove that sequence {z" (t,x)} uniformly converges to D', let us
assume Bk(r,x):”zk (t,x)-z""(t,xﬂl, k=12, H=max{l +£ —t;, | + x| - x, }.
From equality (6) we obtain:

5*(’:*’)5:j‘"ﬁ(zk—](’faxc),f)*f;( e, xp ) ]!dr+ ﬂlf3( “ty,5) ) ﬁ(z’”(tu,s)’g}bﬁ
T sbes) e shespnas

Hence, using Lipschitz condition we have:
5.4t x)<L(R){ f81 (3o ) + jak (g, s + j jak (z, s)dsdr} k=23,.. (8)
fu %y

By virtue of (7): &,(t,x)}= “z {t.x)-z “ <R,{t,x)eD'.

Then from (8) for £ =2 we obtain:

8,0, x)< RE(RWr —1,) + (x — x, )+ (t — 1, Nx = x b <
< RL(RWe = 1)1+ 51 = xo )+ (2 = x YU+ 6 =16 )y < RLRVH e — £ ) + (v~ 0 ).
By the mathematical induction method one can prove, that

6k(t,x)$RLk l(R)H [(f"'fo o e-xp) ]] k=23,. 9

(=

Indeed inequality (9) is vahd for k=2. Assuming that it is valid for k=n-1,
one can show its validity for & =». From inequality (8) we have:

& (l JC)‘( L(R){ IR;:R)HT_( — 1, )»—2 dt + IR L”'E (R);)('n 2

x{s —x, ) 2ds + iji‘i—(—(R)—H—*—[(r 1) (s —x, ) z]dsd*r}

o Xy

PR o) Gox)” ey

{n-2) l n-1 n-1 n-1

+{t - ra‘(x nXO) } < RLH*I (R)H”“Z {(t Y X - x )+

—1

) : i 377 8 " -
+(x~x0y1(1+:,_;0)}ga_é:)l_)_[(r_fu) e x )]
Consequently, inequality (9) is valid.
Ln-l (R)Hft—l y
(n -1

x l(t,' —6,) 7+ (x -, )”"'j converges. Then by virtue of inequality (9) the series

2. x)+ (zz (t,x) -z (I,x))+ et (z" (t,x)— 2" (I,x))+ - (10)

' (Il!xl)""s (’n SRR (t,,x,)+ (11)

By Dalamber’s test the series, whose general term wu, =R

admits

as a majorant.
Therefore series (10) absolutely and uniform convergences in D'
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Consequently, sequence {z" (r,.r)} for k& — oo uniformly converges to some limit
z{t,x), {t,x}e D'. In formulas (6) one can pass to the limit for k —»> o under the sign of
integral at the result of which these formulas will pass to integral equation (5).

Consequently, vector-function z{t,x) is the weak solution of problem (1)~(4),

correspondingly to control (ul (r),uz (x)) Let us prove, that problem (1)-(4) has not any
other solution.

Let z‘(t x) be some weak solution of problem (1)-(4), satisfying the condition
" (£, x) “SR {t.x)e D'. Then

Z,x)=2"+ _[f, (z‘ (r,xﬂ),r}!r + J]'fz(z' (lo,s),s}Is +
_”f( (r s) T s}ivdt + JG )du, (1:)+ J62 (s)du2 (s)

Hy Xy

Subtracting from (6) this equallty, taking in both sides absolute guantity and
using Lipschitz condition, we obtain:

|2 .5) - £ ) < L(R){ (1 ex0) - e, 0 e+
+ iﬂ'z“ (t5.5) - z'(tﬂ,sjlds + i[fmzk(r,s)— z‘(r,sl}isdr}, k=12,...

Hence, assuming

S, (r, x) = ”z* (t,x) - z'(l,x"

we have

8. (t,x)< L(R){j‘&,( (z, xl})dr + _[6,( {to,5)ds + _”5,, (z. s)dsdr} k=12,..

Ty Xy

This inequality has the same form of (8), analogically to that as inequality (9) has
been obtained, we’ll obtain:

5, (0, )<R( (R )HY ((t ) +(x-x) ), k=12,....

Thus, &,({t,x) not exceedmg the general term of the almost everywhere
convergent series, necessarily tends to zero for k—+w. Consequently,
J%im”z"(ﬁ,x)— z‘(t,x1]= 0, (r,x)e D,

From uniqueness of the limit of the convergent sequence it follows that
2" (t,x)=z{t,x), (1. x)e D', ie.the solution is unique.

Theorem 2. Let fanction f(z.1,x), f,(z, 1), f{z.x). G (), (rz(x) be continuous
for (t.x)eD, zeR", telt,t], X €[xg,x, ). Moreover, f(z,t,x), filz,e), filzx)
satisfy Lipschitz condition with respect to zeR,, for (t.x)eD. Then for arbitrary

distribution (ﬂt(!),az(x)) of zero order the weak solution of problem (1)-(4) exists in
domain D .

Analogically to the proof of theorem 1, proving theorem 2 successive
approximations (6) are considered and it is proved, that sequence of functions {z" (, x)}
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uniformly converges on D. The limit function is the unique weak solution of (1)-(4) on

D.
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