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HASANOYV 8.G.
ON THE LOCAL SMOOTHNESS OF A CONJUGATE FUNCTION
Abstract

In this paper we introduce local smoothness modulus of k -th order for a
continuous 2 -periodic function and obtain an estimate of local smoothness modulus of
k -th order of conjugate function in terms of k -th order local smoothness modulus of its
density. '

In this paper we introduce a local smoothness modulus of & -th order for a
continuous 27 -periodic function and obtain, an estimate on local smoothness modulus of
k -th order of conjugate function in terms of % -th order local smoothness modulus of its
density.
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Local properties of the conjugate function (1) in terms of continuity modulus,
smoothness modulus and their local modifications were studied by many authors [1), 2],

[3] and others. In paper [1] it was introduced a two-parametric characteristics @} 5.7,

where z, is a fixed point, local continuity modulus in whose terms a problem on local v

properties of a conjugate function is studied by means of obtaining Zigmund type
estimates of local continuity modulus density.
Denote by C,. a space of continuous and 27 -periodic functions. Put for
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where x, is a fixed point, 8,7>0 and AL (f,x)= Y (=1)"C] f{x + mt} is the difference

m={}

of k -th order at the point x with the step 7 .
For brevity put o;° (6.1) =0 (5.1).
Theorem 1. Let /e C,  and the condition
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be fulfilled.
Then f{x)e C,, and it is valid the following estimate
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Proof. It is known (see {1]), _7(}:)6 C,, . Prove the correctness of the estimation.
Not diminishing generality, by virtue of periodicity of f we consider x, =0

. Let
xe{- q,n),r>0 and ne(0,x], m=0,k .
Write (taking into account that Ictg ‘ ; L ar = 0)
- T+x+mit PV
f(x+mt)=-1~ J'U(*r)—f(_:c+.vnt)]f:rg‘f x2 ™ (2)
7 -+ X+

It is obvious that we can write the integral at the right hand side of the equality
(2) in the form of the sum of mtegrals by the following way
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—F X +me [k =l hkx
where m = 6}
Calculate the latter in the sum (3). We have
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=2[f(x)- flx + mi)] IHFEF-E—_};F‘ . {4)

Denoting [-7 +x, 7 + x] by T and taking into account the equalities (3), (4) for
A‘: (f,x) we get
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Estimate each term of 7, in turn. We get
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{1 ex
||= Z(—)CF | G- flos molug—= m"drs

=0 =(k+i)ax

r (2&<1)t 5 7 +{3k+1
<22C I (y n ( }r) (6)
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Now consider the next expressnon
~ ot def
Z( ) Clet _______x me {ergix).
me=( 2
By virtue of the theorem (see (4]} after its & -fold application we see that there
exists @ ¢ {0.1) at which A’:(ctg;x)z t“'ctgm L x2 iﬁ—t 0<B<l.

By differentiating & times we get

[ T—x—6kt t—x-9kt]
P sm——--——--,cosm.z__ g

Afergsx)=1*

sintH T X Ok
2
~x—6kt T —x—6kt)
where 7| sin == 2— 08— — J is a trigonometric polynomial.
Thus

)A’j {ctg; xj < r——(k—‘;(—;i— ,

where €' depends only on & .
Now estimate 7,. We have
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Estimate /,. We have
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- j[f(rr +y+x)- f(x)]crg-"ii”z"éi@,
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[ U6 Gk ™5 ar -
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Thus
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m=0
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Estimate 1,. We have

. k+l+m
* . —
Pq’] = Z(“‘-‘ 1)"?(“’;’" 2[f(x)—f(x -} mt)]lnﬁ = C‘ﬂ](; (mf, ?? + mt). (8)
et sin——— t
2

By summing the estimates (6)-(8) we get the statement of the theorem.

The theorem is proved.

[n the next theorem it is proved an estimation being a local analogy of the known
Marsho inequality connecting the smoothness modulus of different orders, and analogies
of inequalities (see Guseynov E.G. [5]), connecting a local mixed smoothness modulus
with a local smoothness modulus are given as corollaries.

Introduce a local mixed smoothness modulus of orders 7.k =1 of the form
(u}tk"*“ (5,5,1;): sup {A"h'Aﬁhf(x)f, X, € [._ ?I,JT].

|l i 8
rel 3‘,‘ {_),0 )

Theovem 2. 1) Let feC, .k, jeN, j=Lk, h

<SEM, xg € [—- rr,?r]. Then
VxeO, (x0) it is valid the estimation
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2) Let feC,,, ik,1 be natural numbers, where [ > k. Then for & <s it is valid

the estimaiion
; w;’;xu (f,n + li_};j (1 - k}r]

o} (s,8,n)<Cs"| | -
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3) Let feCy , kil be natural numbers, where [>k. Then it is valid the
following estimation (0 <& <n<r)
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Proof of the theorem:
Prove 1. Consider the case f =k . The case j<# is established by induction. By
the scheme of Marsho theorem (see [4), p.165) we write

I (£5) 2" 84 (1) lz G v i) - (x)jz

= Z}(— 1y (:,;’ZA';*'f(H jhﬁ .
Whence provided xe O, (x, ), we get -
\Akzn(f x)-2* A*h(f ‘<k2k - ‘“' - (h \x-\-;h xUD-C
<k2 o (b + (k ~1)h).
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So at any natural #
k4 1
|Akn U; 1 Em}; Mo (h,ﬂ + (k - 1)h)+ =F |Ag;,(f;xx =
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<ot (- ) 2L )
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At any entire j 20 it holds the inequality
@k (2 g + (k- 127 h) iy 2’}%"*’ “olen+ k-
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By choosing r = |:lc:g2 %:l +1 we get

ok (s, +2(k l)s) h"f k™ {un + (ke - I)u—)du
ke i+] )

fA" )’sczkh" - | -

Taking into account a), (s "+ _(k ~1)s)<2 ufu we get
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Prove 2. Denote g(x )— A nJt (x) Applying the statement 1) of Theorem 2 to the

function g(x) we have

Ix ! +k 3
< (J'Jg ti( + — --—(l k)‘[] k. 4 _ _ A%
ol (5,n)<CoM | oy 2 lom Uk 3N k)”)J )
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Taking into account the following relation
wb e+ ”“"3(zwk)f)ngw;.ﬂm[r,n4 Ik=3_ k)r]

wy s+ (0 + k=307 - k).s)<w"”“(s,s,n+(!+k -—3)(I~k)s)

we get
supy ™ (8.n) =) (8,5,1)<
| Es.\
i f.x I‘f‘k 3 1
O u( T, __"_(J k}{ ;k Xy
SC(‘J"‘LZ J. . (i M n+(1-i k- 3)(1 k).s)
& 4 J

Prove 3. By sitatement 1) of the rheonmﬁjr §=x ,we have

z 2)(3—1)TJ

fx‘,[
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Taking into account that m”“(r n +——(t‘ 2)(!—1)1] ”“"(r 5.1 +— {1 -2 —])z}
and applying statement 2) of the theorem we get

mj“u(r S.n+— ( 2)(1—1)r)

( “"{y,?}—k (-2 1) + f-ii"-i(z k))
cs*| |

&+ ab)-‘.
5 Y

<

@} (m,n + B(: —2M -1+ +E-3)1 - k)H

+ k

T

J

o) (mn+{ =20 - )< 208 (,n + {1~ 200 - 1)) and
m‘;" *“[r,r,n + ':%(! - 2)(1 - 1)+ (! + k- 3){1 - k)}r} <
s2*w_f,’x°[r,q +B(1»2)(im1)+ (I +k- 3)(!—1:)}1}.

Takinyg thesc relations into account we have

g wj”{v,q-k[%(l—ﬂ(?w]) -f-ﬂcm-g(hk)}]

Remark that

Yo {2 Lol td
mé‘-(b,n)s(db _l'u—z-ékj' I dy |+
st 3 Y
{ [-2 £+fc 3
e @7 T+ -2—(1—1) =~ k)}
+C8| | p J”E-l- m}f (617+(£—2)(£——1}:r)
it T

o (e et-20-0+ E20me]

T

k ru 3. (; 2)()' - ]}n) < 8" ? y. dr + ”ﬂLJ .

Statement 3) is proved.
The theorem is proved complctely.
Lemma 1. Let feC, . x,el-nmn)xe0,(x,)ne(0,7) and be fulfilled the
condition
I k g (6 T,n)

a T

T <+,

where k is natural number. Then there exists :f and it is valid the following estimation
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2k+lx‘,(5 )S{ k]x:;(g N |'(3k+4)6)d 5[;(_”-{ (ﬁﬁzn‘f‘r) T
2 4 T
. ) ] XA - mh
Proef. Write (taking into account that J ctg 2——-d =0)
—T+I+mR
k™ F o) =
4 X+ iR+ b ) ih ?’!’!h
-5 lrch]z( et ) st s mh)]ag——wa——ﬁd
—m x4 il mh
p v h
= Z(“ 1) Ck+1 I Z( 1) C [f
m=0 —m+xtmh =0
Taking into account that A%, 7(x)= Z(” 1) C; f(x + iR}, we have
2ol F £l e ﬂ”w' « ¥ T—x-mh
R Y ) < B B e
m=0 -1 X+
By Theorem 1 we have
Pl LS Coren, T ) - e mils T
=0 -+ X+
S C[‘[ k Ixﬂ (671.5?] + (Bk + 4)6) 5k+] J‘w; o (O:Z’n + r)df} '
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The lemina is proved.
Corollary 1. Let feC,y, x5 € [—?I,?T], xe0, (x,), n€(0,7] and be fulfilled the

condition

?G)k " (T n)'d T <400,

\]
Then it is valid the estimation

m] X (6 U)<C[ fw[ (T n +[(3k +4) (k - ‘Xk + ])]5) - ”wj'lu(’faﬂ + r)d'r}

k-1
T dr +0 .‘ k42
0 5 T

Proof. Taking into account that
“’”(6 8,n)< 2(9* “(8,1)
by LLemma 1 we have
12y kL,
2i+|x[,(b H)‘C[r i (8.7 ??+(3k+4)b) L gk Jcoj, (8,z.n+7) g J

k12
0 T T

Using estimation 2) from Theorem 2, we have
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e S O ) e
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it 2]

0 y 0

e [f “”"(y:q+(3k+4)o (k~2)(k-—])5)dy-1“[dr+

*lr
+84 f——(f-ﬂiﬂd +h® (8,0 + {3k +4)5 + (k- 2)k - )5} <

K+2

<C [J.(ﬂ!;x"(rn+(3k+4)é + (k- 9)('(‘_1)5) 5k+1’]ﬂ’“"(‘5n+f) 'T].

k+2
] 4]

The Corollary is proved.
Corollary 2. Under the conditions of lemma, if n=n then it is valid the

estimation
w"k+]( )SC J‘()f

Indeed, if n=m then by lemma 1, we have

mjz_r_;m-l (5)2(—/-(?@?'1(-5;?) J] |(5 T) ]

[t} o

[Iwmr) 08 6.8)7 ar J e,

k4]
1 ét 0

By corollary to Marsho theorem (see {4]), we get

A e I 28,
Y

&

[I 0, 200 J i,

0
Corvollary 3. Under the conditions of Coro!fary 2 it is valid the estimation

k(5)<C[J' f( )d + 5 J-__f( 1) 5k"f”c]‘

Indeed
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ol - 2:“1( . o
o4(5)<C (J’ dr + }ca{j‘fm ) J

&
< Cﬁf—f}f») dr +5* ja;’kf dr + 5"“}"”‘)} .
0 )

Theorem 3. Ler fe(C,,, X, € [ i n] ne(0,7), and be fulfilled the condition

_[ r"(f ’?)

— " d7 < +C.
0
Then it is valid the following estimation

o dr "oy + 3k + 2)k +1)1)

(e, n)<c5" o . fy +
(o’}“‘“[y,q+%[(3k—2){k+l)+21y] h‘(} )
8] w dy+ 8¢ I—H*db’ LAY
& y
/

where C >0 does no! depend on 8 and 1.
Proof. By Corollary 1 to Lemma | and by Theorem 1 we write

CE (T,n + —[(3}( 2Xk + 1)+ 2}:)

“u(&,n)<cs" [~ pr= dr+|/], |=
6 .

5y, 2k +1
<Cl 6 r:’rl jwr ()”?+(3;':‘+ N + )T)ath
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y,n+—(3k 2)(k+1)t+v} N
@+ 3|7,

T+] y

kx,,(
d n
o |

+6"Fj
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jw ," (r JT

Taking into account that
7=
. " d r:a)'rn '
«q ;—frfﬁ("!—ﬂdwllfln] ( 2L e ]

<2

we have

ey, ]

The theorem is proved.




80 Hasanov 8.G.

Example. Let wjr"” (6.n)~8“n" ,a+ B <k. Show that cu;-""’ E.n)scs*n? .
Really,

n vooa, g 1
5 [T -y—f—@scs* "’I—dr<C6" ﬁa =C8%n”

&

n
8* IM Hysco* w———a’r<(“6“ 5 <C&%n
3 n T?

non
5*}"" dy<C8*n gzéa’écaanﬂ,
5

a+ﬁ
8 j < <C8*nf
k 1 ;]

Let A(8,n) bea k -th order focal smoothness modulus type function. Denote
Hy* ={f € Cou; @} (6,1) = O(h(E )0 <8 < s 7},
Introduce the norm

k,xu (6, n)
~ @ 0.1
Whign =W+ sp ——

Theorem 4, Let h(@ ,q) be a k -th order local smoothness modulus type function
and be fulfilled the condition

h ,n+(3k+2)(k+ 1)5)

(=] S

k h[r n -+ —[(31: 2Kk + 1)+ 2}:]

+& J -Jr:()(h(é',n))'

Tk+1

Then, if e HE™ then f e H' and n}:“m-m £Cﬂf|[h,;-_,u .

Proof. Let fecH/™_  Then by definition of the norm
@y 3’,??)‘—:an,{;- « -H8,n), 0<8 sn<xr. It follows from the condition of the theorem
that

hit,n + 3k + 2}k +1

e <k 2K )y, opis, ).
0

Whence we get the following relation

5 c:’r! Jh(y,n+(3k+2)(k+])rl1y - o5,
st g Y
Thus, by theorem 3, we have
x\ dt ehly,n+ 3k + 20k + 1
0" (3.m) < ”f”h’”(s.[hlf(}n(y)( }1'

h[yn+ |3k —2)(k + 1)+ 2]y

Y J' —]b{y—rﬁk}]ﬂ%"@df +6£')SC”f"H:"“ -h(5,71).

k+

y
Now prove that } is boundcd. It is obvious (Theorem 3) that
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= [ |

S {7,... =] + sup .._(;( ,)n) <Ol i -

Ned<n=a
The theorem is proved,
The author expresses his deep gratitude to V.8.Giliyev and R.M. Rzaycv for their
useful discussions and remarks.
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