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MAMEDOYV LT., GUSEYNOV S.T.

ON WEAK SOLVABILITY OF THE FIRST BOUNDARY VALUE
PROBLEM FOR SECOND ORDER NON-UNIFORMLY DEGENERATE
PARABOLIC EQUATIONS IN DIVERGENCE FORM

Abstract

In paper the class of second order divergent parabolic equations with non-
uniform power degeneration is considered. Unique week solvability of the first boundary
value problem for such equations in weighted Sobolev spaces is proved.

Let E, and R,,; be the Euclidean spaces of the points x:(xl,...,x,,) and
(x.}=(x,.... x,.t} rospectively, QcE, be a bounded domain with boundary &5,
0€Q, 7, and T be positive numbers, O, be cylinder Qx (- 7,,7), S, =dQx[-T,,T].

Q, ={(x,): x e Q,t = -T,}. Consider in Q, the first boundary value problem

)
o &9 Bu
= —— —aee , ——ee | = WE), 1
du=— 2av Lau(x,t)axj Sl )
W =0, uy=0, @)

in assumption that f(x,1}e L,{Q,), ”a,_;j-(x,tm is a real symmetrical matrix with

measurable elements in O, for (x,/)e Q; and & €, the condition

HY A < Y a, (g, <um 3, ()] 3)

1. 4=l
is satisfied.

Here pe (0,1] is a constant, A, (x,!)z {jx'q + JH)J ,

LT 2
= I . & _. =

I, iZzllax!l : % 2+a,

The aim of present paper is a proof of unique week solvability of the boundary
vajue problem (1)-(2). Note that in case of uniformly parabolic equations analogous result
is established in [l]. As to parabolic qaution with weak logarithmic degeration we’))
indicate the work [2]. Regarding to question of apriori estimation of solutions of
degenerate parabolic equations we'll note the works [3-6]. In addition with weak
solvability of boundary equations we’ll refer the works [7-8}. The more complete review
of investigations by theory of boundary value problems for parabolic equations it is
possible to find in monographs [1] and [9].

Now we’ll note some denotations and definitions,

Let a'=min{a,,...,an},a' =max{a, ,...a,}. Denote by A(Q;,-) the set of all

, az(a,,...,o:,,), o, 20, i=L..,n.

functions u(x,t)e(.“‘“(@-), such that for any from them there can be found the demain

Qlu), u)c Q and supp uc Q(u)x[* Ty, T]. Let further P%/'ii(QT) and W e ) be
completions of 4(Q, ) by norms
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%
”“”;Ef 1 (0y) ["’" aimax _[szx +Z Jzt x t{*—] dxdz}

E{ T F [93 =1 Q7 I
and
: oV (o], )
“uuw L) = {Q{[u' + EQ{/L (x,t{a] + [—a}") :F’df] *
. , ou cu
respectively, Everywhere further we’ll keep the denotations 4, =— Py U, z—éw— i=1,..,n.
X

The function u(x,f)e W L (Q:) is called a weak solution of the boundary value

problem (1)-(2), if for any function n(x,)e 4 E‘fa(Q;-) and for any # (- TU,T] the
integral identity
jux:. It )ax — fun,dxdt + | Zag (v, e v = [ frde, “4)
Qy 0y 1=} 2
where (), = x (= 15,4, is satisfied.

C{--) means that the positive constant C depends only on content of brackets.

Lemma. If a” <2, then for any function u(x,t)e w lzf;(Qi) and for any
e(-1,, T] the estimation

iy

udndr < C, (0, Q) [ 3, (x,0) uldxdr (5)

o, @, =)
is true.

Proof. It is sufficient to establish (3) for functions u(x,t)e A(Q, ). By virtue of
boundedness of domain (2 there can be found R=R(2) such that
Qe By ={x:x|<R.i=l,n},

Let's fix arbitrary t'e (- 7,1}, extend the function u(x,t'} by zero in B, \Q)
and denote obtained extension again by u{x,t').

Without loss of generality, we can take o™ =a, . Let (xz,...,xn): x'. We have for
e(-R,R)

K %
u(x],x' 1) Iu, 7,xt' it <[ I_(I%TjJ ( Il] (o, x" ¢ it (r,x',{’)dr} .
-k el -K

On the other hand

R

R dr
:£ (“” ![H +le +\/—] !;H;::l" '

Since a; <2, then <1 and so

+ oy

Litmeaen), @
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Taking into account (7} in (6) we obtain:
R
w(x,x,t)<C, qu (e, %, iz, x' 0 M .
-R
Integrate the last inequality by B, and take into account that =0 in B, \ Q). We have

i e, )b < 2C,R [y (et Yt (e, )b < 2C, R [, (,8') (v el )
Q 0

yi=)
Now it is sufficient to integrate (8) with respect to ¢/ from -7, to f, and we obtain the
required estimation (5) with C, =2C,R.
The lemma is proved.
Theorem. Let relative to coefficients of the operator £ the condition (3) is

satisfied. Then, if a* <2, then the first boundary value problem (1)-(2) is uniquely weak

solvable in the space W ';gf;(Q.r)for any f(x.t)e L,(Q, ). Thus for the solution u(x,1) of
this problem the estimate
bl 50,y < Gl ®)

is frue.
Proof. Let for natural m Q, be extending sequence of domains, approximating

domain Q from within, i.e. Q, —»€ when m o and for any m 9Q, € C?. Denote
Q, x(17,,7),00, x[-1,,7] and {{x.1):xeQ,.t=-T,} by @F.Sr and O,
respectively. Let further for natural p and (x,)eQ, AF (Jc,;!)zm:—.lx{,ao““",kr (x,t)};
i=1,.,n. It is easy to see that for any natural p for functions A (x,7} the uniform

Hélder condition in @, is satisfied. Let "a,{,’ (x,tjl be symmetrical matrix with measurable

elements in (., such that a;:,’(x,t)—:r a, (x,t) when p— o, almost everywhere in Q,
and for {x,1)eQ,, &<E,

“ilf (e < Yl (s, < ilf ()2 (10)

0=t

Finally for fixed p and natural % a;-f‘j‘(x,t) and f*(x,) be averages by
Friedrichs with parameter —:; of the functions a (x,f) and f(x,2) respectively

(i,j =1,...,n). We assume that the function a}/(x,1) is extended in R,,, with preservation
of condition (10) (for example, a;’(x,r):c‘i”l{’(x,t) for {x,1)eR,, \Qy: i,j=L..n,
where 5, is Cronecker’s symbol) and the function f (x,t) is extended by zero in
R,. \ O, .Itis easy to see that according to (10) for (x,1)e @, , & <K,

ﬁ;} /1{! (x,t)éf < Za;f’k (x,r)bg'fg; Sﬂ-lzllf(x,[)gf ‘ (l l)

fi=)

Let

_Laﬂ.k - _Q- - i: 0 La,f'k (xst)_g,_j )
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Let’s fix arbitrary natural p and & and for natural m consider the sequence of
the auxiliary boundary value problems
APk pkam f’.ﬁ' . (x,I)E Q;n ,}

urhnl o, wrhal o

‘5!' u

(12)

It is clear that for any fixed natural p, £ and m the boundary value problem (12) has the
unique classical solution u”*" (x,t}e C*' (Q ) Then for any function 9(x,7)e C* (Q )
vanishing on ST U@y the equality

ful*" 9 dxdt + jza (o "9 dxdr = [ 19 dxdt (13)
24 g5 =t oF
is true. '
Put in (13) ${(x,#)=u"*"(x,t). We obtain

n
ful*ruri s+ [ 3 alF (xtuf*rur v dndt = [t deds (14)
o gp =) of
From (14) and condition (11) foilows that
"
w [ YA CeNurm ¥ dxdi < [ fruttm dudt.
oF = oF

Since for any natural p A, (x,t) < AP (x.,r) »i=1,....,ir, then from the last inequality

we obtain that

_[ZA %) s dedt <+ [frur*rdxdr (13)
- _ Koy
Forany B >0 from (15) with regard to lemma we have

()j;x(x r)( "“’)dxdrs B J'( ”k”)zdxdt+—a j(j )zazxd;<

£3;-@_[§l,()t,t)(uf”*””) czxd”md}[(ﬁ)’dxd:. 16)
Put now in (16) § =-—. We obtain
]
J’ZA xtXu*"“’)zdxdts e _[(j )zdxdt*i f(f f et <
o i=1 U}
J‘f dxdi + 2;" f(r f)zdxdt a7
O

In the beginning suppose that the function f(x,z) doesn’t coincide with identical
zero a.e. in O, . Then from (17) follows existence of natural k, =&,(f) such that for
k >k, and any natural p and » the estimate

[ 324, Goraur P dt<-—— jfdd: \ (18)
le |
holds.

™
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Let’s fix an arbitrary ¢, e (-~ 7;,T] and let o =0, x (-7,,1,). It is easy to see
that the equality (4) is true in cylinder O, too. Then from (14) and (18) with regard to

lemma we conclude

'é“ﬂ_[(u”'k‘"'(x,tl))ldxs if"u"‘*‘"'dxdtﬁ%g{[(f")z +(uf’*~’")2}dxdts

"

<~ J'(f )zdxdr+--« jZA(x r)( "’“’)zdxdts _[(f }dxdt+

QI:‘ Q‘" 1=
25 [Pt i mf)za‘xdn[zcl +1] f dedt{iﬂ] [f vt (19)
H O o H M
if onty k& = k,. From (18)-(19) follows that
om
“uﬁ ”W Lelor} <G “f “JQ{QJ.)’ {20)
i 4C, 4
ITENTE
in O and the inequality (20) is fulfilled obviously. We extend the function u”*™ (x,1)

2
where C, ={ } . Note that if f(x,£)=0 ae. in Q,, then wP* " (x,)=0
by zero in O, \ Q" and denote the extended function again by #”*"(x,1}. It is clear that
u* " (x,t)e w 30{0; ), and from (20) it follows that
p.km
| PR V) @)

Let’s fix arbitrary natural p and % 2k0. Then from (21) follows weak compactness of

the sequence {u‘””“"’ (x,()} by m. In other words there exist a subsequence of natural

numbers m_ —»o when s-»o and the function zPJ‘(x,t)eW'z’i(Q?.) such that

u? " (x,0)> —»z7%(x,t) when s —> o weakly in W ;%(0, ).
It is easy to see that the function z”* (x,r) is a weak solution of the first boundary
value problem

gk g rk :f“ ; (x,t)ﬁ' Oy ,}

k k
z”'] =0, z”'] =0.
Sy o

In addition according to (21)
“zp'k ”w (0 ) <G uf HL;(QH ’ (22)

Let now p be arbitrary fixed natural number, and &k >k, be any natural number.
From the estimation (2) we conclude existence of subsequence of natural numbers

k,—w when s—>ow and the function w”{x,f)eW lz?z(Q;) such  that

27%(x,1)—> w’(x,7) when s > weakly in W (QT }. In addition the function w”(x,¢)
is a weak solution of the first boundary value problem
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LPwl = (x,t)e o, ,}

w"’|_ =0, w"l =0,

I'\'." QD

where 27 =2 3 Z
o1 Aox,

( (x )— JBesides

L PREL s

Now from (23) follows existence of sequence of natural numbers p — oo for

(23)

s« and the function u(x,!)eli/'zﬂ((_)g-) such that w? (x,7)-> u(x,t) when s—o

weakly in w Iz,(:;(Qr }. In addition according to (23)
(24)

“u" ‘”{Q_,
Prove that the function u{x,?) is a weak solution of the first boundary value problem (1)-

(2). For any function n{x,7)e W (Q‘, ) forany ¢, (- TD,T] we have
Jw"’* (1) Gty Jebe = [y et + _[ Za (x,00whn,dxde = [fndxdt.
Qq r| fj=t &,

It is clear that
llm _[w (et I Gty ix = _[u(x ¢ n{x,e dx ; I1m _[w 1, dxdl = Iun,dxa't

--Jl Qfl

Therefote for proof of required fact it is sufficient to show that

lim jza (v, YwP dvdt = [ 3 a, (x,0)un,dedi 25)
T-’wg i f" : QJI ],j'-_:] B E
But
_[Za (x,)wln, ddt = J.ZaU x, whn dvddt + IZ[ “(x,6)— a,{(x, r)]
Qi_,rl Q“;;T Q:;l
xwlin dedt =1+ I . (26)

It is easy o see that
limi = j >a, (x,l)u,n;dxdt. 27)
£—woh Qr! !.}:1 b
Thus according to (25)-(27) we needed to prove that
limi; =0. (28)

30

We show the correctness (28) for functions q(x,t)e A(QT). We have with regard
to 29)

112 172
‘I <C (n{ JZ/’L (x, t)(w )dedIJ (JZA (x a‘j a; s(x,1) - a,(x tj ( )lddeJ <

), =l Qu—l

1124 V2q
<, (R)C.%“f“;q(QT)L}J;i}"? (x,f)dm’t} [ j Z\ sox, ) a; (x,rfv' \.n}_qu' 'dxd!} .29

Qf;]
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q

where the number ¢ >t will be chosen later, and q':——~—~f. On the other side for
q...
i=l..,n
R
J474 (x, O)aixedr < (¢, + T, X2R)™ M : (30)
Q:, R‘T]2+ﬂl

where R has the same meaning as in proof of lemma. Since a” <2, then for i=1,...,n

. 20t 1 .
< 1. Therefore for any /=1,...,n there exists ¢, >1 such that Z59 | Leb’s fix
2+a, 2+a,

qg= min{ql,...,q,,} . Now it is sufficient to consider that for 7,/ =1,...,# a; (x,t) - a; (_x,t),
when s > o ae. in O, and from (29)-(30) follows the required limit equality (28). The
existence of weak solution of the first boundary value problem (1)-(2) is proved.

Let um(x,t) and um(x,t) be two solutions of the boundary value problem (1)-

(2), u(x,r)zu(”(x,t)vum(x,t). Then for any function q(x,r)elffuf Iz'.c;(Qr) vanishing at
t=T (look [1]) the equality

— _fun,dxdt+ _{Za”(x tYum dxdt =0 (31

¢y 1or=
is hold.
Let’'s fix an arbitrary 56(0,3"0+T) and assume that the function

s i
n{x,0)e W ‘2],,@,) vanishes at t<-7; and t>7T - & . Denote for he(O,fS] TL— _[n(x,r)dr
toh

by n;(x,t) and substitute in (31) the function ng(x 1) instead of 77{x,¢). We obtain

- _fu nh)d\'dt+ I Zau {x, 0}y, (n} ) dxde =0, (32)
O =l
Taking in to account that

n7) =) . ), =) s i=ten

and the equalities

— [uln, )y drxd=— [umexde= {(u,), ndxdt,
O Ors Uros

ji]a”(x,t (?]J,) dxdlt = j Z( (0, ) n,dxdt
O if= Uy g 111
from (32} we conclude

_[(u,, );r) dxdt + _[ i(a,}- (x,r)u,- )hn_;-dxdt =0. 33
Oy Grop Fu
Hh
Here u, (x t)--— Iu x, 7t .

It is easy lo see that the equality (33) indeed is true for any function

n(x t)eWw (Qr b) (I1}). Therefore, assuming in (33) r}(x )= uh(x,t) and tending A to
zero, we obtain
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i

L iter -shnr [ Ya,(xt)uu,dsdi -0,
2 Q Or.gbri=!

According to the condition (3) from the last equality follows that

fu* (.7~ 8)ax=0.
2
Now consider arbitrariness of & in the interval {0,T, + 7). We obtain
[ (x, )bt =0,

]
i.e. u(x,1)=0 a.e.in O, . The uniqueness of the solution of the problem {1)-(2) is proved.
Now the estimation (9) follows from the inequality (24).

]
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