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ON THE RATE OF EQUICONVERGENCE OF ORTHOGONAL EXPANSION IN
EIGENFUNCTIONS OF STURM-LIOUVILLE OPERATOR

Abstract

At the paper Sturm-Liouville operator with summable on the interval (0,1)

coefficient is considered. The rate of equiconvergence of orthogonal expansion of
absolutely continuous function by the system of eigenfunctions of Sturm-Liouville
operator with the expansion in Fourier trigonometric series of the same function is
studied. The estimation for the rate of equiconvergence on the compact of the interval
([},I} expressed by the continuity modulus of operator s coefficient is obtained.

Let’s consider on the interval G =(0,1) the Sturm-Liouville operator
Lu =—u" + g(x)u (1
with the real coefficient g(x)e L p (GG), p=1. Let's suppose that the operator (1) allows

e
the existence of full orthonormalized in L,(G) system of eigenfunctions L,, {I}}nﬂ and

the system of eigenvalues {4, {_ . 4, =0, 1, — @, n— o0 (Lu, = A,u, ).
Let’s introduce a_ partial sum of orthogonal expansion of the function
flx)e £;(G) in eigenfunctions {u,, (x)}*

n=|
G'V{X,f)= ZU!”}?}”R{J‘:}: v>0, p,= V{“a'_ﬂl
Hy =W
and a partial sum 5, (x, /) of Fourier trigonometrically series of the same function flx).
Let’s denote
Ry (5. f)=0y x.1) -5, (x. f).

It is known that the rate of equiconvergence of the partial sums o, (x, /) and

S, (x, f) at first were studied by V.A. 1'in and LJoo [1] in the case glx)e LP(G}._, p>l

for the absolutly continuous function /(x) and a uniform on any compact K — G exact
by order estimate
R, r)=0b7) voo
was established,
In further the rate of equiconvergence of partial sums o, {x,:‘} and 5, (.x, f) for

the functions _f'(x}, from the class H{i’{G] and HS {G}, ralae {{},]] (MNikolskiv class)
for this operator (p>1) were studied in Sh.A. Alimov, I. Joo [2] and N. Lozhetich [3].
For the differential operators of arbitrary order the questions on rate on equiconvergence
were investigated in papers [4-5]. In these papers we can find extensive lists of references

on the given theme.
At the given paper the dependence of rate of equiconvergence from the modulus

of the continuity of the coefficient g(x)e L;(G) is studied.
Let’s denote
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piv)= v ;“;;FJIL?‘M_IJ'“V + ml, v=1,

where (-,8 } is a modulus of continuity in L;(G).

Theorem. Let q(x)e Li(G) and the function f(x) be absolutely continuous on
the segment [D,]]. Then the orthogonal expansion of the function f(x) by the system of
eigenfunctions {u n(x:l} of the operator (1) uniformly equiconvergens with its
trigonametrical expansion on any compact K — G and estimation

suplR, (A= & Jab bt )by @

is true, where C (K ,1|g|[]J is @ constant depending on the compact K and Ly are the

norms of the coefficient q{x}.
Corollary. Af v — o« the estimation
sup R, {x,f}' = G{V_l In v)
xek
is fulfilled.
Give some lemmas to prove the theorem.
Let’s denote
Rsinvi
]'r{r* R, py !V]= _[
3

Lemma 1. For the quantities y(r, R, u; ,v) the estimations

sinp(t—rkdt, O<r<R<w, u>0.

G(min[yxv",vp[' }) when |,uk —vl:::w"’z,
y = G(In'{ﬂyk —Vrlj] when 1=, —v|<v/2, (3)

Oflnv) when iy —v|<|

are true.

Proof. The estimation (3) follows from paper [6]. But we’ll consider a shorter
proof of these estimations,

Let’s represent v in the form

wvi

R .
sin gttt — sin g r ﬂ?ﬁcnspk{dr {4)

¥

¥ =Cosu F*Ti-sin
|- k : ¥

The first integral at the right part (4) we’ll represent in the form

R . Rlv—py | Rlv+py )
v, 1 !
Fsinpyrar=—| | Zdi- SO it | =
t 2 BN 7
r | v =l rlv+py)
Rlv—p,|
) o
L e
v =gy | Riv—p | ;
Hence it follows that
F e f “‘.I
v, +
= s.nmm:r}[lnu*— : (5)
L .

When 0< p; <v/2 from (5) we'll get (In(l + x)=0(x), x> 0)
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R .
funﬁ‘ sin pigfde = [ Of#k] (6)
g V= J
The second integral at the right part (4) we’ll represent in the form
I
1 ;
Js!?ﬂmsk tdt = - sgn{v e }SI(J', - pktr]+§sgn{v - ,uk:lﬂ(]v - pk|R}+
1 1o,
+Esf({v + y,;k)R ——Eus:[lfv + ,uk)r}, (7

1n.r

where six= _[
!

X
Allowing for the inequality |s£ x|*_icanslx_|,

get

RSH‘I v
j' cos pytdt =

o {lﬂk 1—V|"J'

Consequently

cos pytdt =0

RS
Sil‘l.p.krj‘

x>0 from the relation (7) we’ll

£ - mrJ *

By virtue of the estimations (6) and (8) from (4) it follows the estimation

¥ =0(#;;V"!

when 0< ug <v/2.

By virtue of the relation six=0(1). x>0 from (7) it follows

R..
}‘S]r:fw cOs Uy tdt = O{]] :

IS

Since for l£|,uk —V|£V,."2 the inequality ]n([v+p;c};"|;1k —Vi)éln?r is fulfilled then

from the last relation we’ll get

R
rmw cos pktdt = 0| ln v HE

= - -v|‘_ul

)
k|#-’f vl

(9)

Consequently by virtue of (5) and (9) the second part of the estimation (3)

follows from (4).
When p; =3v/2 from the representation

'}sinw R(m +v) sin{
!

r

COs U tdl = 5{
Ripy -v)
we’ll get that

Rsinvi
i3

Hence and from the (4), (5) it follows the estimation

¥ o= D[In“k
M - V)

cos wdl = 0[ In
Hg —V ,J

rl{;,;j. +¥

rlug ~v)

\
Vg |

de]

Gﬁﬂuk )whcn My 23v)2.
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Consequently the first part of the estimation (3) is established (subject to (6)). But
the third part of the estimation (3) follows from the inequality |5in xi <x,x=0 and the
representations

%
y= |

ol R o
Lkl sin g {.r —r)dt + _[ oy sin ,uk{I —r)dt .
‘ A
b
Lemma 1 is proved.

Let’s denote that in case when p; =0 instead of the integral y it should be
considered the integral

R .
e~
-

This integral has the order {](v" }

Let’s suppose _
Ox.y.z)= Fuy(chin(y),
fp =V
D(x - y,v)= Si"ﬁi[i;]ﬂ ?ﬁf Y) (Dirichle kernel).

Lemma 2. If g(x)e L,(G) then the estimation

xj[@[x, y,v}“ D(x - y,vh}yi < C();‘

X, % €G, x<x;
is frue uniformly with respect to x on any compact K = G.
Proof. We'll fix any compact K<G and any number K; for which
0<2Ry < p(K,5G). For any number R e {RQ,ZRQ] let’s introduce the function

dl (). (10)

i—ﬁil‘lv[x—y] when |x—y|-=:R
S{x!y!V!R]= T _.I—_V ]
0 when |x—)=R

where xe K, yeG.

By .@{x, ¥,v,Ry) we'll denote the averaging of the function

3 5 R
S{x,y,v,Ro}=E; |9dR =g [9].
Ry /2

The Fourier’s coefficients of the function él:x._, v.v.Ry) by the system {u;(v)} has the
form [1,6]

R

A : 2 1

'gk [I?V?Rﬂ)=u.k [‘x}a;} + .I’[,Uk Vs RO}"J'; (X)'i' ;E-SR'D E I}"’(?',R,_,Uk ,V}){
a

- £ G O e Wl S

E
|
|

where
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1 when yp<v,

{
8¥ = i when p =v, }{,uk,v,Ro}= —]"“'_21 (11)
g2 1+ =v["
0 when pg>v

From this equality follows in L,(G) by y the equality

Sxyv.Ro)— T x}uk{r]——— g ek (0)+

py v 2 =y
+ foﬁksv Ro Juy (g (v) + E 1 Sau[jr{hﬂsﬂk,“}x
T g=1Hk ]
gl + g (x4 1)+ glx =g ()] Jukm. (12)

For the establishing the equality (12) it is enough to take into account the known facts

(see [1])
Iu;t(xliﬂ'._, k=12.. 21 <const, Yzl (13}

TS, ST+l

and let’s apply the estimations (3) and (11).
Integrating every side of the equality (12) by y from the x; to the x; and using

the rule of termwise integration of convergence in IQ[G} series we'll get:

IS{x v Ry — IG(* J-'v]a}=m ) Iukiv}a%

%) m =y

+ ZJ’{Pk v, HG}",&[X) fﬂk(yﬁ'} +—

\‘ j]‘r{r: R,y !V}x
]

klﬁ'

< [q(oe + Py (e + ) + gl = P oty (x — )l ]xjuk{y]afu:ﬁfl +83 +83.
x1

From the formula of the value | 7]

H;({)‘ _I}+ ”RLV'I' I}_u (y}cnqp_k.* +—-“‘— J-"-}' g}"'k bmaukﬂ- _-V|_I}’-{é

2
k y—r

and from the estimation (13) it follows that

X3 -~
f“kb‘]d}{ﬂi, O<x<xm<l, m=0. el

Using the estimations (13) and (14) for the sum §; we get the following
estimation

[sils3 Zhue()

=y
Subject to the estimations (11), (13) and (14) the sum S, also doesn’t exceed the

fﬁkb’*‘:c Sug

iy =V

value C v~
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Let’s estimate the sum S5. For this let’s represent it in the form
3
Syl + X & sl e O e X i
sl Ispesvf2 d<fu —view/2 (g -v|sl g 23vf2 0=l
Applying lemma 1, the estimations (13) and ( 14) for the sum Si i#2 we'll get

s <Claly™ S1<cldy

M =l

A
Dy b sl ™

s3|<cla
1=, -v|£v|.-' n=]
S:fl{sC“q"I Y uptInv < C"qﬂ]v_z Inv ECHq"Iv_' :
TR |

Sﬂ < C‘v"qﬁI Z,u[z SCHqHIV_] :
. H;—EEV_."E

For the estimation sz let’s represent it in the form

s3=2 m’{gﬁnr*?q{g}—rm[s)}m‘s}rﬂa—xfamwldr:-L
R

¥ I<,uk <vf2 x— _i

1

. Snur]?"m{é}w(a)r&z; ~ x| R,y v |}xfuk{y}afy= 83(q~Tp)+ 53(T,),
x-R J1 x

where T,,(x) is a trigonometrical polynomial of the best approximation of the function

g(x) in the metric I;(G) of order m .
Using lemma 1, the estimations (13) and (14) we find
’.sf[g-Tm]scg—Tm|]u-' Y ui' <Clg - Ty inv. (15)
1Sy, sv/2
Applying the estimations (13) and (14) and (see [4])

1-&
- &Ry v) < CRo)EE—, 0<e<l, 1=y <v/2, Ry/2<R< Ry
¥

r-&

we'll get !rﬂ <E< l}
\ 2

s3 @) sclraly™ Tt <ovr,, - (16)

l=p; =v/2
Taking into account the known inequalities
]|q o ||I < conste, (q._,m_l ), (see [8])
HTm ||2 < constm"]’" m"l (see [9])
from (15) and (16) we’ll get )
‘Sf({; —Tmi £Cv™ ]nvm.[q,m_]), mz2,

}Sf{rm}j <Cv'm|T,|, sCv ' mlql,.

Consequently,
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E‘I”: }"_1 ?igg%‘ﬂl[ff-m"l)lnv + m},

From the estimation for Sy, §3. .S'_i; A= 1.5 follows

53|« clk,

Ij{f){x: »v)-8(x, y,v,Rg}dy];*_i C’(.ﬂ:,ﬂq"] rlv), 0sx sxp 51, (17)

If we consider the system of orthonormalized in [,(G) eigenfunctions of the

operator [pu=-u", u U}{{}] = um{l] L= 0,1 then we find the estimation

2
{D(x - 3,v) - 8(x, p.v, Ry iy < C(K ™! (18)
all

for in this case q{x] =0,

The estimation (10) follows from (17) and (18). Lemma 2 is proved.

The proof of the theorem is led as in paper [1]. Let’s consider it in short.

Let f{x) be any absolutely continuous function on [l],l]. Let’s represent it as a
sum of two functions: f(x)= fi(x)+ f2(x). where f£i(x) is linear and satisfies the
condition £;(0)=0, £(1)=7(1). Such expantion provides the convergence to zero of
substitutions by integrating by parts. It is evident that it is enough to proof separately
estimation (2) for the function f;(x) and f>(x). Let’s prove the estimation (2) for f;(x):

R, f)- }la{x,y,v)—D{x—_.v,v]mw‘: K (0 6.0) - Dls £ ~
0 ] ]

; lf}jlﬂ{x,::,v} ~D(x-¢ ,v}]dc:ﬂ'[}"‘”i <clefal, b O g 0.1
(e}

The proof for the f5(x) is led absolutely analogously.
The theorem is proved.
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