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PHRAGMEN-LINDELOF TYPE THEOREM FOR THE SECOND ORDER
ELLIPTIC EQUATIONS CONTAINING MINOR MEMBERS

Abstract

The second order non-divergent structure elliptic equation containing minor
members is considered. The conditions are found on minor coefficients by fulfilling of
which Phrafmen-Lindeldf type theorem is valid for solutions of equations.

Introduction. Let E, be n- dimensional Euclidean space of the points
x=(x,,..x ) (1=2), D be an unbounded domain with the boundary 8D located inside

Fiid 132
of the cone K :{x:Lfo] 2k, D<E -c:m}. Consider the following Dirichlet

1m=]

problem in D

L= 3a, Gl + Sh s cleli=0; xeD, )
”I.e:.:r: 0 (2}

in asswmption that ||a,|, {11] is real symmetric matrix, where forall xe D, £ €E

}r|§::2 = iau(x};é) E}f'i|.£i2; ¥ E(ﬂ,l}—cam':, (3

fi=1

The aim of our paper is the determination of conditions on the minor coefficients
bx)(i=1,..,n) and c(x), by realization of which for solutions of the problem (1)(2) the
Phragmen- Lindelof type theorem is valid. In addition under the solution of indicated
problem we'll understand its classical solution, i.e. the function u{x}e £ E(D] continuous
up to 8D, satisfying the condition (2) and reducing the equation (1) to identity.

For the second order non-divergent elliptic equations not containing the minor
members , the analogous results were obtained in papers [1-4]. Concerning divergent
elliptic equations we refer to papers [5-6]. Note also papers |7-10] in which Phragmen-
Lindeldf type theorems for quasilinear elliptic equations were obtained. In [11-12] the
analogous theorems were proved for degenerating in infinity elliptics without minor
members. In the case when in elliptic equation the minor members exist, and the main
part of the operator L has divergent form, in [13] Phragmen- Lindeldf type theorem is
establisheb under the conditions divB(x)= 0, (B(x), x)<0.e(x)<0 for all xe D where

B(x)=(b,(x)....,b,(x)). The result obtained in the present paper is generalization of the
result of [4], where the equation of the form (1) for the c(x); 0 is considered.

1". Theorem on increase of positive solutions.
We'll denote the ball {x:fx[:: R} for R>0 by Q,, and by S,the sphere {x:|x|= R}_
Everywhere later on the record C {) means that the positive constant C depends only on

contents of parenthesis. Impose now the following conditions on minor coefficients of the
operators L.We'll assume that the functions &, (x)....,h,(x) and ¢(x) are the elements of
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the space L°(D) and there exists the ray ! originating from the origin of coordinates and

located outside of the cone K such that for all xe D Q,, and x" €/ NS, for any
Rzl

(B(x)x—x")<0, (4)
where the vector B(x) has the same sense as above. Besides we'll assume that for xe D
e(x)<0. (5)

Consider along with the nperamr L the "shortened" operator

N= E a, {x} + gbﬁ {x)a%

=1

and letfor R=z1 D, =DNQ,.
Lemma. If relative to the coefficients of the operator N the conditions (3)-(4)

5 =
are satisfied and g{x}z |x - x"| , where xe D,,, x" el S, (R=z1) then there exists

S(y.n) such that

Ne(x)=0. (6)
Proof. Denote |x —xn| by p. Subject to (3) and (4) we have

Negl(x)= Sp'j"'2|:{S + 2),0"1 iaﬂ, {x{xi =7 X xj’)—

Fi=l

L8en o 2
Zan x)- ( Blx) (x L J}} =8p [}«{5 +2)-y 111],
J=]
Now it's suiﬁcient to choose '
S:max{B,}f"zn}—E, (7

and we obtain the required inequality (6).

Everywhere further not specifying this particularly we'll assume that the constant
S is chosen according to the equality (7).

Theorem 1. Let relative to the coefficients of the operator L the conditions (3)-

(5) be satisfied. Then if u(x)is a positive solution of the problem (1)-(2) in D, then there
exists r;r(y,ﬂ.k,f } such that for all R =1

supu = (1+1)sup. (8)
Oy I
Proof. At first we show that if the function u(x) is a solution of the equation (1)
then
Nu*(x)=z0. (9)
Really,

V() zu[za,,(x) T2 J

¥, =] i=]
+ EZH” {r]—r——n—} ~2u’c(x)+ 2y |‘G’u|

whence (9) follows.
Denote by ¢ the minimum angle between the ray / and generator the cone K

and let
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sing, if @ i%
h= T
1, if p=—
e
Then |x ~-x"|z BR for xeD,,. Therefore if G(x)=(BR) g(x), then G(x)=1 for
x & Dy, . Consider the following auxiliary function in xe D,

V()= M[t Seire stupf}[x)} 226

SN

where M =sup u* . According to the lemma and (9) N¥(x)<0 for xe D, . On the other
Dy

side V(x! s,,np = 0. By the maximum principle ¥(x)=0 in D,, and in particular

supu’ 5M|ii—[ir}f{}'{x]— qu{x}H. (10)
Dy S Sy

But as it's casy to see, if xe 8, then !x = x”] 2 |x| = |x“'F= iR.

If xe Sy then |x—x"| <[+ [+ =2R.

Therefore
supGlx)< g¥377, igff}{x}z 1) el (11)
Hyn il
Allowing for (11} in (10) we obtain
- supu’ < M(1-7,), (12)

12
where 1, --,83{2'5 -FJ"‘). Now it's sufficient to choose 1= l-:-r]':—] and from (12) the
required estimation (8) follows. The theorem is proved.

2", Phragmen- Lindelf type theorem.
Theorem 2. Let the solution D = K of the problem (1)-(2) be determined in the

domain u(x), where relative 1o the coefficients of the operator Lthe conditions (3)-(3)
are satisfied. Then either u(x)=0 in D or

Ti_mw::-ﬂ, (13)

r—pa

where  M(r)= sup ME}"]}U and & ZE(F,n,k,f}.
NS, ¥

Proof. Let u{x]a’s{}. Then there exists a point ye D, in which u(y)=a=0.
Assume that a > 0. Denote by D~ the set {x:xe D u(x)>0}, and by D' - the connected

component D" containing the point y. By the maximum principle D' is an unbounded
domain.
Let m, be the least natural number for which ye@,, . Let's fix arbitrary
sufficiently large » . Denote by m a natural number satisfying the inequalities
4" S (14}
From (14) it follows that
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2L bl
In4
We'll assume r as much large that m > m,; and oy -1z Luir . Then
In4 Z2In4
Inr
= i 15
2ln4 0
Let M{r]= sup u . Using successively the inequality (8) and allowing for (14)-(15) we

~ D,
obtain
M(r)z M( 3 )F?-. {1+ H}M(ﬂlm"] )2,..2 [ g M(4“" )3:

E nr I (18)
2(1 +r” E]_'__E;}"’—'ﬂz{l + I‘jl]r]lm '{']"f‘r;'jm{) :leé »

I
where 1, = [1 T "'?}m s B = From (16) we canceled that

a
(1+n)*
M{r} = alr‘s -
where & =Inn,.
If a<0 then we multiply the solution u[x) by -1 and lead the analogous
reasonings. Thus we show that for the sufficiently large »
M {r) zar’,
where g, is a positive constant independent of » . Hence the required limit equality (13)
follows. The theorem is proved.

3’, Generalization in the case of degenerate equations.

Again consider the Dirichlet problem (1)-(2} in assumption that the operator L
allows noninutorm degeneration on infinity. In other words we'll assume that instead of
the condition (3} the condition

rYARE < Ya, (e, <7 YA (17)
1=1

i=] i, f=1

is satisfied, where y has the same sense that in (3), £€E_, xeD, A, (x)= (1 + |:J¢:L= ) S
n 2

|'x|u- = Z|x‘|5:x._ s = (ﬂh'“*an]f o, e [{:72); i=1,....0.
i=1

Besides in determination of the cone K we assume that k&(ﬂj"‘] and if

o" =maxia,,...a, |, then
it (18)
Before to write the condition on the coefficients b (x)....b, (x), let's agree in the
following designations. For &cE,, R>0, u>0 £;(u) is an ellipsoid

{x:iﬁ‘""{xj —zf.}z::{,uﬁ)?}. Let ze£,(5)ND and the point x°(z) is such that
=]

x(z)=0, x)(z)=...=x",(z)=0. x"(z)>0.(By our constraints on k we can show that

x"(z)2 K, ). Denate U xﬂ{z} by A, . Dﬂ(gﬂ{@}&zﬂ{l}) by D and the vector
rellAg]
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(R"'b,(x},...,R“‘b,,{x}] by B“(x). We'll assume that for xeD*,x"ed, for the
sufficiently large R )
(B* (x)x—x")<0. (19)
Theorem 3. Let the coefficients of the operator L satisfying the conditions (3)
and (17)-(19) be determined in the domain Dc K. Then if u(x) is a solution of the
Dirichlet problem (1)-(2), then either u(x}s 0 in D or
lim M{ﬂ[r} e

r—sa F

u(x” and 8, =8,(y,no.k).

where M, (r)= sup
ofiag. (1)
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