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THE IMBEDDING THEOREMS IN THE LIZORKIN-TRIEBEL-
MORREY TYPE SPACE WITH DOMINANT MIXED DERIVATIVES

Abstract

I v Syt
In the work are constructed the new space S, .. L({}]‘ and receiving integral

representation for these space the imbedding theorems are proved.

The Lizorkin-Triebel-Morrey type space with dominant mixed derivatives

'l L(G), pE{l,m}”;ae[l'!:l]”;ﬁe(!;m}:_rE[l.,cc];x._.’E{El._m}” is constructed, new

pfuy.T

integral representations are obtained. Note that here the domain G — R" satisfies the
flexible horn conditions introduced by O.V.Besov. The space of Sobolev and Nikolsky

with dominant mixed derivative (difference) S;W and S;H where introduced and

studied by S.M.Nikolsky. Besov’s spaces with dominand mixed derivative S, B were
introduced and studied by different methods by A.D.Jabrailov and T.L.Amirov. The
spaces of Sobolev-Lioville with dominant mixed derivatives S, were studied by
P lLizovkin and S.MMNokolsky. The Lizovkin-Triebel spaces with dominamt mixed
derivative S ,L{G) were introduced (in weight case) in the work [3]. and the new
descriptive norm was introduced in [4] and were obtained interpolational theorems of
{G} was introduced by V.Guliyev and

i

functions from these spaces. The space L, ,
studied in [S], and the space Sp g . , . B(G) was defined and studied in [6].

Let R"—n be an n-dimensional Euchlidean space of points
x=(%,x, ) G R", z.t,he(0,0) ; e, ={1.2,...n},ece, . The number of all possible
subspaces ¢ from e, equal to 2". Let also k=(k....k, ). k' =(kf,...,kf}, ki =k, for

jce;k;=0 for jee, \e=e';

AY (r]f{x}:{l} i‘.ﬁ" [Ijﬂf{x}; ,.*‘l.i' (rj }f[x}: kg{_ [}*ﬂ"'(_‘;; f(x - r'.r,e")

D 7()= DT DY .0 1(x): [£ (e =

" 'I-',. '\!
11, s

( T
1, (x)=4|_y:§yj ~xj|<t, ] Ef"u};
Gy {x}zGﬂI:x (x); l!).-JI =min{i,:_|,- ‘[, jee,.
For T =(0,%)" we consider for each x G the path

p{f)= p(!,x]={p] {r] ,x},pz(fz._x},..”p“i:rn,x)}‘ 0<t; Ty, 1s f<n;
where for all jl<j=<n, p (0,x)=0, the functions p ; (:.r ; ,x} are absolutely continuous

by w, in [0.7,] and |P_.: (u_l__..r]:i_l almost for all w,el|0.T,], where
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pj(uJ,x]: —ipf[u”x}. For #e(0]1]" each of sets V[x,9}= U[p[t,.r}h‘ﬁﬂ,
5‘1!'}- . 0<t,; =T, jee,
x+V(x,0)< G will be called a flexible horn, and the point x will be called the vertex of
x+V(x,0), where 101 ={t6)..(t,0,y,):yel}. We shall assume that
x+V(x0)cG.
Let m :1‘{}?1I — }, m; be natural, b= {Ir].,...,k,,}, k,z0 be entire nonnegative,

: !
B}' Spﬂ.ﬂ.x.r

& with finite norm

L(G) we denote a Banach space of locally summable functions on

1
f* b e DAL
Mo S e oo d[ngy| o

[ 0"y Jee i

[

where 8™ (h)7(x)= [1:! e {h . )} flx), 87 (.h! } f(x)= j_ﬂé.’j’ (f! 4Gy )f{x}]u and

{2 |
m k! e —_— o x

"f".p,a.x.r T:E cjl‘ 6[ li[[.l' F{r’:ﬁ.{xﬂ} Grji.'[”!}

| 4=l 4
Pl Y Peips P! P ip, | lix
dr
X ‘l.l_,fj-‘l'-’||(;15}|1 ﬂj}z B dy" n%’“ {2}
Grfl {.’:]}' J 1

For t=ow, the Lizorkin-Triebel-Morrey space will be called a space
S 50y l{G)=544, ,L(G). The properties of the space S, 4., . L(G):
1) Sy gy l(G)—> Sy, L(G)—> S, ,L(G) and

Hf H:.'j, o) ﬁ“f !|.'s'{,_”_xﬂ{ﬁ} ECﬂf "s:.,n ()
2) Foreachreal C =0

1 !
"f |ES;.e.n.q_.r-{tf] = C_Tﬁ'fﬂ-(;:x.l_.-.ao.r"-[[:} '

3) ”ﬂ |~:' gl "f .||_\'r',_,,.r,{-.’_-'jl :

4) Letl<f=<r<s<o<w, 0< min p;< max p;<o.
1% j<n 1< j<n

Then
S:},ﬂ,a,x,rﬂ((}h}_’ S:J,r,a,;{,rL{G}_’ S;,s,a.x.rL(G}_" S[J;._a,a,x,rB{Gh)-
In particular, for e N", r=5=2
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S:l.ﬂ,a,x.rﬂ(ﬂ.&}_’sé.mx T (G] Sp 2.a,¥.T (G}_’ PO rB{Gh]-
Let the function M, e CW(R”,R"J and finitely uniformly with respect to z from
arhitrary compactum be such that
S[M }—juppM {-,z)c.-’
Let T=T7(f},....T,), 0<T; <1, jee,. Suppose

= {y:[r! 24 .Jes[m]}cfj..

&
e =T, +.F;

Let L/ = (G be an open set in R" . We'll always consider that
U+¥ecG

G2 0)= UG (=0 + 1. (NG

xel/

if 0<y;<1,0<T; <1, jee, thenit follows that I, = I, U +V <G, (U).
Lemma 1. Let l<psqsr=om,0<y;<l, 0<t;<T; <1, 0<p;<m, jee,,

lsr =@, feLp.a.N{GTx ()

.-‘e(x,rf - Te’): J' Mﬂ[re fre’ : p(jf + T*—"r,x)]fe(x = }'JE}@, (3)

& [
P " +T

where

t\r
fﬂ(x*IE]EC ,{'ﬁmr! {51)_f'(x+ fuf + ..+ Iﬁuﬁ}iue :

=45 L4

Then the inequality

supul"e [~,.r€ + TEJM

_FL]

I-\l-% a ;{ P
<C[1z;

xel/ q*{"rpx {'1_- J'E g’
1 It il
!llr+t { =¥ I{J:}_;] J:’-l',r— I;[q___]
xI1t; [ [p;f " e, \ "I 8™ 60r )
jee Jee, jee, JEe p.a.y.T i
holds.
Proof. We first prove the lemma for p,=..=p,=p. g,=¢,=..=q, =g . By
virtue of Holder inequality (g <r ) we have
ad
el® 4 TGJM < e i TEr] : (5)
e( g, Ll . (7) ]'_[ J ( raLllpz (¥)

Estimate the norm lfe[-,r +T* ] . For lsp<r<w,s5=r we represent the

; Q-L'rpx [i}

integrand
1.1 1

|
ol = (Ll (2l ) (e )
and for Fl'fi apply the Holder inequality. Then
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1

] [w‘[ﬂy’ ] [:’ff“‘-’":fgﬁ’]saﬂrx

x[ﬁw‘*(’*""*"]pxbﬁ.’*+T“’)H»J;_:[R{w£|w]’ £
b 7], o “f""l,[”fc”x Tl +r*}=5v]']__lx

v |
foles ot | e [ J sdy};, ©)
Set G, (U)=0. Since U+¥ < 0; il £S120,., ()0, .y (). then
R[ife(x+y.felpx(}':f“+i“e'}iy5
fe(yr]@{ AT

M[ y_ _plx) J

4 L [
oy -l L ]

® sup J'
yehlu ()

Vxel we have

<ol

{U+V)ie +]..:’{z "w+r‘ i
{HIIPMH; f;am (bf}fi N
.fl (=15 p, s \{{x
<[1e" [T~ TI7 )14 8~ € 1) “ %
e Jee % :
For ,}’EV
'[ fe(x+y,;?]‘pdr£ {[ fe(x,relpdxg
pr'{f]' Q x+y}
<14/ 1 [e Jo 17 o (a:)’ﬂ ®
Jee Jee, i
ple
!M”[fye'*e[x}j@ [T T175Mf; - (9)
R & +T ¢ Redih
We obtain from (6)-(9)

o r” Sl T?*(I_x"a"{i_ﬂ x
N] }L,r;pr (%) l_l
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! |

EHI?H {I ?Jﬂ.u](p }] 1_1 [p ]:.' g
Jjee Jee,

we get from (5)-(10)

Irﬁ’””(a:}fﬁ (10)

a X

.fee

| 1\|
gy [2)

I ',IE+T“J)J <e[]7; By
ﬂ ( .U, () I7;

a1 et

Jjee Jee, jee,

7 Sigm [a:}f“ (1

Pl

,aee
Allowing for the inequality

I, o <Chl,, peer 15752

We obtain from (11)

oW {I £ja; "]__lJ
e(',r"+?‘eli EC]_IT WP T

q‘[-: }: {i} jEfr .

pths {1 L4y _— ¥ Il‘“n
<1y J[‘”]H[L " ley &

Jjee ',I'EE” JE&,

‘ -2

Pid. X, T
By a consecutive use of the inequality (12) in each variable separately we obtain an

inequality for vector p = [p, ,pn} g = {q, q,,) rp[r,, ,r}

-1 1} 21
|I(- ¢£+T'5'1' <¢TIr i SUTR %
el’s .U xl{f} SL i

Jjee'

I lism (54)f

jse

1 1

iy Xy 5
& [Te; 9 ]‘[r ligm (5:}/& (13)
Ipaxr'

jee jee, jee, |ree

Corollary 1. Assuming in the inequality (13) r=== if 0<p<l, or r=q, if
p=1 (for t=m)}weget
q'{’;px L;Eé

Xy
H[PJ][ g »

P a,x1r_jE£'”

I\ + T"-"]
(o s1) e

1™ (80)f

sup

yelf

s (51)f

(14)

."«'LI'! P T

s¢-511‘[:;“13”" {5:};’% (15)
feE i]l_u.x.f,

Forlsr <t,5@

bl + 1)

ey froze,ma 07
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Lemma 2. Let all the conditions of lemma 1 be fulfilled, ﬂ={n],.__,r;”},
O<n, =T, :{-:xl._,...,a,,},{xf =0 be entire and let j=12,..n

i
&y :IJ _aj_(}_xaaa)[___]s (16)

Py g,
n* ( ;
Fe@)=T17; [T st + 7 e ()
Jee' 0¢ jee
T
F e @=TIT, ™ [T167 % 1t +7¢ )i ()
Jjee' nt jee

Then the inequality

sup |F fﬁ < l_[t‘;ffgm"{af) ®
xel] “ﬁf"'-px x jee P, ¥, T
k!
1 1
_a;_{l_:{ia.l‘ P__-‘?__i x-"ﬂ_j. £
* nT_I ok el l_I [p_;l' 4 Hﬂj'r k] (Ej. }D). {:19}
jee JEe, Jee
sup (£ Tﬂ” 50y ll_.[ffjﬁms Be)f 5
seu 1 ‘?=”Pr (%) fee P X.T
i, e;>0
HHJ J
Lk 15€
—J_J—{I—z,-a_f{——:] .}:,‘a—"r T
>( l_ITJ P 4 ]—[ [P_,"l, d; p H]n_;L’ 'E:_i" =1{) (207
_.li'-r__f‘ JI me, _,l:EE .-.T_-r
nq? . &; <{
thr'lEia:

hold.
Lemma 3. Let 1=p; s;qjim,{]{zjﬂl,{]Ie:.'jETJ,-SI,a:{a],az.,...,an},

ﬂgajﬁl*a;({xl,,._,an),a),-a{} be entire jee,, lsTysSr9<w, and let

£;>0,jee, (&, has been defined in lemma 2)
1
E.T =‘F; ey _(] _I.Ja.l)p_‘
)

Then the inequality

[

b=

is valid. Here b, is a number that satisfies the inequalities

]_‘1:;"5*"* (5 :}fu 21

| LR

0<h,<1,if &} >0 for jee,
0<h; <1 if&] =0 for jee; 0<h;<a,;, for jee (22)
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=" 1 — : -
i}ibacl+—F’q’( a“):aﬁ———n—-—w“’{ ai) :;r’gf,-]-::ﬂ.forjez,
1-%,a, I-x,a;

Theorem 1. Let an open set G R" satisfy the condition of flexible horn,
I::pﬁqﬁuc,fl,fE{ﬂ.m)", £=maxi’j}:j; u={a1,...,an}, a; 20 be entire jee,:
l<rp<rysm,l<Bsh <mig;>0,jee, fEJ,E_? have been defined in lemma 1 and 2)
L(G), then

S
moreover, it is valid the inequality

oA, ;sc £ Mz

and let e Tpﬂ s

L{G}'* Lq.b,;}_'.rz {G]

ece, jee,
|
e E
d il {H-‘ i {ar}ﬁ ; 23)
0% | Jjee J
p.a.¥.7)
| Ha
‘lD 4 g.b.%,72.G {C21|f"5;£ﬂ«ﬂL{G), {P“_'Cq-:‘.m], (24)
where
£;; JEE

‘gr._,lz ( 1 1 ; 5
—a,—{l—%,4 P__E_ . jee
| I

and if € ; —d'} >0, jee,, then

I /! .
bl Spﬂaer(G}—rS Y hre L(G)
bE SI‘;QHTL{(,}—;S;E by BE)

and the inequalities
I =l
oAy s 5 T
s LG) el
LR €€, JEE,
I

J{HI 5™ ar}f} n—m} (p<g<x). (25)

jEG = _..

P72

7l §C1|lfun_:“=_ﬂf‘m, (p<g<m), (26)

"lla By bog.r 1”{"]
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X
f

; 6 ]
- .s'n.”.—nfl, : —L; om di 27
HD / ”sfflﬂl BEG}ECSEE jl;[T_; [[HU ¢ (El}f] H ! J i
" n [ ¥ JmE
Fnﬂr.I{:ﬁ
2 Callfll< : < 28
ND f“sfﬁlmxﬂﬁ'(ﬁ)g 4|If”‘5;.-9.a,x.ri LG} {P q-c::x)} (28)

are valid. Moreover T <min{l.T,} and C,,C,,C;,C,,Cs.C; is a constant not depending
on f and C,,C, and C, also doesn't depend on T .
In particular if af,—' >0 jee,.then D" f is continuous on G, and
]

# .
o fil il dt
sup|D% f‘g:, ¥ T J [|TT¢; 78" {ﬁrﬂ [l— i 29
e ece, fee, lgs jee 1 jee'J
P.d. X.T)
where
£?~ jee

T

2. -aj_—(l—:{JaI}L, Jjee
o

Proof. First we pass to. ¥ in¥=cy (the greater y, the greater &). Let
eS8y, L(G). It follows from the condition £>0 that I; —a;>0, jee,, since
p<g.0sa;s1, jee,

F €80y L(G) > Sh 5.4, 1(G) > 8,,4L(G)
It follows from theorem 1 in [4] that there exists D“fel, {G}, then for almost each
point x € (7 it is valid the equality
T W

b fle)= ZEVIL ™ [T

egE, g o fee I

£ ¢ 1N
2 P s,

where M _(-.z)e C,;”{ ") and the carrier of (30) is contained in x+¥(x,0)cG. On the
basis of the Minkowsky inequality we obtain

1], =€ Z I
9,0 ey

By means of the inequality (19), for U=G,n; =T;, p

(30)

(31)

.G

j R =gy e,

i x,.aj{_‘.. ; LJ
l_l. TJ P_.' q; l_l T;"I {32}

Jee' Jee

il <

Me"s™ [5f}f‘
Jjee

Pl ¥ .1
consequently
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”Dﬂf‘ <G, 3 TIT™

e, ice,

I}‘[: 15m (51)f

P27
hence for 1 <8 < o we get
1

[ 0

dt;

hﬂ“fu 6.0 T n: Y i) e
ece, fee, 0¥ jee P 2\T) Jee Ef

and if p; =8, jeeg,

|

1}{‘

&
[Hr}“-ﬁ““{a:y} s

jee Jjee 'J

A oo 5 I

ece, feg,

P 2T
To prove the inequalities (25)- and (27) we estimate the norm

Ha:”‘ (h.G, )D* qu ;

After some transformations we obtain from the identit}* (30) the following inequalities

Hf
0 (1,6, )0° A= TITT ™ [ =S M 2" ()1, + 3t (< Jav +
ece, Jee' 1_[
g -, i di'f e
+ CTTA" 117 il - o fiatle ks
JeE ece ee M 1_[
Jeoe
c r 5
% ﬂMﬁ“'-‘“‘ }‘ N7+ e Miu + v Memug° Jautdy =C (2L (x)+ 22(x)). 33)
o e,
A (nG DY f| <C (L' +|z J (34)
{ h} fq egﬂk Euq-r.r ? .0

With the help of the inequality (19), for p —oc, H =T it follows that

] 4c (175 [TTe; " A" (™ {éf}f1 ?
Jeey, fee P 22T
sa |t oo
jee P ¥.T)
With the help of the inequality (20), for p—» 0, (‘F jSM i je E)
" M M LY
, Jeg fEey, JEE Ep.&j{ﬂ

Y| sm 6o

jee

1
5(_12 ﬂhj_-’ I—[ch.ﬁ LT

Jjee  jee,

P X.T)
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Consequently for 0 <8, , we get from (34)

i il 8,
4 ot 1
e [ﬂ. (h,G,)D /ﬂq dh,
-[ I n_};—
oe l_lhj’ Jee 7}
Jjee
L3
1€ a
3 Ty .l_'r_!f =l om® ﬂ't),
< oL WA o [Tt 8™ B0)f Hr_
ece, jee, oF|Lfee P.d. s fee "t

hence, if p; =8, jee, we get (after summing |€| times) that

gﬂaf“sf’ 8(G) i HL "

i ee, g,

i - P
x5 | ]']r;-if&’" (51)f } Hm
0L f=e Jee I

P.a. .7
and, if 8, <ming;, jee, then

Ay yo=c Z ne s

ece, jee,

I{G}
1
f F
® _dl_[: 'Iﬁm Ef}f] --—"r
gt f=e ‘f J
P ¥ T
(24), (26), (28) are established on the basis of the inequality (21). Assume 5? =0, jee,.
Show that D"f is continuous in G. On the basis of the inequality (23) for

g=mm, gj:.gv?}ﬂ,jeen we have

"Daf -D%fy "m,(} E{&Z "’E:'f "m,ﬁ 2

"

<y ]"]T g ”{J{Hr Ll | br}f-ll—[” F

{‘Jc'hc J=1 "-:"L"“ 1 fee
P T

D° f - D° f, ‘L &5 0. Since D" f; is continuous in G, the convergence L_(G) in this

case coincides with uniformity and consequently D® f is continuous in & . The theorem
is proved.
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It is proved that a generalized derivative D satisfies the multiple Holder

condition in metrics L, for f of the structured space.

The author wishes to thank prof. A.D.Jabrailov and prof. V.5.Guliyev for their

attention to the work.
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