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SALMANOVA Sh.Yu.

ON SOLVABILITY OF THE FIRST BOUNDARY VALUE PROBLEM FOR THE
SECOND ORDER DEGENERATE ELLIPTICO-PARABOLIC EQUATIONS

Abstract

In the article the first boundary value problem for the second order elliptico-
parabolic equations in divergent form is considered. The continuous differentiability of
coefficients is assumed. The unique sirong (almost everywhere) solvability of the
Sformulated problem is proved.

Introduction. Let R, be an n-dimensional Eucledian space of the points
x:{x”,,.,x,‘,], (Qc R, be a bounded n-dimensional domain with the boundary &0,

Bﬁu —Q be an n-dimensional open ball of the radius R with center at the points
x? :(Jq”,...,xﬁ), Oy 2{{x,1}:xe (1.0<t < T:::ﬂ},ST ={(x,1):x8Q,0<¢ <TLT(Qr) be
a parabolic boundary of Q,, i.e. T(Qr)=8y U{{x.t):x< Q,0=0},0% :JEE"‘JI-’-f-El «[0,7], A{Q};J
be a set of all functions u(x,!) from Lr@;) with support in B;D # [D,T], p<R, for
which u{x._[]] = (). Consider the following first boundary value problem in O,
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in assumption that "a_ﬂ [x,r1| is a real symmetric matrix, where for (x.1)e O, , £ eR,

vl < ia,., (g, <yl . v e (011 - const, (3)

and besides
u”{xJ}E C"D(Q. }, iLji=L..n ()
o(0)=0, o(z)> 0, 0'(z)= 0, 0"(z)20,0'(z)z olz)0"(z): z € (0.7). (5

The aim of the present article is the proof of the unique strong (almost everywhere)
solvability of the boundary value problem (1)-(2) in corresponding Sobolev weight spaces
for arbitrary f(x,1)e L,(Q,). Note that for the second order elliptic equations the
analogous question is studied in [1-3] and for parabolic equations in [4-7]. As to the
second order degenerate elliptico-parabolic equations we indicate papers [8-9], and also
article [10] in which the strong solvability of the first boundary value problem for non-
divergent structure equations with smooth coefficients was established.

1. Auxiliary statements. Let (0, ) and Wf“’-(g}.} be Banach spaces of
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and
I

Y
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are finite respectively, W, (0, ) be a subsequence of W', (0, ), dense set in which it is

totality of all functions from C™ (QI. vanishing on I'(Q, ).

ey du u .
Here for i, j=1,...n u=—"—,u;= . Under the strong solution of the
ox i, clx

i [ et

first boundary value problem (1)~(2) we’ll understand the function ulx r)E Wz 2[Q'«I-}

satisfying a.e. in O, the Equation

Lu=Ya,(x0), Z ——a, (50, + T =1y — (14 0, (T =), = f(x.t).

1=k r:-l

Lemma 1. Ler ue A[QR) and relative to the coefficients of the operator L the
conditions (3)-(3) be satisfied Then there exists the positive constanis R, and T,
depending only on coefficients of the operator L and n such that if R<R,, T =T, then
the following estimate is valid

"H"”’ﬁ;,f le3)=%1 e Lot ) (6)

where Cy = Cy(L.n) is a positive constant.

Proof. At first we consider the operator

Lot = A +0(T — tu, —(1 + o, (T =), .

Let's estimate norm L, by Lu from below. We have

i j’{Lﬂu}%m’:—j[nuw{r thu, —(1+0,(T - 1), | dxdt =

o

= j{:m drdt + [o* (T tujdxdt + Il+f.p,{T~r}]1ufdxdi+

oi Ox o5
+2 _Fq:r — 1), Auabedt — 2 I{l + r.pnJ T 1 Vo, A dbeelt —
oy Tk
=2 folT — o)1+ @, (T -, dxdt = J, + Ty + T3 + Ty + 5 + U
el

For the integrals J,,J,,J;,J. we have

s f{ﬁu)ldrdr— E I H,IEJTHJ‘T.f:"-Zﬂ: ju”;ufdxdfz i Iujdxdf :

i it g, gy
" F
J-‘i- :22 jq){r—f}ﬂ”un{ixdf = "IZ J-LP{T _I}Iﬁur”ﬂltdf=
=h ol

=2i flolr — o |, 1y dxd = zi [olT - r)u ixat -

gy o



134 Salmanova Sh.Yu.

223 [o (T —huyu,dxdt =23 [oll - el -

i=l Qﬁ_ P QL
z i I‘P; (r —Iiuf),dxdf = 2i _f{p{T — 1 et —
ju] Qz = g;

-3 [0u(T - hldatr,

i=1 Q.'::!-
o -zf [+ @ (T = 1)y, 4, cbxdt = 2i [+ @, T — ), cxdr =
=i on =l gp
L n il
=Y [0+ 0,(T -2 )axde =3 fo,(T - hidxdt+ Y [u? (x,T vt =
=t =t gy el

= i [0, (T = t)u} dx,

rl,L;'

e j‘tp{T—rXI+q1;(?‘ gt =~ foT 1)+ (T () A
Ok Ok

= jtp{THl b (T (x.0)e + _[[q:r — )1+, (T — 1)), xcdt =
> j'[— AT - {T—: )= olT — 1), (T - ]u ddr.

Ol
Thus ;
JEF A L S +Jﬁ22j’u1dxd.f J’apz[i"—r};;}dxdu
a;LIL}
i ju m&*uzz }':pr £l et .
J—ILJ
Consequently,

I
[ R 2
” b3 u +”e +22 olT I}uu +¢3(T—;]u,,]dxd: *§| ILUu}zdrdr o
\gf \is=1 \eh
It’s obvious that for the operator
L0 0 i1
LE g = Za#{xﬂ.:ﬁ)‘g+qv{?"—f}u”—[I+cp,{?"—r] s
£ =1
where (Jc” I”}E Q;.',The inequality (7} holds.
Consider the operator
H
Lyu = Zﬂ{f{x,f}dﬁ- +¢"{T_f)“u _{1"' {?I{T_I)]ur
£ j=1
Let’s estimate L, norm by Lu from below. We have
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I = e = Ll + L]_
Ly Q;{
- [I i }—Ll]u
Lo {0

: 0.0 :
o Ftiien) B ot ol
Since aﬂ{x,I)EC]'“(@E), then for arbitrary £>0 we can find & >0 such that
la,j(x,r}—au(x‘],rﬂlcs, if as only p[{x,f];(x“,:”) <& . Let £>0 be chosen later. Then

there exist R, and T, such thatif R<R, and T <7, then

a0 n
Lk 3 )uﬂ <Ly, (ry+e X
fﬂz‘(Q;?I} | e (QRJ i j=1
Taking into account this inequality in (7) we obtain

J(iﬂi+u3+2icp[i"—f}4.3+m2(?‘—r ﬁ}m
'QI! r =1 il

{ ) EHLI L, {Qn)

Ly |0

Pw‘HLz {Q;f }

2
(I oo Sl ) <Aook Sk |
Hence assuming &£ = 2N we obtain
2n

IL ous +ul + Eth{T Ol + 0 T — 1)y }i’-‘ﬂ'f =G, ||L|”|if et) -

i, f=}
Let K& "= 1:: - Iz 1-: ij (0.7). We extend the function ulx, r] by zero in K, . Let’s fix
I'E{ﬂ,T} and let x'= [xi,,,,, ). We have for x, € ( v =R, x) + R)

x| X oim
x!,x I (Il =R ) j- "a'?_"u['r,x'bff)d‘r = az H[T,x‘,f'}dr X
.‘CEI—R 1 x]D—R !

Using the Hélder inequality we obiain

2
x x 2
w?(x,x'1")= [ j‘—ur x' r‘}dr} < j'd'r jR[aihu[r,x’,r']} dr=

X 0
J =R Zp—

\'.| +R .1'| +R o 2
< [dr | aiuf,r’-')zdr-lﬂ j {——3”[;*“‘” ]) dr .
xF R r™ R 2

4

Integrate both sides of the last inequality with respect to K;}

: x +R o
Ju? (o' )dvedt' < | [2& f [M] dr |dvdt < 4R?
Kk

] ox
kIl xf-r 1

f [Bu{xpx',r’}]zdxd!,‘

cx
o E 1
Hence

fu? (x.)abecdt < 4R? | (M]zdmr :

oh of 1
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since u(x.t)=0 outside of O} .

Thus
2 "
[ et < 41 j[a—“J dxdt <AR® [ Y ufdyd . (8)
o} gp o oj i=!
Analogous to (8) for U/, we obtain
Z [u?dxdt < 4R? Z [ufdlxat . 9
i=lgh L/=lgh

Allowing for (8)-(9) we conclude

I u +Zu + Zu +2tp[§"'—r]iu5 -+¢2(T—r]i¢;?;}ivdr{£'3 _{{L,u dxdt, (10)
Q.E! i=1 i.f=1 i=1 QR
where C, = C,(R, ). We have further

I[Llu] ddt <2 leu Lu)? dxt + 2 _[{Lu)zdxd.r

O Ok O

2 [(Lyu - LuPddt =2 _[( ih,.(x,;}ﬁ.] dvdt <

of o\

2
# H
<2b3 I[ZHJ dxdt <2b§n® [ Y udxdr <
g} \i=1 g
; i}
<8b5n’R* | Duy dudt,
th i, =1
where
ety (2,4
2 P W il ,}( ) by 2lpilx); i
Thus

j{gu)%atdmsbﬁn R? Izuzdxdr+2 j{LuFdxd:. (11)

1‘1_.11

Allowing for (1 1] in (10) we obtain

‘{{u +zu +Zu +uf +20(7 - fJ'Z”:rJ"'?P _r]ﬂ‘ﬂw

QH =l i j=l1 i=l
i
<8b§n*R2Cy | Y ugdwdt+2Cy [(Lu) dxdr.
g =1 Ok
we subordinate the number R, 1o the constraint BbEHERECR{é. Then if

R<R,=min{R,,R,}, then
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A

j u +Zu + 1”:,; rul +20{T - I)Zud+q} (T -t ldxdr < Cy _[(Lu)‘dm‘f
o} i st "I Ok

where C, =C,(L.,n). From here the required estimate (6) with C, =C, follows. The

lemma is proved.
Lemma 2. Let relative to the coefficients of the operator L the conditions (3)-(5)

be satisfied and R<R, . T=sT,. Let u{x,r el ﬁ[Q Ju{x {l} 0. Then for arbitrary
rE {D, R] the estimate

¢ -2
i i r
Hu"wf_;’llk_;f] <CsR g [I = E] @Lu“fq{gﬂjl i ﬂuﬂwz‘-“{g}ﬁ ])‘ (12)

where C =C,(L.n) is a positive constant, is valid
Proof. Let’s consider the following function nx)=1 at xe B,‘“, n(x)=0, at
xe Hﬁnﬂ . 0 En{x}i 13 n[r}r,-z Ey (B,ﬁn ), where for x e Bf

2

i’ll|‘—:}§—g?- B (Ri-}’s b J =Ly (3

where C, =C,(n). Since u(x.rhy(x)e A[QE) then lemma 1 is applicable to u(x,t)n(x)
according to which
"U"w;;f (o7} = ¢ ”L (L mr.;[gj;'}l : (14)
But on the other hand
L{un)=nLu + uLn + 2 ia#,- {x,i'}:,-r]f X

i, =
Not losing generality we can assume that R <1. The last equality subject to (13) implies
the estimate

Bl +7 }; == 22k (15)

where C; =C,(L.n), Cy =Cy(L,n}.
Allowing for (15) in (14) we obtain

vz )= oW or) o ) Ebten))

where the positive constants C, and C,; depend only on L and n.
By virtue of the last inequalitj,f

i) G ) i)

where €, = max[Cg,Cm]. Hence the requlrf:d estimate (12) with C; =C,, follows. The
lemma is proved.

2". Basic coercive estimate.
Lemma 3. Let relative to the coefficients of the operator L the conditions (3)-
(3) be satisfied and R<R,,T<T,. Then for arbitrary p =1 there exists a positive
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constant C), depending only on L,n,p and the domain Q such that for any function
ulx, .I'}EW Q, ) the inequality

2207 ) < G214l 0,) * Wiy 0r) ) {0
where Of =Q  x (0,7), Q,= \x:xeQ, dist(x,8Q) > p}. is valid.

Proof. Assume
2
r
A= l—mes 3.3 .
j{‘;ﬂ}{[ R] oz }}

Then there exists R, 0 <R, <R such that

AEE[ ——] u:: IV”[Q } (17)

Using lemma 2 for any R, € (R,,R) from (17) we obtain
RY SRR &)
as1- B i <2007 (1- ) [l ‘E';] .
(o, )+ M) <2671 ) [1- B
-'r-"l[{.'l:i;] “":!'DIEQ;.:} TR -E RI)
[HLH"L HH WW{Q? )] (18)

Now we use the interpolational inequality acc:ardmg to which for arbitrary £ > 0
koo, )= b2, ) + Crabel o7 )

where C,; = C!}[E*"}'
Thus using the interpolational inequality we find from (18)

_ it AR .
asacsni®(1- ) (1-2L) (10, ) bz ) sl o)
2 -2 -2 2 -1
52@.&5{1—%} [1-%} [1-%} r.4+zc5353[1—%] [ —%] [Luf, 1)
2 2 "

+ 20,7 1- 2 2 =% qzc 2 (19)
Hi? R R, BN of) -

Assume now & =]—% and choose R, € (R,,R) so that l—%—z%. We fix the chosen

R,. Since

ke
Therefore
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X
zcjﬁ:;i[ --%-]

ipl
We choose and fix & = i‘ifz . Then from (19) we obtain

3
[1 —i] [1—&1¢32C55"2R53 .
R2

5

ASC Ry’ U|Lyli|.r.,{f_kﬂ i ||”||r_t|g;};l’
and further
(. B
g <Cu{1- 5| 2524, g ) e

1
\
where Cyq = Cya(L, 1)
We can interpret the inequality (20) some differently. Let p (0.1] be such that

B! cQ. Then there exist p, =p,(p)e(0.p) and a positive constant C, depending

only on L,n, p for which the estimate

Whszer) = Cos( M o) W) @)
is valid.
Let the number p and by the same taken subdomain € be already given. We

cover ﬁp by a system of the balls lB:; } and select from this covering the finite
)
subcovering {H;] ]r, i=1,...,N . The number N obviously depends only on p.n and the

domain €. Using now the estimate(21) for the cylinder B;: * {D._, T) and summing by §

from 1 to N we obtain
o
Pl < Zl g

where the required estimate (16) with C; =C;;v2N follows. The lemma is proved.
For the validity of the following theorem we need a condition on the domain £2

wid(mgor) 2C%s ”m“"izm-} il )

1
4

and namely we‘ll assume that the boundary 8Q=C*.
Theorem 1. Let relative to the coefficients of the operator L the conditions (3)-

(3) be satisfied and T<T,, Qe C*. Then there exists a positive constant C
depending only on Ln,p and the domain Q such that for any function

ulfx,:}E Ff’zz_j: ) ] the inequality
LEH[ W) EClﬁmLu"f&{g.} T Hu"xi[@,.}J {22}
is valid

Proof. It’s sufficient to prove the estimate (22) for smooth functions from
H:’flf (©,). We fix an arbitrary point x” 3. Since 80 C’, then there exists non-

degenerate transformation of the coordinates x <>y such that if 3° and 8Q are

correspondingly images of the point x" and the boundary 8 for such transformation,
then at some neighborhood of the point 1'8Q) is given by the equation y, =0 (in

addition if € is an image of the domain €, then for the points y belonging to the
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intersection of € with above mentioned neighbourhood, ¥, =0). Denote by

x'})zlt:lz—xul{ Zp; an open set which at such transformation passes to the
F y - 0 ml‘ﬂ G 0
semiball A, =p:|ly-y |<2p.y,>0{. Let A} _=p:ly-y |<2p.y,>0f

Lo s
Cap4 = A;J x(0.T),Cyp - =4} _x(0,T), C3, = {V:ly —y“[c. zp}x (0.7).
Let ii(y,f) be a image of the function u(x,1}, and L be an image of the operator

L. 1t’s obvious that the operator L is an operator of such type as L. We extend the
function #(y.1) through the hyperplane y, =0 in an odd way and the coefficient of the

operator E,-J{y t) in an even way to the semi-cylinder C 4p—- IUs obvious that

(1) eWi2(ca,)
We use lemma 3

e = ~ 12
s,y <o oL, + )
where C,; depends only on I n,p and the domain Q. Remembering the method of

extension of the function #(y,r) and the coefficient a, (y.r) of the operator L 1o the

we conclude

e, .{i|m|| B, )

semicylinder C, , _

or in the variables x

2 2
||"'|ij|§ 4, (2 ko) =C1 S[ELHHLZ ) * L0, }) ’ ()
where the constant C,; depends only on L,n, p and the domain €}.
Extracting the inequality of the form (23) for the sets A, (x' )x (0,7), i = 0,1,.... M
and summing, we obtain
2 2 2
H"ﬂw{: 2, Wo.r)] = (M + I}CIE(HL“H L) " e L.(or }J : (24)

On the other hand according to lemma 3

Wi 2200, 0. < 2T (10, + Ml 0, )- 25)
From (24)-(25) it follows that
220, < Cr (Mo 0, * ML, 0, 26)

Whence the required estimate (22) with
Ci =Cio =4/(M +1)C;5 +2C}

follows.
The theorem is proved.
Corollary. Let the conditions of theorem 1 be satisfied There exists

T =T(L,n) such that for arbitrary function u(x,t)e sz’qf (O ) the estimate
"“"uﬂ 2(0,) = Caollul, (5.

is valid.
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Proof. Let ¢ € (0,T). We have

i5ir ) J-ﬁ‘u{x ,7)

Using the Holder inequality we obtain

2 (x1)< iau;r} j’dr':?"]f““ }

Integrate the both sides with respect to Oy

r 2
Ju (x, ) <7 || @if-!—}} dxdt.
| o
Or &r=
Hence

2, 0,y = el (g, ) S Tl 220, )
On the other hand
Pl 220, = ookl o,y * CooTlly22 0, )

Let T, =C\,T; L > . Then if T=7° =min{7},7, | then

||”||w§;§ (o) = 2C1 of[Lu L, {0y )"
Hence the corollary follows with . = 2C,, .

3", Solvability of the first boundary value problem for model equation.
By fulfilling the condition (5) consider the following first boundary value
problem

Lou= ﬁu+—{ (T e ] =1 - f(x1), Flx.0)eL{0)). 27)

u[ﬂgf]:n. (28)

Theorem 2. Let with respect to the function q:r(]‘"—r‘} the condition (3) be

satisfied, T<T" and 8QeC*. Then for any flx.t)e L, {Q,] the first boundary value
problem (27)-(28) in unigue strong (almost everywhere) solvable in Pffff (Q?:l

Proof. At first we consider the case feC” {_5.} Introduce in consideration the
function

(ole), z<&
- [3 ] =9 =
|Lf.p{z)._ Fm
it’s known that the boundary value problem

TR
Liu® —ﬁu*+5{ms[?’—t}

= fixt],

51:"" Bu®
or J

us|r|:f_}r]=ﬂ" HSI[-’:? =S[x?‘r]*

where &(x.r) is a solution of the problem
29
it

X
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3| rig;)=0
has the unique solution u° belonging to the space WEE’ELQT}, From the determination of

¢, it follows that u* € W22 (0,) and all the more u* €5 (Q; ). From the corollary of

theorem 1 we have
E

=C ou’ =
wzz,ipz (or) 210 Ly(or)

where C,; depends only on n.¢, and the domain Q. By virtue of uniform boundedness

Culfly, o,y

of u® in the space Wf’g‘ } we conclude that there exists a subsequence
!u‘* (x,:}}, &, — 0 for k —» o weakly convergent to the function u € W2, (Q; ). Therefore
for any (x,r)e C7(Q,) the relation

lim (LﬁuE" ,m)z (Lyu,e0) (29)

E—ra

is satisfied.

s
(Lo )= (L ) (1o ~ 25 b 0] (710) (h>2).
Then from (29) we obtain (Lyu.0)=(f,w) for any @ Cy (0, ). Consequently Lyu = f
ae. in Qp. Let now fel,(Q,). Then its known that there exists the sequence

4 eC*(0, ) such that ”f” —f"j s (k— ).
Let u, be a solution of the problem

Lo, = f*, ”k|r{{_),-} =0.

e
where C',; depends only on f,n,p and the domain €.
Let the sequence {“ﬁ.r {x,!]} convergence to u(x,r) weakly in Wﬁj {Q;,]
Then

Then

vy
widio) <Cz:

tim{Zot, @)= (L)
for any w(x,1)e C(Q, ). On the other side
Lyuy, =fh o f (o).
Consequently we obtain Lyu=f ae.in Q.
Thus we obtain that the problem (27)-(28) has a strong solution in the space
P’F"’-f_,f (0, ). We show its uniqueness. Let u, and u, be the solutions of the same problem

(27)-(28). Then on the basis of the corollary to theorem 1
ot = ”?"»'éf @)=

Consequently u,(x,1)=u,(x.t) a.e. in O, . The theorem is proved.

4". Solvability of a boundary value problem for a general equation.

Theorem 3. Let the conditions (3)-(3) be satisfied T = T and 8C2e C* . Then for
any f(x.0)e L,(0,) the first boundary value problem (1)-(2) is unique strong {almost
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evervwhere) solvable in Wf 20, ). In addition for the solution u(x.t) of the problem (1)-
i2) the estimate
Huﬂ”‘fﬁ () SCn I(:fH"-z{{?r] ’ @)

is valid, where the positive constant C,; depends only on L.n and the domain (.
Proof. For the proof of the theorem we use the continuation method by a
parameter. Introduce for ¢ e [ﬂ,l} in consideration a family of the operators

I = (L=t} +1L.
It’s easy to see that I’ =L, ['=L.
Show that the set £ of those re [[‘.*,l] for which the first boundary value problem
Lu=1 (w0 uewii(o)) (1)
is unique strong solvable, for any f(x,r)e L,(Q; ) is non-empty and simultaneously open

and closed relatively to the segment [0.1].

MNon-emptiness of the set E follows from that for +=0 the problem (31)
coincides with the problem (27)-(28).

Now show that the set E is open with respect to the segment [CI,I]. Let (" E.
Then from the corollary of theorem 1 we obtain

Mz <l =Calfleiar 02
Denote by M on operator which for any function [ [x,r}e L,(0,) associates the strong
relation u(x,t) of the problem (27)-(28) for r=¢" .
It’s obvious that M is a linear operator from L,(Q;) in W;72(Q, ). From (32) it
follows that the operator M is bounded, i.e.

Pl Call 0 5

On the other hnnd
- =(-0L, - = ]LﬂT{r—:”)l [r —r]{f Sk (34)
Let 6 >0 be a number which will be selected later and |i‘ —1 |«:5 . We represent the

problem (31) for such ¢ in the equivalent form

L’ﬂu=f+&—xﬂklg—£}u, (x.1)eQr, ueWy (Or). (35)
Together with the problem (35) we consider the auxiliary problem
u=f+l-0 )L, - Dz, (wDe,, uel2(0,), (36)

where f(x.t)e L, (0, ), z{x I]F_ W;',F (O, )
Denote by M, an operator which throws z in solution of the problem (36) to u
=Mz,
We prove that the operator M, for the appropriately chosen number & is contractive. Let
w=Mz and w,=Mz,, z,2,eW;2(0;).
The difference u; - u, is a solution of the problem
fc{”J _”1)=(f_fﬂllu ~L)z - 2z), (x1)eQp,u —u, EW: 2[@} ).
According to the estimate {33)
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ety = w2200 = Coudllts - 1)z = 20, i

oy =2 "w,’_ﬂ@_rl <CyCasblzr - 22 “rq{m:

where the constant C,. depends only on L and n. Now we choose and fix & = oAt
24&125

Then we have

1
e —vlyza00,) = 5“4 W “*'inwf_ﬁm,-a :
[t remains to use the contracted mapping principle.
Now we show that the set E is closed relative to the segment [El,l], Let t, —» 1,
and t, e E.Let u, (m= 1,2,...) be a solution of the problem
Lu,=f, Uy € Wz-ﬁ:dal{gr']:
where f(x,1) is an arbitrary fixed function from Fice [t
On the basis of the corollary of theorem I
h“nfﬂiﬁ’f (i) =Cos (38)
where (', depends only on the functions f.n,L and the domain €2.
Therefore from the sequence {u,} we can choose a subsequence weakly

convergent to some function u; € Wﬁl[ =
Therefore
tim(Low,, 0)=(Loug.0) (39)

ke
for any alx.)eCy(0)).
For simplicity denote the subsequence kxm* [x,f]} again by {um{x,f}} . Then from
(39) we have
lim (If” uj,,._,m): [ﬂ“ uu,m]. (40)

=

But on the other hand

{L’“um,m)z ((L“J‘ —Im }:m,m)+ (L’"“ um,rﬂ)z ((L’" ~ ['n m,m)+ (f.m)
therefore we obtain from (40)

lim{(ﬂ“ — = }Jm,{,‘..l]+ {j',m)=(ﬂ"uﬂ,m]. (41}

Using (34) we have further for any fixed w(x.t)eCy (Qf}
E((Lm ok lm)\ilfm ~to] (o — L)y Jofexee <
r
| |
, ey e
<l —to] (Lo — Ly el J jm?-mJ <
Oy Oy
Cl'.l' |lrm = fl’_'li"”m "wzzmz |i‘~Pﬁ I (QJ’ j s
where C,, depends only on L,n . Allowing for (38) from the last inequality we conclude

II(I.‘” o e }‘m*m} £C3%Colm — fu1||“l””r7{ga} :

In other words
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tim ({20 — 2% )= 0 (42)

IR —

using (42) in (41) we get

(Luy,00)= (f.0). (43)
Since the equality (43) is valid for arbitrary function m{x, r]E Co {QT] then it

follows that L'u, = f, ae. in Q,. Thus the function u,(x.0)eW;;2(0;) is a strong
(moreover unigue by virtue of the corollary of theorem 1) solution of the problem (31) for
t=t,.ie t, € E. The closure of E is proved and the proof of the existence of a solution
of the problem (1)-(2) is completed. The estimate (30) with Cy; =C,, immediately
follows from the corollary of theorem 1.

The proof of the theorem is completed.
Author thanks her supervisor prof. 1.T.Mamedov for the formulation of the

problem and discussing the results.
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