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ALIYEV R.F.

APPLICATION OF FINITE DIFFERENCES METHOD TO THE SOLUTION OF
ONE PROBLEM ON BALANCE OF SPRING BEAM

Abstract
At the paper by the numerical method the some boundary value problem for
differential equation of the bourth order is investigated. In addition the special difference

scheme is constructed and the error method (2] is estimated

Let’s consider the following boundary value problem

Lﬁfha{:}x(ﬂ:f&}, M
=0, 0. -d;zm ,%ﬂ}, @

where alt), f(r). (0<r<1) are given, continuous functuions. It is known that (see, ex.
[1]) the problem on balance of spring beam is reduced to the solution of the problem (1)-

{2).
At this paper for the problem (1), (2) a special difference scheme is constructed
and the error of the method ([2]) is estimated.

1. The construction of difference scheme,
Let’s construct the uniform net

Wy =ft; =ih, i=01,...n}
with the step i =1/n, where n is a natural number.

W
Let’s denote by wy the set of the following points of the net:

W=z =i+ Y2, i=0n -1},

Let’s introduce the following notations
e 1/2[x(e + f2) + x(r - B/2)],
Yo I/ h[x(t + hi2)— x(r — hf2)],
w0 =1 @R)xle + h)=x(e - 1), a, =alt,). £ =7 ). x, =x(,).

Let’s introduce the difference operators
EX(0) = x3537 () =1/ 1* [xle + 2) - axe + 1) + 60— axle — ) + {1t~ 20)]

W
for tewy

19x()= x,()=Y/20x(t+ /2) e~ 2)],
1x()=x { —1)(@R)x(e + 38/2) + xle + f2) - x{t — bf2)— 5t —38/2)]
1%)x(r) =%, {: 1/{3;: l (£ +5h/2)+ x(r + 38/2) - 2x(t + Bf2) - 2x(t — B/2) +
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+ x{t - 3h/2) + x(t - 5h/2)],
{3}1:{1‘ )= *y {r}: 1/(1 6h’ kx (¢ + 7h/2)+ x{t + Sh/2) - 3x(t + 3h/2) - 3x{r + Af2)+

+ 3xff h,fz}+ 3x(t — 3h/2) - x(t = 5h/2) - x(t — Th/2)], for t e W),.
Using the evident formulas

x(r + ah)— x(t — ah)=2x'( :)ah+x'"(tl 3]”3}73 +xV{:ﬂps/6U}'|2 +a{ )
xlt + ah)+ x(t — ah)=2x(t) + x"( }zzhz ﬁg"/ll}i‘t + a(}iﬁ}

it is easy to note that

dx(r ()= () +ale))+ oli?), [:E;h}] (3)

art

and for 1 & W),
1)~ 100) - (882 — = a6 24) + o).
a4 :{ﬂx{;]_ 2@y 2p2 — 61 sV (60 - 32) + ol

zf{f] 2e)- 54 + 39 22 (8- 16-12) vl
ﬂ’Eg[]' 3{3 (£)- (—;5+55 e 3); Nom?/ (ﬁi} g% 16}+0{k4)

dt

Taking into account these formulas we can substitute the problem (1). (2) by the
following problem

Lix(e)+ ale)xle) = £(e)+ o( 2)

105(1)=x)()n* /(16 24)+ oS ), 10x(0)= 61" ) (0)y(60 -32) + ol#®)

12)x(1)= (5 - 2}( W)a)m?/(3-16- wjm(h“] (4)
1(3 ©0)=p" +55—35—3}x'1"}{n}h1/[5n~25-16]+u(h‘*), (rew,). |

Note let’s suppose that the functions R satisfy one of the following conditions:
1} they are continuous on [ﬂ,l};

2) they are continuous on [{},1] and f{1)=0
3} they are differentiable on [l],l] and a'l':[l) =0, /"(0)=0, f(1)=0.
Then the system (4) is substituted by the following system:

L n 6
Xips/2 — 4,32 + (ﬁ +h a0 l’fm,f'z ~Axyp + X3 =h fip + ﬂ[ J

(i=01..,n-1), (5)
¥z =Xzt ﬂ[”*n } X3 =Xt “[hn J’ *n+lf2 =~¥p-y2 ﬂ(}'rz J 3
Xne3f2 = Ap-3f2 + 0(}"'@ ) (6)

Moreover if the condition 1) is fulfilled, then 5 =5.r =4 ;
if the condition 2) is fulfilled then n =5, r; =6 and finally,
if the condition 3) is fulfilled then n =7.r =6.

Let’s substitute the system (5). (6) by the difference scheme
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Xivspp —4Xi32 + (ﬁ " h4ﬂf+l_f2 )Xn-l,.fz -4Xin + X3 = ﬁ4fa'+|,’2 ,

(i=01L..,n-1), (7)
Xoy2=Xy2, X 3p=X3p, Xpyypp =-Xp1p2, Xppza=—Xp_32 -
We'll assume the solution of the system (7) as approximate solution of the problem (1),

(2) at the points wj,.

2. Let’s show the boundedness of the solution of difference problem.
Let’s multiply the equation (7) by AX;,y;» and sum

4
2 )'{X i+5/2 —4X ;432 + (‘5 +hiag ]XH y2 —4Xi_y2 + Xio3pa Xinypa =

N-1
=2 hhqlﬁﬂ,“thlfi .

i=0
It is easy to check that

N-1

Zh(X i+52 — 432 +6X 000 —4X 1y + X3 Kisy2 =

i=0
N-1
=Y Hx Xivaa —2X 2 + X yz)z + hd), - (8)
i=0

Really from the left we have:
2
Xspp Xy =432 Xy + 6X )y —4X 1 Xypp + X 3 Xypp + Xqpp Xypp —4X 50 X35 +

+6X3) —4Xy2 K32 + Xy X3ja + Xopp Xy = 4X72Xspp + 6X3), —4 X3 X3 +
Xya&spp +.o

o+ Xy_y2Xy-sp2 —4XNn_32XN_52 + 53’;_5;2 —4Xy_7/2X N_s5/2 +
Xn-92Xn-si2 + XypyaXy-32 ~4X y_yp Xyy_3j2 +6X 5, _ 32 ~ 4 AN-52 KN30 +

P SUETY GURTED GURYY SURTAESED GURTS. CURPE 5 SIS D GURYS GRS

N-1/2
+ X.?\’—ﬁl."ix.-\" ~I.|"2 »
from the right we have

2 2
Xsfz +4/T{’]f2 +}J:'_Jlr

+ XS,." - 4.1:.’;.1 - XL"I 4X5,.'r2X3.|"2 - EXSfEXHE it 4X3;2X”2 3 Jt,z

7/2

—4X32Xyn +2X30 X _yjp -4 Xy X g2 -

2
"'4’.{5;2*

2
+ Xyjg —4X72 X 52 + 2X 7 K3pp =4 X5 K30+
2
F: ); N- T."E 4X"'|'-—3||"2X "pr—jfl'z + EX-)"‘r_ll:zXhI—TJI'IE .

2+4X. +X

2 2
et Xy 3y TN -5/2

- 4XN—5,|"2XN—T;"2 + X- 4‘1’;\'—]\."2‘[ N-3/2 +

—IJI'I
+2X y_y2 X n-sj2 —4 Xy 32X N 5;2+X

N-5/2

2 2
- 4X.-"u‘—|f2 + X

N+lj2 N-32 7

=Xy ANy +2X v X o3 —4X v X -3 -
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That is why

Sp=—Xip + X = Xop X 1+ Xy X g + X = Xjap = Xyan Xnoan *

+ Xns3pX N2

By virtue of boundary conditions we get

8p=~Xipp + Xijy = Xy Xy + XipXapp + X3y_p =Xy 1y + XnoypXy-32 -
~Xy_32Xy_4;2=0.

So, we get
M -1
Z h( Xiv32 — 2142 +X.—1;2}2 +h? Zﬁﬂm,.fz-’f”w = zhfufthhz -
i=0
Taking into account on a(t), we arrive at the |nequa||t}r
h 1
Z ’P(Xi+3,|"2 =2x;2 + X 1,-’2}2 ""Imm'ﬂ:I Z ;Llfz s
=0
4 A 2 a’; 2
<h*[(4¢) Z By + HHI,*I ;
i=0 i=0
Whence

Z k{Xl+3||"2 2-'I::-t-ll.}_* +X; I,-"’}z l‘:ﬂ'rrun E}h4 Z :+II.«2 =

=0
<h /{4:} Z hffﬁhrz . (9)
x =0

Here 0 <& <ap, . Or

N-1
[ i+3f"_2‘xi+|"2+¥l I,-"Z) h ]2{‘:[! Z "“H;z—ﬂz Z h-‘ﬁ-i-l."l

The received estimations prove the bnundm:ss cf solution Df dlfference problem.
These estimations allow to prove the uniqueness of the solution of the difference
problem and to get the estimation of speed of convergence. Let the problem (7) have two

solutions X,y and Xisi2-

Let’s consider the function 1;.72 = X;.y/2 — X j+1/2 that satisfies the difference
problem, analogously to (7)

4
ql“"jl.f.z o 4”]4-3"-'2 + 6 i -h I;'H_U.z }1‘:4_1"{2 — 4}?!-_'-"'-2 - ni._slf,-z =0, (]ﬂ)

N-1/2=My2» N-32=M3/2 NMN+12 =TIN-12 s TIN+3/2 =TIN-3/2
By virtue of received above estimation on boundedness of the solution of the
problem (1), we'll get the estimation for the solution of the problem (10):

N-1 2
Z hr"a‘+l,-"2 =0,
i={)
From which we get that Misyj2 = =0. Thus it is proved that the problem (7) has a

unique solution,
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3. The estimation of error.
Let’s consider error the function £;.y2 = X, 1/2 — ¥ia1/2 -

Since X, 12 =&;11/2 + ¥iz1y2 then

du(ﬂ _ ),
dr’ Ji+l2 '
EogjaEa = A=A (1—1;2 - xy2 )= 32 — %2
E32—E3p=X_3p-X 32— {1—3;2 =~ X3f2 J= X3fy —X_3f2,
Ensif2 TEN-12 =XNuip T ANz - {xﬁ;ﬂ,fz —IN—UEJ:“{I;JW: —x.-x-'-l,sz
EN+32 TEN-32 =X N3+ X y_3p2 - {x.i"v."+3,.-’2 +XN_3/2 )=—lxn +3/2 —XN-3/2 b
By virtue of received above estimations we get;

4 :
LEf }£;+1f2 + 8y41/28i41/2 ;[ i+1f2°

162 + arypaeinga = ofn),
E_|II.'2 _EL"E = U{:ﬁn )
£_3/2 —£3)2 =ﬂ(f?r‘ }: EN+12 +EN_12 = 0(}”1 )
EN+3f2 +EN-32 = ‘}{h )

Applying the proof for the received problem we’ll have analogous proof of
boundedness of the solutions

N=1 N-1 N=1

4 2 4 .

Z PI(SI-+3J,|'2 —28i-+if2 +E;-_|I.r2]2 + h Z hai+]a'r2£i'+|,"'2 =h Z}lﬂj_‘_”z —hé;,ﬁ,; ¥ “2}
i=0 . i=0 i=0

where

(11}

2 2 & 2 s " oo
e =B_1ya ¥ Byy — 8328 12 Y E2P- 43 TRy B o T ENANAEN-HL T

+EN132EN-1/2 - (13)
Let’s estimate the relation (12):
N-I N-1
BTE) 2
Z h(£1'+3,-"2 e 2E;"+I,-"2 i E‘h:'—],."l}z * [amin iy 5]‘" z }181._'_])',.2 s
i=0 i=0

|
<h'fl4e) ¥ hﬂfmz +HS, .
=0

Let’s take & = apy,, /2, then:

N-1 N1
Z h(EI'+3,l"2 - 21‘..-';'4_[."2 +EJ’—].."2}2 + [:ﬂm[n ,-’2)}14 z hﬂi_l;rz =
i=0 i=0
M-l
<h*{Qapin) X, AR, 15 + WS e (14)
i=0

Now let’s estimate quantity &, ..

Bpe = —(s.;z + l](h"' )}2 + aﬁ,}_ - &3/ (E]I,-g + ﬂ(h’“— )]+ £)2 [53;2 . [!(h"' )}+ si._w -

= (‘}['E‘rz )‘ €y -|,e'2)2 —EN-3/2 (‘J(ha ]‘ EN-1)2 ]" (”(hhl )‘ EN-3/2 }"N—I.*'E % —(ﬂ(ﬁ;“" )"
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® (2&:'}.'2 + 'ﬂ(ﬁq D- €3/2 [)Lh‘"l J+ £1/2 U(hh J+ ﬂ(hrﬁ )@E N-1f2 = ﬂ(h@ D-—- EN_3/2 ﬂ(h‘"z )+
+EN_32EN-12 T ﬂ(’lrg }-‘N—uz —EN-3/28N-12 = (Elfz + €302 }]("‘ﬂ J+
+ (E;u'-uz —EN-3/2 )}{h@ )
So,
Hope| s el +m).
Substituting the obtained estimate in {14) we get:

N-1 P i
%}t(&‘”yz —25;-_,_1{.-2 +Ef_ﬂ2}2 +{arninl'lr2)h Z{} th-i-lfl =
= -

N-1
<k 2ayi,) 3 hﬁi 2 +c(ﬁr” thy gt )

=0
Whence

leiel? + amin /2Nl <1/ et IR + el =2 + 17273,
Ief? = ':'ri{;:;wi, ov 8 =V [ale+ B) - 2x() + e - )]

or
feiel? + (@min /2Nel? < c3h + =2+ 173).
Whence if the condition 1) is fulfilled then

el + el < con.

if the condition 2) is fulfilled, then
lez ]+ lle] < coh

and finally if the condition 3) is fulfilled then
i+ lel < coh®.
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