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ALIYEVA 5.T., MANSIMOV K.B.

ON THE DISCRETE CONTROL PROBLEM BY THE BOUNDARY
CONDITIONS

Abstract

One discrete control problem which is controlled by using boundary conditions is
considered in this paper. The necessary optimality conditions of the first and second
order have been oblained.

A number of necessary and sufficient conditions of optimality for the different
discrete two parametric systems, in case, when the control function is on the right hand
side of system have been found in papers [1-4] and etc.

In the present paper the case of boundary controls are considered and the
necessary conditions of optimality of the first and second order are derived.

1. Assume that the controlled process is described by the following system of
nonlinear difference equations

20t +1,x +1)= (¢, x, z{.f,x}, 20t +1,x), 2(t,x + 1)) (1)
with the boundary conditions
z{.!ﬂ._,x}:a(x}, x=Xg.%p + Lo, X
{t,x0)=b(t), t =19, 1g +1,...T (2)
alxg)=blro )
where j‘{a‘,_t,z,f,m} is a given n-dimensional vector-function which is continuous on
totality of variables together with partial derivatives up to second order inclusively with
respect to {z,e.’._m}, b(.r} is a given n-dimensional vector-function, fg,x, X, T are given,
alx) is an n-dimensional vector function which is a solution of the following system
alx +1)= g(x,a(x)ulx)), x= x4, x5 +1,... X -1, alxg)=ay. (3)
Here g{x,a,u} is a given n-dimensional vector-function which is continuos on totality of
variables together with partial derivatives with respect to {a,u) up to second order
inclusively, ay is a given constant vector, u(x) is a r -dimensional vector of control

influences with values from the given nonempty, open and bounded set U/ R"
(admissible control)

ulx)eU = R", x=xp,%g + L., X -1, (4)
Thus, the process is controlled by means of selection of boundary condition. In the
solutions of system (1)-(3) generated by various admissible controls we we’ll define the
functional

S(u)=ol=(7, X)) (3)

The problem is in minimization of the functional (5) at the constraints (1)-(4).

Here o(z) is a given twice continuous-differentiable scalar function.

The admissible control #(x) which is the solution of the formulated problem
we'll call as the optimal control and the corresponding process (u(x) z(r,x)) as optimal
process.

2. Considering (u(x).z(r.x)) as fixed process we’ll introduce the following
notations
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Ht,x,2,,my)=wfe,x,2,1,m),
M(x,a,u,p)= p'g(x.a.u),
H, [f,x]s H_(t,x,2(t,x). 2(¢ + 1,x), 2(t. x + 1wz, x)),
M, [x]= M, (x,alx)ulx), p(x)).
M g [¥]= Maq(x.alx)ulx), p(x)),
Hy [I,x]E Hile,x,z{t, %) 2(e + 1, x), z(e, x + (2. x))
Here w(t.x) and p(x) are n-dimensional veetor functions which are the solutions of the

following problem
wlt-1x-1)= [r x]+H1[I—lx]+Hm[rx ],

T e 1} mfr-1 .1:]
wit-1,X-1)=H,[,Xx -
w(r-1X-1)= —mz(z(T.X)}ﬁ
plx=1)=y(tg ~1.x~1)+ My [x] - H[rp ~1.x]. (©6)
plx —D)=wltp—-1,X -1).
Using Taylor formulae and allowing for (6) one can represent the first and second
variation (in classical sense) of the functional S(u) in the form

' S{u; 6u) = iitﬂ«fﬁ [x]5 alx), (M
525{:{;5:4 =82(T, X)p . (=T ﬁz{T X}~ Tzu:i XZHIE (e x)H . [t,x)5 2(r. ) +
+8 2'(e,x)H  [r, xJ=(e + 1,%) +52{I X)H [t x5 20, % + 1)+ 8 2 + 1, %)H [1,x] %

X 6 z{.r, )+ 82 (6,x + VA, [t.xJ8 201, %) + 8 2'(e + L x)Hy [t 6 2(e +1,x) +
+82(6x + DH py [1.518 20,0+ 1)+ 8 2/, 5+ )H 1. x5 2t +1,x) +

+8 z'{f + 1, x)Hp, [t %] 2{rx + ]}]— Ehﬁ a’(.x)M S [x}ﬁ a{x} +

X=Xy
+ 28w x)M [ alx) + & ' ()M, (55 u(x)]. ®)
Here (5 :2(r,x),8 a[:x}} is a variation of trajectories which are the solutions of the

following system
Szt +1,x+ ]]:j;[}'.,x]ﬁz(.r,x}+ﬁ[.r,x]5 z(¢ +1,x]+fm[r,x]ﬁz[:r._,x+ 1), (%)

8 2(tg,x)=6 alx), x =Xg, % + 1., X ,

8 2(t,x0) = 0,t =tg,t +1.....7T (10)

8 alx +1)= g, [xJsalx) + g, [x]6 ulx). (11)

Salxy)=0 (12)
and Sulx)e R", x=xy. xg +1,..,X —1 is an arbitrary vector-function (variation of a

control).
It is known (see ﬁar ex. [5]) that as the domain of control I/ is open along the

optimal process (u(x),z(r,x)) for all
u[x}& R, x =Xxg, xg+L., X -1,
5'S(u:8u)=0, (13)
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5285 u)= 0. (14)
From relation (13) it follows
Theorem 1. For the optimality of admissible control u(t,x) it is necessary that
along the process (u(x).z(t, x)) the relation
Mulx}:ﬂ, X=Xpss X =1 (15)
is fulfilled
The optimality condition (15) is analogue of the Euler equation for the considered
problem.
Let’s begin to derive necessary optimality conditions of the second order.
At first let’s give one notion following to [5].
Definition. The admissible control u[x) satisfving the condition (15) is called a
classical extremal.
It is obvious from this definition that the optimal control is among the classical
extremals.
Assume that the right-hand side of the system (1) has the form
j'l:.rﬁx._,z,Lm]:A{r,x]m + F{I,x._,z,.f}. (16)
In this case the second variation (8) of the functional S (u] will get the following form

525(u)=5 2T, X Yo T XN, X) - S S 162 0)H 1.6 200,)+

=iy X=Xg
+8 2'(t,x)H 1, % 2(e + 1,x) + 8 2'(¢ + L,x)H, [1, x5 2(r, x) +
+82'(t + 1Lx)Hy [I,x]ﬁ (e + l,x}]—

= ii i[a a' (M 4, [x alx) + 26 a'(x)M . [x]alx) + & w'(x)M,,, (x)5 u(x)]

By analogy with [6,3,4] one can show that the solution of the system (9)-(10), (11)-(12)
admits the following representations

(17)

Salx)= x.z_ltb(x._,s}gu [.'r]:fi uls), (18)
8 z(t,x)= Rlt.x.tp ~Lx - 1)5 alx) = EIQ[I,x,S}gu [s (s ). (19)

Here by the definition
Olt.x,5)= R(t, x.ty = 1, x —1)D(x.5),
and R(r,x;r,.'r} and ®(x,s)(nxn) are matrix functions which are the solutions of the
following problem [4,6]
R(t,x;r —1,5-1)= R(t,x;1,5) 1, [r. 5]+ Rt x;7 - L5 )f; ['r = I,.s]+ R(t,x;7,5 - 1)f,, [1',5' - i}s
R{:‘,x;f e 1}= R{I,x i —I,S}flr [: - l,s],

R(,x;7 = 1,x=1)=Rlt.x:7,x 1) fy,[r,x - 1], &
R{!,x:! —1,x—|)= E,
®fx,s —1)=®(x,5)g.[s]. 1)

Ofx,x-1)=E,
where £ is (nx ) unit matrix.
Let’s introduce the notations
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K(r,s)=—0'(T. Xt ). (z(7, X )O(T, X 5) + : %‘fﬂ;‘(;:.rbdﬁxﬁmh
¢ S0 n W00 %)+ SO w1, 5 W10 +1,3,5) 4

= = {22]

r-1 r-1
+ 2Ot x 0 )H 4. xJ0l +1.x,5)+ ¥ Ot + 1, x.1)Hy, [e,x]0(e + Lx.s)}

t=f =0
Subjected to the notation (22) using the methodology from [7] and the formulae (18) and
(19) one can represent the second variation (17) of the functional S[u} in the form

5250)=-3 S 5uE)eullKe.sleulshuls)-

T=xg §=xp

&5 { S u Mok, [s]ﬁu(s}]— S S UMy (5 ().

x=xg| 5=xp I=xp

(23)

Theorem 2 follows from t he representation (23)
Theorem 2. For the optimality of the classical extremal u(x) in the problem (I)-

{3), (16) it is necessary the fulfilling the inequality

EI 3:2_35 u'lt)g, {r 1&(z.5)g, [s ]r_’iu[s} +
xa1] x4 it X1 (24)
+2 _E { yé u'{xwm[x}i){r,sku [5]5&{5)] + ;5 u'{x)M’u“ ix]ts u(x)<0.

forall Su(x)e R, xexy, xg+1, X —1.

The inequality (24) is a general necessary condition of the second order
optimality. One can obtain the different necessary conditions of the second order
optimality from this. Let’s cite one of them

Theorem 3. Along the optimal classical extreamal u(x) in the problem (1)-(4),

(16) the inequality
vaulelKE.E)gulel + vM,fE <0 (29)
is fulfilled for all & = xy,xg +LX -1, veR".
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