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SADYGOV M.A.

ON AN EXTREMAL PROBLEM FOR GOURSAT-DARBOUX TYPE
DIFFERENTIAL INCLUSIONS, II

Abstract

In the paper non-convex extremal problem for differential inclusions with phase
constraints is studied.
Extremal problems for multidimensional differential inclusions are considered in

[1-6].

Let a:[0,1]x[0.1]x R*" — 2", where a(r,v.z) be compact for all (r.v,z) ,
MycR", B:[00]xR" =28 | by:[00]xR">2%" . The functions u()e
e A"([0.1]=[0,1]) satisfying the inclusions

(1, 8) € alt, s,ult,s). (1, 5).u,(2,5))
1, (1,0) € by (1,u(1,0)), u (0.5) = by (5,u(0, ), u(0,0) € My
for almost all +,5 =[0.1] is called a solution of the problem (1).

Let £:[00]x[01]x R*" >R,y :[01]xR*™ - R ,@5:[0.1]x R
surable integrants, g: R*¥ 5 R. The solution of the inclusion (1) minimizing the
functional

(1

2 4R be mea-

11 ' 1
J(u)= ”f{r._ s,ult,8), 0, (1, 8),u, (1,8), 0, (2, 8))dteds + Iﬁ”l (t,u(t,0), 14, (2,0))dt +
00 0 (2)
I
+ J'q;pg (5,0(0,5), 80, (0,5))eds + g(2(0,0), (1,0}, (0,1}, 1(L.1))
0
among all the solutions of the problem (1) is called, optimal. It's required to find the
necessary conditions optimality of a solution of the problem (1)-(2).
Proposition 1. If the set alt,s.x,v,z) is non-empty and compact, the map
{fﬁs] —5 a(r._,d.', x, y,z]l is measurable,
pa(alts. sy 3z bl x2,92.22)) Ky =+ vz i+ 2 ~ ).
where K >0, and for & e 4"(J0,1]x [0,1]) the conditions
d (i, (1,5 ) ale, s, 7, )7 (e, 7, (1,5)) < ple.s),
d@(,shols)<&(s). d@.ohw)<ml).
d(it, (0,5} pls)) < &a(s). alm (L0)w ()= na ().
where p(-)e Li(01]x[01]). &(-)=cloa] m(-)ecfoa] &(-)e 4[0]. ma(-)e 0],
{p(- Je Wfl [{]',1 ] {p{' ]E W,’f] [ﬂ',l], @(0)=w(0) are satisfied, then exist such solutions of the

probilem
um{f,a]c—_ cx{f,sgu{!,.::],u[ {I,s},us {:c}}

u(t,0)=y (1), «(0,5)=0ls),

that
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jult, )~ (e, s) < &, (s) + my )+ de®+) + &, (0),

i (1,5)~ 7 0.5) < 3ake™ ) Ol 1 [ pley v
]

g (2,8) — 2, (e, )| < 3adke ™ +5) 4 £ (s)e + I_[e;‘(" “p(r,sHr
0

I”m {:‘,s:l—it}s [r, 3] <2dk? + kd + p[r,$}+ rg{:}a':eh - g(s}"teﬂ +

¥ x
+ 9k 2ge3kle+s) k_{ek("’}p[r,s)dt + ﬁ:_[eﬂs_"'}p[r,v}w,
0 0

where &(s)=£1(s)+82(s) + &(0). n(t)=m()+ na(e), a1 = ljé (s)ds, a3 = ]In(f)dr .
0 0

11
b= ”p{r,v]dm‘v, d =max(ay.a.b).
00
Proposition 2. Let a{r,s,x,, y,z] be non-empty and compact for I,SE[U._,]],
ke - uﬂ(r,.':}:.’ e, y.zeR", gray={(x,y,z,v):vealt,s,x,y,z)} be closed and convex
almost for all {I,S}E [{},l]x[ﬂ,]], there exists c=0 such that ]|a{=‘,x,w]|<_ic(1 4 |w|]

we R where Ha(.rfs, wj| = 5upﬂv| VE a[r,.r,w)}, f

@[ =0, and let uplt,s) be a solution
of the problem (1), (:‘,3]-—} a{i‘,s,w] be measurable, b {r,x} be non-empiy and compact
for tefo,1], | — 2 (t,li}] <& grhy = {(x, y): yeby(t.x)} be closed and convex almost for
all tef01],t—by(x) is measwrable; by(s,y) is nom-empty and compact for
sefot]ly~upl0.s) <&y, grby ={(nz):zeby(s,¥)} be closed and convex almost for
all se|0]1).5s = by(s,y) is measurable. Besides there exists the summable Sunctions
aq(t) and 2, (s) such that
[By e, %)) = 24 ()1 + 1)), [Ba (5. Y] < Az ()0 + [41), x.yeR”.

Then for >0 there exists § =0 such that for z e A”{[&I]:-c [{]._IB, z[ﬂ,t]}zﬂ,

||z{ ]| A" =0 there exists a solution u, (.r._..r} of the problem
u”.(.f,s}e a[ris,u[r?.r}_.uf(r,.r}+ z {r,s},us{r,s}-!- 23(.*,3}]— zﬂ[t,s),
u,(1.0) e by (t,ule,0) - z,(s,0), u (0,5)e by (s,2(0,5)) - z,(0,5), u{{},ﬂ] =uy(0,0) (1)

and |ug —u.| » <.

Assume

0, zeall,s,x,y.2)

i3] f,s,xs ’Z}E
{ Mil¥2 {4_0{3? ZEH(’,I,I,}’]!.}FZ};

[, ¥ € b1, x)

w]{i’x’“)_{+m, » &bt x),
[0 nebGwn [0, xeMy
mz[-ﬂx,yz}*‘{mj V5 & by (5, %), mﬁ(x}_{+ao, xe M.
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The pmh!ﬂm (1} (2) is equivalent to the following pmhlem

Dy (u)= J{u]+“m(f s, u(t,8), 0, (1, 8), u (1, 8), 045 (1. .s}}drv;ii'-i-_[m:{f u(t,0), 1, (1,0))clt +
00 0 (3)
|
+ [ (s,u(0,5), 1, (0, 5))ds + g (1(0,0))
]
Consider the functional

ue ATAONHOND 50

Plu,z) = I.Fl,{f{.t-&”{!e-sl u, (r,8)+z,(8,5),u, (t,8)+z,(1,5),u, (t,5) + ZJ.-.-{I! .i'}}dﬁi’i SR
0
] 1
+ fipy (8, (2,00, 1, (1,0)+2, (1,0t + [ (5, u(0,5),, (0,5)+2, (0. 5))ds +q(u(0,0),1(L0),
a 1]
1
(0D, u(1,1)+ j [@t, 5,u(t,5),u,(0,5) +2,(8,8).0,(8,5) + 2, (1, 8),u,,(1.5) + 2, (¢, 5))dltdls +
an

1 ]
+ ffzn (1, 00,001, (1,0) + 2, (¢,0))dt + fmg (5,200, 5),1,(0,5) + 2, (0, 5))ds + a0 ((0.0)) .
L1} o

where ze Ag ={ue A"([0,1]1x[0,1]}: 2(0,0) = 0} and let f,¢; and @, be convex normal
integrants, g be convex, the mappings w— a(f,s.w), x— b{1,x), y—>ba(s,») be
convex and upper semi-continuous, the mappings (f,5)—a(f,s,w). = Bb(1.x).
s — by(5,¥) be measurable, the set M}y be convex.

It’s clear that @ is a convex function (u,z) and ®(,0)=®q(u). For any

z € 4j consider the minimization problem
inf @(u,z). (4)
u

The problem (4) is called perturbation of the problem (3). The problem
sup{-®" (0,2}, (5)
where z' € Ay ([0,1] «[0,1])", is called dual to (3) with respects the given function @. It's
case to check that
sup{~®" (0,2 )} < inf O(u.0) .
But the equality
sup{-®"(0,z")} = inf D(x,0) (6)
is of particular interest.
Assume A(z)=inf ®(w,z). By lemma 3.2.1 [7] h is a convex function. The
e

problem (3) is called stable, if h(0) is finite and is / subdifferentiable in zero. From

proposition 3.2.2 and remark 3.2.3 [7] it follows that if the problem (3) is stable, then the
relation (6) is satisfied and the problem (5) has at least one solution.
Lemma 1. Let ug(t,s) be a solution of the problem (1), a(t,s,x, . z) be non-

empty and compact for t.5 =[0,1], |x—un (1, .s]| <g, y,zeR"; b(t,x) be non-empty and
compact for t = [0,1], |x—u0(.r,[})4 <&, by(s,y) be non-empty and compact for s[0,1],
| y —ug(0,5)\ < &7, the mappings w—> a(t,s,w), x —>by(t.x), ¥ —>by(s,)) be convex and
upper semi-continuous, the mappings (1,5)—a(t,s.w), t = bhit,x), $—=b(s. ) he
measurable, there exist the number A and the summable functions Ay(t) and A3(s) such
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that Eu{r, 8, z}" A1+ |z|}, "E:' (t. x}" = A1+ |x|] ; "Eﬂz (s, y}& < da(5)-(1+ tyi}, the set
Mg be convex, [, and @5 be convex normal integrants, ¢ be convex, there exist the
functions a()e LIOIP, ay(heaa()e L[0], the number cz0, r>0 such that
|f(t,8,up(r,8)+ y, 2)| ax(t,5) + |, |e (e ug(r,0)+ v <eq(n+e|z],

pa(s,ug(0,8)+ v, )| S@p(s)+e-lzp| for yeR", |ysr, function qlug(0,0),) be
continuous at the point (ug(1,0),ug(01)ug(1,1)) and inf @y(u) be finite. Then the

problem (3) is stable.
Proof. By the condition the functional
11

Jq(u, z}:j-jf{h_}',nﬂ{f,x}l +ul(t, 5), ug, (1, s)+u(t,8) + 2, (1,5), uy (t.8)+ug(t,s)+z, (1, 5},
a0

1
g (1, 5) g (8, 8)+ 245 (8, 5))dls + [y (2.1 (1,0) 4 (2,0), g, (£.0)+, (1,0)+2, (£,0))dt+
0

1

+ fipa (5. (0,5 + 1(0, 5), ug, (0,5) + 1y (0,.5)+ 2,(0,8))els + q(ug (0.0), ug (1,0) + (1,0),
0

g (0.1) + 2(0,1), ug (1,1) + (1, 1))

is continuous at the point (0,0) with respect to the topology of the space Aj x A . From
convexity and continuity of J(u,z) at zero it follows that there exist the numbers a >0
and M such that Jy(u,z) <M for (u,z)e A x A, j(u,2)| =« . By proposition 2 for %
there exist § >0 such that for z € 4f, |z() A <& the solution w.(r,s) of the problem

(1') exists and fug ~u] » 5%, 1. (0,0) = 14(0,0) . Therefore we obtain the following

estimation
Wzy=infiD(u,z):ue A"} <O(u,,z) <M

for ze 4p, ||zj|£%, According to proposition 1.2.5 [7] from here it follows that the

function h is continuous at zero. Then from proposition 1.2.5 [7] it follows that the
function A is subdifferentiable at zero. The lemma is proved.
Lemma 2. Let the mappings a, by and by, satisfy the conditions of proposition

1. Besides let mﬂ{r,s,un{r,s}, ¥(1,5)) be summable. Then for any functions
y(ye LX00=[01]), 3(), y2() € LLI0.N] the functionals
11 1 1
u > [ [@0(t,s,u(t,), ya.5))dtds , x> [or (1, %),y (D)elt , ¥ — [@3 (5, ¥(s), ya($))dls
0

0 ]
are continuous with respect to uniform topology at the points uy(t,s), up(r.0) and

(0, 5) respectively.
Proof. Let !xl < £ . Since

mﬂ(!,x, gt 8)+x, ¥(t,5)) =inf{{z|_v(£, s): yealt, 5,01, 5)4x,23,23), 2=(z1. 22, 53 1=
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<min{(ug, (.!:.:-:1 s+ g, {I,sl yalt, s)+(z l valt,8))z ealt, s ug (t,5)+
v X ug (1,8)ug (1,8))}= (u, (.*,31 1(2,5)) + (g, (I,sj yalt,5)) + (Z(1, 3)| y3(t,5)).

where ;El.f:._.r;]-E.r_r{.t‘,.sgi,d!.n\(a'._.'r]+x,1.r,;]F U"F]’“ﬂ's {(f,s)). By the condition ]E{t,s}|£zl-{l+

+up (1, 5)+ Jr|+|u,;]f {£,$}| +§z491 (1.5)

), therefore Z(t,s) is summable. It’s clear that

11 11 11
[ [0 (.50 (2, 5) + 3, y(t, sY)dleds < | f(ug, {:,qy, (t,s))drds + [ [(ug (1, slyz (1, 8))eltds +
a0 o0 ag

1
+ys O fJa.9)ldeds < +20.
1]
Using proposition 1.2.5 [7]. hence we obtain the continuous of the functional

11
u— ”m{'(.r,s,u{f,3],_1»(:,3}}.:3‘!0’3 in the space C"([0,1]=[0,1]) at the point ug(t,s) .
0o
The continuity of the other functionals is proved analogously. The lemma is
proved.
Using lemmas | and 2 following theorems 1 and 2 are proved analogously to
theorem 1 and 2 [8].
Theorem 1. Let f,@ and @, be convex normal integrants, q be convex, the

mappings w— a(f,s,w), x—=bht,x), y—=by(s,¥) be convex and wupper semi-
continuous, the mappings (1,8)— al(t,s,w), t > bii.x), §—>b(s,y¥) be measurable,
the set. My be convex. For u to be a minimum point of the functional ®y(u) on the
space A"([0,1]=[0,1]) it is sufficient, and if the conditions of lemma 1 are satisfied and
it's necessary that the functions P e L} ([0.1]=[0.1]), 1_52 e L ([00]=[0.1]), the measures
Ae frm([0,1]x[01])", ue fiml0.1]", ¥ € fim[0,1]", the Sfunctional
v =(0,vi(-),va(-) V(- e A”{[[I._,l]x[{Ll]]l'= and the vectors ©.d),d;,d e R" were found,
such that for T =5 =1 and by substitution of the functions f.@y. 9.9 by the functions
F+o,@ +w, 0+, g+wy respectively, relations 1)-11) of theorem 1 [8] were

satisfied.
Assuming f(f,5,%, )1, ¥2.2)+ 8 (s 5y(x) we obtain that the problem (1). (2)

covers phase boundaries in the form of u(r,s) e M(r.5), where M :[0,1]x[0.1] — 2R
Theorem 2. Let f,py and @ be convex normal integrants, q be convex, the
mappings w-ra(t,s,w), x—=bit.x), y—=b(s,y) be convex and upper semi-
continuous, the mappings (t.5)— a(t,s,w), t = b(t.x), 5—ba(s,¥) be measurable,
the set My be convex. For u to be a minimum point of the functional ©y(u)on the

space A"([0,1]=[0]]) it is sufficient, and if for uy =% the conditions of lemma 1 are
satisfied and it's necessary that the functions ﬁ € L ([0,1]x[0,1]), Fg e Ly ([0,1]x[0,1]),
v() e A"([01]=x[01]), where v(ls)=v(]) for tse[01], v eRj[01],

va() e WN[0.1], were found, such that for T =S =1 and by substitution of the functions
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fr@1. 03,9 by the functions [+, ) + oy, P2 + @3, g + g, respectively, relations )=
7) of theorem 2 [8] were satisfied.
Assume y(t,s,z,0)=inf{u—wluca(t,s,z)}, ¢, y)=inf {z—:zeb(t.%)} ,

11
ga(s.x, )= inf{lu—}i:u € by(s,%)}, q“{x}zinfﬁu —J:| ue My}, F(u)= ”ur{fﬁs._,u{f,s},
il

1 1

by (1,), 10y (88,4 (1, )l + [y (1,1401.0), 20, (60t + [ (5,1(0,5), 105 (0, ))dls + o (4(0,0)).
1] 0

L, () (u)+1- F(u).

Theorem 3. Let (t,5) = al(t,5,2), t = B(t,x), 5s— by(s,x) be measurable, My,
bi(t,x), bofs,x) and alt,s,z) be non-empty, compacl, there exist the fumctions
ky(-)eq[01], ka(-) e Li[01] and the number k such that
pk'{ﬂ(f.__.i', X1 M.2] },ﬂ(l‘, §, X2, V2. 52 }}E k- (|x'2 _xi|+b’2 _.]"I1| & |Z:2 —&] |}=
Py (y(t,x), by (8, %)) < by (0 by = 31|, Py (Bals, 1), Ba (s, ¥2)) < ko (8)-|va — n|-

Besides let there exist the fimctions k()€ Lyo([0,1]x[0.1]), k4() e Lo [0]1],
ks(-)e L.[01] and the number ky such that

I |f(,5.2) - flts,2)| S ks(t.8) |z~ 2| for 2,2 € R,

2 |or(t,x) -yt x)| < ka(0)-Jx x| for x,x € g,

3 lpa(s,y)-@als, )| Shs(s)-|y— 1| for oy € R,

4} |q{v}—q{v|-]| =ky -|v —‘*'1[ Jor v,v| € R
and let the mappings (1,5) = f(t.5.2), t =@ (,x), 5= @a(s,y) be measurable. Then
if e A"((0]1]x[0,1]) is a solution of the problem (1), (2), then there exists the number
my such that for ue A" ([01]x[0,1]) and m = my

1PV @) = im —— (L (7 + 2 -) — Iy (D)) 20.

PRy i

Proof. Let we A"([0]1]=[01]).  Assume Bi(1) =gy (t.u(2,0),u,(1.0)) ,
Py(s)=g2(s,u(0,5),u,(0,5)) . @(0) =w(0) & My, where dn (1(0,0))= EIJ{_D,H} = {p({])| s
8=gg(u(0,0)) . By lemma 2.1 [2] there exist the solutions of ¥(z) and y(s), respectively.
of the problems X(¢) € by(r, x(1)). ¥(5) € by(s, ¥(s)), x(0)=y(0)=¢(0) that

E[f}"ﬂ{fsﬂﬁim(fhlfﬂ]—% (ﬁﬂ')i <k (r)-m(n)+ A,
|F{S}—H(ﬁ-..5) <&(s). ];(3}—%{0, S]| S ka(s)-&i(s) + P(s),

T ; 5
where  my(1)=5-¢") 4+ [ . B)dr.  &s)=8-emP) + Ie”Z[‘J"”*I )
0 0

I 3

x Py(v)dv, m(1)=[ky(t)dr, my(s)= [ky(v)dv . Assume in proposition 1 w(r)=%(),
0 0

o(s)=3(s), MmO=kOMO+AW), L()=k()E()+P(s), plt,s)=p(t,s,ult,s),
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u(f,5)ug(t,5) 1, (t.5)) it's obtained that there exists such solution wugy(r,s) of the
problem (1) for which the statement of proposition 1 is satisfied.

It’s clear that
11
W ()= G| [ [ea (o, v ) aale,v Doty (2,00 (7.0 )t (0)) = (i (7,0, g, (7,
0a
1 "
g, (2.v).g, (z.v))dedv + [y () (u(r,0), 14 (7,0)) ~ (up(z,0), g, (,0))d +
0
1
+ Jrs 0} 0,45 0.v) = (g 0.v). 1, 0.v v +[g((0,0), u(1.0), (0.1,
0
11 -
(L)) = g0 (0.0), 19 (1,0), 19 (0.1), ug (L)) € s Of - (| fluate,v) — wp(z, vz +
00
11 11 11
3 fﬂu;{t,v}—uui (r,v_}l|dm’v + Iﬂus{r,v}—u{r} {r,v}|¢f‘m’v + [ flus (r.v) -
L] (H] i)

| 1
~u, (. )|dzdv + [y O uw.0) - o (7,07 + [l (7.0) - wg, (.0)err) +
0 0

1 1
+Hks O b0, v) —up (0,v v + ﬂuﬁ{ﬂ,v} ~up, {ﬂ,v}|dv}+kg{]u[ﬂ,ﬂ] -~ (0,0)]+
0 L]

+ u(1,0) = g (LOY + 1a(0,1) — 24 (0.1)] + fua(1.1) — uig (L1 .

Using proposition 1 from here we obtain that

[T — T ug)| < eq (s Ol s O ks Oll- o) - F ).
We show that for m=¢; the function # minimized the functions 7, in the space
A"([0,1]x[0,1]) too. We assume contrary. Let there exists i € A4"([0,1]%[0,1]) such that
I, (w)<I,(&). Since for & there exists such solution #; of the problem (1) that
WG - S (g < m- F(ar),
then
Hug)<Ju)y+m-F(u)=1, () < J(@).

The obtained contradiction means that # minimizes /(1) in 4"([0,1]=[0,1]). Therefore
we obtain that !,'E,,ﬂ }_{E;u} = 0. The theorem is proved.

From the conditions p y (a(t,s.x.¥.2) ha(t.5.x5,¥3.22))=
<k(lvy —x[+Hya = mfHza — 21D, Py (L) By (LX) S K (0) 2 — 3]s py (Ba(s.m)s
by(s,2)) S ka(s)- |y = | it follows thatly(r,s,z,@)| < k |z — (@(r,5). 7, (r,5),3,(t,8)) +
. |cu -E"(I,sl, iql{f,x,y)]ﬂ kl(f}-lx—ﬁ[f,ﬂﬂ-r |y-E'.(.r,i]}|, |q2{s,x._,y}|£k2{s}x
xi,r— E((},,s}| +|y—u, (ﬂ,s}j. Therefore, if (t.5) — a(t,5,2), t = H(t.x), 5 —> by(s,y) are
measureble, then for any w e A"([0,1]x[0,1]) of the function y(t, s, a(t, )1, (1,5),u,(1,5),
e (1,8)) 5 gy, u(t,0),0,(£,0)), go(s5,u(0,5).1,(0,5)) are summable.

Let X be a Banach space, f: X — R, |f{x)|¢:+ao, ve X . Assume [9]
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fﬂ'{x;v}z]imSupf{}r+f~\"}"'f{_y) : f+{x;\|']: ]_i_]nsup f{y_'_‘;:‘m}_a !
"o : () f* v
40 I
fT(I;V}=ﬁm limsup inf f{.}"f;;‘-m}—a ;

eiﬂ{y'al‘t‘lf:wev+s-ﬂ
A0

where the symbol (y,a) + f* means that (y,a)eepi f, y—x, a —> f(x).

Theorem 4. Let iw e A" ([0,1]x[0,1]) be a solution of the problem (1), (2) and the
conditions of theorem 3 are satisfied. Then there exist the number m=>0 and the
functions B e L5 ([01]x[0,1]), B ef([0]1]x[0,1]), v()e A"([0,1]x[0.1]), where
v(Ls)=v(Ll) for t,s€[0,1], vi()eW1[0.1] , va() € W}[0,1], such that

1 . i

1
1) (v (L, .-r},--ﬁ{.‘._,s},—%{r, 8, jﬁ{r,v]a’v - j'ﬁ(r,v}d’v + J'szr, ghdt - j'}_'&{r, s)dt -
0 ] 0 ]
—vit,s))ec(f(1,s,u(t,s)0,(t, )01, 5). 0 (0, 8))+my (1, 5,0(1,8),8,(1,5), 4 (1, 8), 245 (1,5))

1
2) (v (L0) 1), [Ri(a,v)dv —vy(1)) € By (2, 7(1,0),7,(2,0)) + m- gy (1,7(1,0), 7, (1,0)).
1]

1
3) (v, (0,8)-va(s), jﬁz{r,s}dr—vg{ﬂ]eﬂ[@z(x,f (0, 8), 0, (0,80)+mga(5.u(0,5),12,(0,5)),
i

4 (v(0,0) = v{0) = v2(0), vy (1) — v(1,0), vo (1) = v(0,1), v(1,1)) € S(g(u(0,0),u(1,0),
u(0,1),u(1,1)) + mgo (2 (0,0))).
Proof. In theorem 3 it’s proved that there exists such number m >0 that u

minimizes [, (@)=J(u)+m-F(u) in A"([0,]1]x[0,1]). Therefore Ig(ﬁ;u}zﬂ. Using
the Fatou lemma ([10]) we obtain that

11
0= IET{E: W =Wu)= ”fﬂ{r,.r, u(t, s),ag (0, 8), 0 (1,8 Uy (0,8 )08, 8 )0y (1, 8D, 10 (2, 8),
0

1 |

g5 (1, 5))eltds + [y (6,70(2,0), 1, (1,0);u(1,0), 1, (£.0))dlt + 03 (5,77(0,5), 77, (0, 8); (0, 5),
0 0

L3, (0, 5))ds + gﬂ{ﬁ{l},ﬂ], (1,00, @ (0,0, 2 (L1 20,00, 1(1,00, 2(0,1), ue{ 1,11 +

11
([ [ (s, 000,80, 50 0,9), 0 (6,5, g (6, )30 (8,5), 20, (2,50, (2,8 g (8, 5)cltdls +
00

1 1
+ [ (0,7(1,0),7,(1,0):u(1,0), 4, (1.0))dt + [43 (5. 700, 5), 7, (0, 5);u(0, ), u; (0,5))ds +
] 1]
+¢" ((0,0):4(0,0)).
It’s clear that u =0 minimizes ®(u) on A4"([0,1]x[0,1]) and the conditions of
theorem 2 [8] are satisfied. Therefore there exists the function B e L5([0,1]x[0,1]),
Py e LI ([01]1x[0,1]), v()e A"([0.1]x[0.1]), where w(l,s)=v(]) for t,5<[0,1],
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Theorem 5. Let ilt.s) be a solution of the problem (2), (7), the condition of
theorem 3 be satisfied, the mapping {I,s)—} M[.r,s] be continuous and intT, (1, ﬂ{ﬁ{t.&')}

be non-empty. Besides lim inf E; (u)—-* Ja ] Then there exist the functions
I—+anye 4" ([01][0.1])

By e L ([0a]x[01], By e 2 (0a]x[0,1]), (e [0.1]) @y(-)e L2[0.1]), the measure
J.Eﬁ'm{fﬂ,l]x [{],l]}", the vectors ¢,d|,d»,d € R" and the functional v ={0,vy,va,v)e
e A" ([0,1]x {n 1) such .:hm

D vi(u)= “ (.5)dr)+ :ﬁ]m,{r}}ﬁ+:_}[(u{l],3]mg{s}}:'s+(u{ﬂ,ﬂ]ﬁ—d,—a’z +d)+
fu lﬂlidu d)+ (u{ﬂl}ld - d)+ (ul1, 1)),
2 |h ik Palshv(eo)+ [Rlowkie— ek [paic -
0 0 0

M

= }pz{r,s}a‘rJ e of (t,s.ale. s )37, (v, s ), (¢, 5 )30, (1,5)) + B le, s, (e, s ), 77, {1, 5 )77, (1. 5),
i}
s (t.5))+ (Vo) @ ﬂ),u}

3 ‘/ml r}, j'p| 1, )dv — v,{r}Jempi{r uls [}},u,{r l]}]+ Ng,,b] I:u(f 0),7,(£,0)),
\ 0

[mz{i‘}, J-pz T, 5)dr - v;{s ]E&pz{s w(0,s).3, (0,5 )-I-Ng,‘,_bi (@(0,5).7,(0,5))

4 (¢ -dy—dy +d.dy ~d.dy - d,d)e dg(@(0.0)7(1.0)7(0.1) 7(1.1)) + (N, (7(0.0))0);

5) max{ }}(z[r,s]dﬂs ): 2(t,5) Iy ﬂ{ﬁ(&',s]],z(- Ye 4"([0.1]% [ﬂ,]]}} =0

where L(E)= J‘a—} (t,5)ds + A, (E) is a Lebesque expansion of 4.
E
Proof . From the equality lim inf _Ef{u)=J(@) it follows that for
FF""”"'H{:A"{IU ]}K[ﬂ‘]]} k
there exists such [ that for [ 2/,

inf Eu }—J{E*::l.

we A" (Jo.1}]o.1]) k
Without losing generality we can assume that A’kl <ly, for ky<ky. Assume
v(k)=1, and consider the function

Ey(u)= J(u)+ v{k{ + _{ _{W 1, 5.ult, Jr)]a'z‘.:z'ifW + Hﬁu (t,5)e B (uele, s ))deds +

o0

116 ()5 (s (5 + jf:‘, (5 0, (.0 + ja (61515 (0,5))ds

0o
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By conditions the functional Ek{u} is lower semi-continuous in the space

A"(Jo1]x[0.1]). Since inf Ej (u)+ %:_* J(@)= E. (&), then by Ekeland theorem there exist

up{-)e 4" ﬂ[l?]}x [ﬂ,l]}, that Ej (u, )= J(w), ||u k= 3T|| = o and minimizes the functional

Jk
Eyu)=E(u)+ @Hn ug|.

Using the Fatou theorem we obtain

Euy:u)< Si ()= Tf(fn{fm uplr.s)ug, (t.s)ug (e.s)aug, (6 shale,s)oe (8.5,

i}
us{r,slum [r, i‘}] + v{.ﬂ:}y v (I,.':,uk {r, .i'), i, {r,s}, My (I,S],uk” {r,s}; u(.rf.'r},u; (I,s], g {:,a‘},
s s + (o e 00N, (OKle: 0Nt 0:0)) v k) s (.0 1y, (.0 k(e 0)

u, (£,0)dr + }{(pg {_.s-,uk (0,5), . (0,5)u(0,5),, {G,s})+ vkl (&', 1, (0, ), ty, (0,5)
u(ﬂ,ﬁ},us{{}, 5 )))ds + qD (2. (0, U}.u,;{] 01y (0,10, (11); u{i} {}).u{l {I}, ::[ﬂ,i),u(1,l)]+
+v[k}q0(uk{ﬂ 0} (0,0))+v( HW{}{LF s,y (s hulr 5}}f!d5+ Tk ||u||

a0
Subject to 0=5,, {{]}5 S [u:l and the derivative in the direction of Klark is upper

semi-continuous [9], then passing to the limit in S; (u) where k — +s0 and using lemma
3.2.4 | 5] we obtain

0= ].{}[/D [I,.’i‘, E{I!S}! E." (I! S)s Es (I, S}aﬁm {"ss];”(fsﬁ'}a iy {1', 5'],”_.;. {I,.s‘),um (I,.S‘:!]+

+mT[.r § E{r i},ﬁl.(r s‘} ﬁs{f 1],EH{I i};u{r s‘},u,{f s} 14!3(: i‘},um[f;.? }+

STpste d({ug jﬁ]dfds & .[('LPJ (1,7(0.0).7, (.0 2et.0) 24, (£.0)) +

1, (6037 0) 0Nt (Ot + 036,700,507, 0.5 k0, 5hy 0.)
0

+ 3?"#,,-,1} (wl0,s)i, (0.5 }}{H[ﬂ,i‘}, Uy (ﬂ! 3]}1& + gﬂ [E{G*ﬂ}‘ Eﬂsn]’ E{ﬂsl}! E{L 1} ”[ﬂﬂ)’ ”':Is{])"
u{ﬂ,] ) uell,1 }} - 5;:”0 {ﬂﬁﬂ}(ﬁ(ﬂ,ﬂ}) :

Using theorem 1[8] we obtain the validity of theorem 5.
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