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SOBOLEV TYPE THEOREMS FOR B, -RIESZ POTENTIALS

Abstract

In this paper, we investigate the By ,-Riesz potentials (Riesz-Fourier-Bessel

potentials) I;k onthe Ly, [RfjJ and BMO, (RE1+J,

np
n—op

For Riesz potentials known imbedding L, > L., ¢= for p=£
e}

stopping are valid. In the limit case p EE Riesz potentials don't defined on all space L ,.

How show E.Stein and A.Zigmund for critical exponent pzi under the condition
a

existence almost everywhere Riesz potentials it boundedly acting from space L, to

bounded mean oscillations space BMO .
In the work this questions was investigated for By ,-Riesz potentials. For By , -

poi, (RE+) is proved. Was

n+ | Yien |
iy
o

Riesz potentials Sobolev's analog theorem in the space L

show, that for B, -Riesz potentials for imbedding
(141 72,n )

Ly, (REL)—L (Rl L) g=
P'flk,n ":1*‘ G‘-.‘r'a;_n kr"'} q """l?k,nl‘qﬂ

also stopping is valid. In the limit

n+| ) .
case p =——:L'”—| B, ,-Riesz potentials don’t defined on all space L, , rif (R

i n+ Yl TR
Proved that for critical exponent p=———""" under the condition existence
o

almost everywhere B; ,-Riesz potentials, B} ,-Riesz potentials boundedly acting from
space L, (Rf.) to BMO,, (R[.,).

Let R" n-dimensional Euclidian space of points x=(x;.-:-.x, )
172
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x=(x,x")= {xl.k ,xkln)e RELRE. = Lr ={x,1k1xk1"}5 Rore =l x>0 1Eﬁ1+(x,r}=

] . y
=€ RS- I P} Yip = Wparseos Tk 7het > O >0, s =t o,

| ¥kn EVEsr +ooo 4 s Sk s :{"ERJ?& :lxi:1}~ {.t",_}-")=x|_}-'1 Tt X ¥y -
In the case k=0 x=x"=x),€R", R =Ry, =‘1IER";J:] - K }{]l and
Y =Yo,n ={}'|:'"s?n}'
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Bl ofls viiem L R!.] we denote the spaces of measurable functions
Y B ko P:Yen &, P

f{x) x € R, with finite norm
I/ p
i
||f||"r‘.5‘-:f|t,n [RE,-* } & ||f||.p-}'hn - Ri:l-l f{x] |pxk:‘:‘i dx ) [ES ol
ki S
Suppose Ly, LR}:‘ )= ¥ (Rf +] where Lm[Rf__Jr) the space of all essential
bounded functions f with finite norm

.., (er.) =V (rs.) = ess;:p]flxﬂ.

The operator of generalized shift (Bj ,-shift operator) is defined by the
following way (see [1], [2]):

n
}II"r].
1_[ “lz—] LI .

5 =k fits 2
7 f(x)= : .I”:Lc I"'jf[x_J’:\leﬂ_zxkﬂ}’kﬂmsakﬂ+.Vk+l
h.'ﬁ_l_WJ 15'#[ 1,[}1\[0 0
L (o bz
2 2) T =
m,\/;,, —2x, ¥, cosa, + ¥, J }—[s.intrr adoy,---da, .

i=k+1

8’ 4 .0
2 o

-:3‘,1:),- 'x_lr OXJ.

2

We will denote by B, Bessel's singular differential operator B; =

Y= 0(j=k+ bposishth By o= {Bk—.lv : -an] and by Ap, -Laplace-Bessel type operator,
which is determined by the following way
YRR 2B
i=19%] ikl

(ry.) and B,, -

Ex

We define the isotropic B, , -Morrey spaces L N‘J“(Rflrlf

g

BMO spaces BMO (R}, ) introduced by V.S.Guliev [S).

A

Definition 1. et 1< p<w,0<Aisn+ hr u|- We will be said , the measurable

on R, function f belong to the class L, (R;f:,,), if exist constant C , such, that
Tl el v dy <C ot
B, (0]
Jorany (x,1}e R, x(0,%0).
We introduce the norm in the set L . . .(R;.—) by the following way
Lip

(R} =171 e =5“PL" 3 J-l”lf )"y ity |
" "} :flr ﬁj. r{ﬂ."} /I
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Definition 2. Ler

on R}, function [ belong to the class L ks "(RL] if exist constant C . such, that

J'T’Lf[x}ryk . dy {Cf{r]l
B, (01
Jor any (x,f)e Ry, = (0,00), H = min{l,f}.
We introduce the norm in the set L R (R:. +) by the following way

. We will be said , the measurable

14
"fl].i'p, =5 (Ef g Sl.lp [I] ; _ﬁ y|f{~x}l J"
A VR s
Obviously,

L KT (R:.+ ): L L (H:.+ ): L P (R;.+)
and
Lyn Hg T a (RF +)= L, T (R;,+): L (R: -r)

Lpr R ) L,y (R Y and A, oy,

Fkn

Ay
Definition 3. We will be said, the function f e L' (R} ) belong to the space
BMO ,_(R}.) (Fourier-Bessel-BMO space), if

Wi, re.)=suplBic @) [T2|F G~ o, i dy <o,

.'j,. W)

on =B @A [ TV fGwlian Bl = fxiidx, ECR],.
i

R
LY I

For B, ,-maximal functions
My, f(x)=supiB . (0, o, [rlrebie
By L (0E)
we proved the following theorem.
Theorem 1. [7] 1) If feL,, (R}, ). then for any o >0
. R C ¥
ery. M, rer>a] T frElxla,
; Yin 1 8 e
where C, does depend on f .
2 fel,, (Rl )1<p<w, then M, f(x)eL, (R],)and

||WB: fu F""} ||'f||ll'.|"“.

where C . ~depend only on p.y, ,and d;.u:ensfan .

Remark 1. In the case k =0 the analog of theorem 1 is proved in [5].
We consider the B, , -Riesz potentials (Riesz-Fourier-Bessel potentials)
FTRE 5
"fi pf{x}'l ALt J’TJ- ixlga =y "’f{_}’}}-‘jf;d}’a O<o<n+ |"”Iﬂ
RL,
and integral operator type of B, , -potential (Riesz-Fourier-Bessel type's potential)

(1)
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Iz Alo= (?f""lxl“'"'*’“| —Iyl“"”*“*fxﬁ;_,m”ty:r}f(y}y:;"dy, @)

B,
where B, _(0,)=R], \ B, (0]).
The operator . & . is some modification B, , -potentials /3 .

+ .
In the work show, that if 1< p< w, then B, ,-potentials [ f defined
o A

for all function fel .-?.n,(R;,J« ) And also reduced the examples, which shown, that if

+
P 2%5-"3-1 »then B, , -potentials [ don't defined for all function fel , (R;‘#).

For B, , -Riesz potentials the following Sobolev's generalized theorem is valid.

n+|Tk_ﬂ|a”du]-__l_ o

P q_""Ll':'rR,ﬂll
a)lf fel,, [R;",). then integral Iy [ converges absolutely for almost all

Theorem 2. Let D<a<nt|y, L 1=p<

xeR,.
f ELP-T}_.. (R:&]’ H:MH “r-g;_..f = er.n ,,(R:J) ﬂ'ﬂ'd

5., sclA,.,. o)

b) {f I{p{:wl
4.4

¢) ngL],Yp;(R.:&)' - - 1-—=—, then
q nt| Yy, |

] i i
e ez ag, >8] T, &

Remark 2. As is shown the theorem 2 the operator / s, 18 operator (p.q), -

H+IJT.QH| I 1 [#2
strong type, for l<ps—"" ———=—nu . and (lg), -weak type, for
o P a ¥l '"
e oL
g H'I'l?k.nlt

Remark 3. In the case k =n~1 parts a) and b) of theorem 2 are proved in [3]
(also see [4]). In the case k =0 the anisotropic analog of theorem 2 is proved in [5]. and
in the case k =n—1 is proved in [6].

Proof of theorem 2. First we prove the part a) of theorem 2. Let

"r-ELF.-‘.I'g (R.:.*)' IEF{M
3 (L

ﬁ(x}=f{x}3{tr,__[n.n[x}sfz(x}:f(x}_.fi{x}-

. We introduce the following denotes:

Then
Illjf“f(x}xf;“_uﬁ {x)+ fé’f_llfz[x}=J,{x}* Jo(x).
Applying to J,(x ) the Young's inequality for f L T [Rfl i ] 1< p<w we have

”JJ{-JHF-}W. = (l| | : | Bl IH,‘.,.-"H_J"] 7 Uf"

& P¥rn
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By virtue of the next inequality

20

n
PYkn ilLf"P,?“’ VyeRg .. )

H - ot = =]
and also, taking into account, that E|F iy il ¥ Bhtﬂ.l}nl <o, for
\ 2 Xk n

f € LP.TJ...- (‘Ri'r.f )' l = Pim W Obtﬂil.'l

|E‘II( g J{lpv}rk,n = C‘|Lf|ip=?#.ﬂ ;
Thus, forany fel,, (R;_+)¢ 1<p<w J(x) is finite for almost all x e R,

i.e. J,(x) converges absolutely for almost all x s R .
We estimate ./, (x ). Using the inequality (5) we have
1/ p

Pz (x]| = C"f " P:¥kn ( ﬂy |[cx ‘”_|”~" ”PIJ" ;}: dy =i "fﬂﬂ,?k.n
\RE B (00

ﬂ+.l '?"'#,r.- |

From stated above it is follow, that for fel (R,{'I__) and 1= p<

&.A

the B,  -Riesz potentials [ E” f(x) converges absolutely for almostall x R}, .

Now we proved the part b). We have
£

;;t Flxy= J + I Tyf(x}|},|”'"'|“*’*]y£f,;"‘ dv = A{x.)+ C(x,1) .
2 Bk.+{ﬂsr} RE‘_‘,__ 'I..E_*__;_l:ﬂ,f‘:l
Let k -for all integer number. Summable by all j <0 we obtain
-1

Ax,0< Y Tl ey ay <

Jr—m {2-':5|_1-|<:‘2"'=-:.J-E REL

e ﬁ (?_ ";}“-rl-.hk_al J'j" ¥ ]f{x )b):fﬁ"dy ="M e Flxit

Jm—m ¥l<2!e veRE L}
Thus, the following estimate
ld(x,0|=Ct" My f(x), (6)

holds, where C, doesn’tdependon f,x and ¢.
For C(x,t) applying the Holder inequality and inequality (5} we have

I(_.{x ;f}| ECil'f"ﬂm."f -{n—|‘u.n|:|"q' ; {?}

Pilen J

Minimizing by ¢ for ¢ = [{Mﬂt_x 7o) I7,... ]‘”{”*"’* I e obain
@)y, rP I

Consequently, by virtue of theorem 1 we have

Thus, from (&) and (7), we have
I;l_llf.(x]| ECI(!QMHL.I(J:] i I_{”_l'l':_lll]-'ql||lf|
LS
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j])g“ﬂ;v}r:rl;"dy <clrler. I(Maufm}’y ar<Clff,
&y (0

Thus, the part b) of theorem 2 are proved .
Now we prove the part c).

Let fel,, (R.).Sufficiently is proved inequality (4) with 2P instead of [
in left side this inequality. Further,
}2]31 =

> BH“ o !{x e x.0) > B)Lm :
By virtue of inequality (6) and theorem 1 we have

,r3|[xE R . :|A(x, 0> ﬁ}r = ﬁ j. hdxsp J'x:_,rdx =

FER |_..1’|;x|']|;.i3} ;(ER;__L'JQJ'LJ'_.,“P.{{I'?:\-IE}
[ ey ) =
=,B1xe R;[,.,.ZMg“f':I}}F =Cyt "f";.y“'
T ¥in
And also
n!—l}-'kﬁj z ”+|}'kn
Canjce 9 [PfGhtra=t 1 |/ e
Ry -
n+|;q,.ﬁ|

Ths, i =2 fﬂ] 2 =B and [C(x,)|<p and consequently

HJC :F‘.(LI}% = ﬁ}l?’fm =0.

Finally,
3

This we get the mequaht} {4} of (Lg),, . -weak type. Thus, the map f — [ 3‘ F

is (1,q),,  -weak type .
The theorem 2 is proved .

4y e
|I+ [

o =Pl

L¥sn

I3, s)>28] <

n+
Theorem 3. Let D<o <n+|y,,.|.p= i | and feLm“(R;',,]- Then
5 :

iy reBmo, (Rp.)and

T
IB::

<Colfl.,., . ®)

amcr, (k)
Corollary. Let O<o<n+| | —m nd fel {R" ) If the
ollary. Let O<c<n+|y;,|. p= = it it A )

integral 15 | exist almost every, then Iy f € BMO (Rf ] and the estimate

e AR e

||‘J’MU
holds.
Proof of theorem 3. Let fel ( £ ) For any is fixed 1 > 0 suppose
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Silx)=f(x }Is,_,[n,zr}[x ) filx)=f(x)- fi(x).
where y , -the characteristic function of the set A4 .
Then
T;Jf{x}=T;:__f,[x}+f;:l_f1{x}=ﬂ{x)+Fz(x}.
where F(x)= .[ (T'vi-‘rl”n e _b"rx.miml13;_+tu,|J(J’]JfU}J’;::@,

H*__[ﬂllr_]
'F‘Z {x] = j [Tyh]u_n-lhjl R |y|a_n—|h.ﬂ| Iﬂ: Lo [}']}f{y}y:f:ﬂfy .
RE J\By (0,20}
Note, that f; has the compact support. Therefore,
11| o J'|y|ﬁl—n-|'r:_n{f{y}y:;.‘ﬁ, -
By 002008, (0minfl.2eh

Further, we estimate difference |F,(x)—a,| . We have
[Tk
L

< Pt inepiia= T e,
;

R T |t

=

Fi-al=| JroRl A owia

For |x |<£,T" |x |<2t we have |y|<|x |+|x —y|=lx |+T7 |x|< 3.
Consequently for x € B, _(0.1)
|-F| {I}—ﬂl|‘5: 'ﬂy|u.n |Ta.«IT}'lf{x}|},I;n@ : (9)
B, (0,31

For ap=n+|y, ,| we have

B0 [re|Fe-alds <

" By (00
<. | [ I|yr“‘““'*‘r-“?*’|f{x]Ly:’:;:dy]z::‘:dzﬁ
", 00 By (0,30

SB @] oMy, [Tl ol <

A
T‘jj

1p
ccrm e, ,‘f”*’”’]”'[ ) “’”] scril,,, s,

By (0.) as

Thus, for ap=n+|y, , | we have

1B, . (0.1) r' [TlF @y -aeredesc,|If, . (10)
By (00 i
We denote a, = ﬂyfu-ar m‘*'f{}']}':jn"aﬁ'r'

B, |, (0max 1,2 phg, L (0,20)
We estimate |[F(x) - a,|.

1P (x)—ay|< ﬂf{y);rf

RE By (021)

Ltiu—n—m_b _Lylu—m_h JILV:::@'
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The following lemma is valid.
Lemma 4, Let O<o<n+|y,,|. Then exist constant C >0 such, that for
|
2xi<p]

“'""’h_u'

T |x[a—ﬂ-ih_..: " b" {_:Cbrrl—ﬂ—?n...l 1|x! (11)
Using inequality (11) and Holder's inequality for |F2 (x)-a, { we
obtain

g el

B -al<chd oI b scl P A

RY By, (0,20)
< W,

<|x| +|z| =3t holds.

P en 2

Mote, that |.t| = I,|z| = 2¢, the inequali

For ap=n+|y, ,| we obtain

[T Fy(x) - @y | < T*|F () - @, | < CT e | |

P¥hn = C"j.”p_r*: 2

Thus, for ap=n+|y, .| we have

‘T:Fz(ﬂ-ﬂz

atld (12)

B Yﬁ‘n

We denote ag=ay+ay = _ﬂ |a BTkl f{y}y”"a).
By - (0.max{l.2t})

Using inequality (10) and ingquality (12) we get

1
e P T\ flx)—a,lyirdy<C
Up |£* o {ﬂ"‘)!n_., . '[:lr] . * |}r‘; "f"f?n
From here
I v |Fa |
Hl,,fl a0, g .] Eﬁu{E.;ﬂh i Huj['mj’ ¥ Iﬁwf(ﬂ’- as Vi ey EC"_{“N“

The theorem 3 is proved.
Theorem 4. Ler O<a<nt+|y,,| fel

1ty ul=Ye o [Rf, ) Then
‘}Ef € BMO Vi {R;:»f) and

F”D: -”fuﬂmr._,p er.) 5CFHf||lJ=+"u_,.t—um.,. i (13)

Remark 4. In theorem 3 the operator 7, B‘L don't replace by [ ;:; . Indeed, taking

Jy=|x el e ru(ﬂ‘fﬂ),ﬂ <a<n +|~m1 it is possible verify, that
Iy feBMO, (R,).

Froof. Let-fedy o ol (Rf_*). Suppose for any be fixed (=0,
Hix) = FO Mg, o200 f3(x) = f(x) - fi(x) where y, -the characteristic function of
the set B, , .

Then 75 f(0)=13 fix)+ I} fi(x)=F(x)+ Fy(x).
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By virtue of definition 75 f(x)-Riesz potentials and using discussions, which

applied for the getting inequality(10) we have

JrelRe) - alfydzs | T‘[ iy 77l | £ ey ey L,,dzﬂ
R

By (0] Hy 100 i J

s ] ( I?‘J“?"‘Lfr;xﬂz:f;dz]u“‘""*“'y;':':dys

By (03000 8, (00

nsie Ao g o ety ni
=4 4 Hfh'l."-“.l'k.nl'nﬁj.-"‘g {.[il;]:]l o yk s rfy {‘: r ﬂ-f" L N a8 Y
LS

n

Next to the last inequality we taking into account, that feL, .. ... (R&. +) and in last
inequality, in the fact that ﬂ |ﬂ e Yy rdy SO gt
By (0.30)

Consequently,

1R =@ 2057d SC g, s, Lo

e P
B: L0

Forevery x € B, (0,r) by virtue of lemma | we have

Fole)=ay|=| [l [y [ g ot Nl ay|<

Ry By L0021

sC.lxl , [ronp %" yliea =

R B L (0,21)

=C,1x|Y /oy FT A ey 2

b=l oy ezt ey, 0

<C X Z@ [ 1Oyl <
k=0

bl e ARRT TR

r.l‘i‘

ol
P S N 6 [ B
<C, | xI|A, o AT S
" fL R |

Hrk ol P 0

= Cu'r f ]IU”IJH-I‘H_m—a.J:.n = Cu 1f.|||-"?"'.‘-l'1..15 L/

We get

|Fy(x) - ay|<C, || f s NEEERE (15)

!; L s P

Then
(16)

IT’FZ{IJ-' ﬂz}ﬂT’]Fﬂx}—azlgcn |7
Finally, from {14) and (16) for f € L]IM”L" S (H& ) e ke

P E O 4 TS0 =ay e <Cl iy o,
Thus, 75, <Ly s, (RE,) > BMO,(R] ).

The theorem 4 is proved. ;
Finally, author expresses his gratitude to his scientific supervisor Dr.,Prof.
V.8.Guliev for the state of problem and useful discussions of results.
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