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THE SCATTERING PROBLEM FOR A SYSTEM OF THE FIRST ORDER
ORDINARY DIFFERENTIAL EQUATIONS ON A SEMI-AXIS

Abstract

In the paper the direct scattering problem is studied for a system of nz3
ordinary differential equations on a semi-axis when one incident wave exists. The
integral representations of solutions are found too.

On a semi-axis consider the following system of differential equations

ff}rk( )
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where Cy {x} (k. j= I._,E,...,n} are measurable complex-valued functions, Cyy (x)=0 and

satisfy the conditions
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The scattering problem for system of the equations (1) when n=2 on a semi-axis has
been studied in paper [1, 2], on all axis-in [3, 4]. The inverse scattering problem for the
general system of the equations (1) f.;ﬂ >Eq meee }..fnj on all axis has been considered in
paper [5-8], and when Im&; =0, &, #&, in [9]. The scattering problem on a semi-axis
for n23 (& >--£,1 >0>&,), n=3 (£ >0>&, >&;) has been investigated in papers
[10, 11].

The scattering problem on a semi-axis is in determination of a solution of the
system (1) by given asymptotics and boundary conditions for x=0.

Consider the problem for the system (1) on the semi-axis n—1: the k-th
problem is in the determination of a solution of the system (1) under the following
boundary conditions

__k [ﬂ,j.] B 'i"f.,.](ﬂ, ;"] ’

(3)
yEO0,A)=0, izl; izk+1,

and the given asymptotics

(6. 2)= A explirgix)+ol), x>, @
ihk=12,..n=-1.
The joint consideration of these problems is called the scattering problem for the
system (1) on a semi-axis,
Theorem 1. Let the coefficients of the sysiem (1) satisfy the condition (2) and A
be a real number. Then there exists a unique boundary solution of the scattering problem
for the system (1) on a semi-axis.

Proof. The scattering problem for the k -th (k=1.2,....n - l} problems on a semi-
axis is equivalent to the following system of integral equations
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yf‘ (x.2)= 4 explidgx) + i ’j‘if‘l_ﬁ (x') yfﬁ (', A )expling; (x - x' ',

xi=1

y;‘,{x,i}: ;eap(r?.ﬁp )+:jzlc'ﬂbl X ) (', ,l}::xp(mﬁ {x—x'})dr', (5)
xf
(p=230mum; k=12,..n-1)

where
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0 J=l
(k=12,..n—1; p=2,....n; p2k+ 1).

Using the method of successive approximations to the system of integral
equations (6) we obtain the existence and uniqueness in a class of bounded functions of
solutions of these systems. The theorem is proved.

On the other hand from the relation (5) with regard to (5) the validity of the
following equalities follows

yf x} =4, exp{a'ﬁ,élx} + ﬂ(l}

6B ol ) bl a1 o
p=23,...0; Xx—>r+xo,
On the basis of Theorem 1 according to (7) the elements
Bf =ik (A)4; (i.k=12,..n-1), (8)

generating the matrix S(A)= ||.':? ik {Am:LI are determined.

The matrix §(1) is called a scattering matrix for the system of equations (1).
Note that from the definition of S(1) it follows

{ 1 X n-1 A
Bg +Bz o St 3 Bz :S{;\- 2 . '[9}
B i +B2 4+ +B" 1, \ Ay
IT the coefficients of the system (1) cﬂ-{. }=01{i,j=12,...n) from (6) and (9) we

obtain that S(2) is a unit matrix

S(x)=
More exact description of structure of scattering matrix is obtained with attraction of
integral representations of solutions. We can express a bounded solution of the system (1)
on a semi-axis by their asymptotics (1. the functions
{A expl r.’il..’.j]x) B exp mejzx} B. Chp(:ﬁ.g,: }} ). by values of solutions for x=10 (i.e.
by y(0), yz[ﬂ]._ yj{i]}} or b}f some combinations of these quantities. With this aim
consider 2» - vector-functions

k' (x,2)= {1 (0)exp(i&) Ax), yo (0)expli&y Ax)..... v, (0)expli&, ax)} .
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B (x,4) = {Aexp(i& Ax) y2 (0)exp(i&Ax ). .. v, (0)expli&  Ax )y ,
B (x,1) = {Aexplic Ax), By expliaix )., By explity_1Ax),
Vi (0)expliagyx).... v, @)explire, o)t (k=3....7).
" (x,4) = {dexplig Ax), By expliagyx)..... By expliAg,x)}
B (5, 2) = (1 (0)expliAg o)., v -1 (0)expliA&y _1x). By s explirg;x),

B, _jexpliré,x)}, (k=2,..n). (10)
Lemma. Let the coefficients of the system (1} satisfy the condition (2). Then every
bounded solution has the integral representation

i sl¥
yk(x]:hi{x,lﬁ ¥ J A;lg-(xﬁr]exp[fﬁ.r)dr'yf{[}ﬁl}ﬁ (11)
J=lg,x
£1x n Cax
yk{x h;; xA)+ A _[AM x,7 Jexplidt )dr + 3. J Akj(x tJexplidz dz - yk{l] i), (12)
—an J=2—w
—2 4oz é -1
yilx)=hF (x,1)+ z .[AP x,7)Jexpliit dt - h" (0,4)+ J'A,; el 1 (x,7)explidr)dr =
J=l—m —a
n &p*
z I kﬁ o 4 exp[iir}d'rhp 0, J.} 3-5;) {n] (13
f=p -~

Vi {x}=hf X ? JA x T]exp{fﬂ.r}fr ~P1|"+ll:{],fl)4-
I‘-'.|J-'
n—=1 =

+ z IA”H x,7 Jexpl 13.?}1’1‘?1"“ EI' }l}+ _F.4"”{x,r)exp{fﬂ.r}h?”{ﬂ,lﬁ

J=2_m =t

Enx
+ [ ApF (x,0)explidc)dz - byt (0,1), (14)
e
p—1 +xm
yilx)= hf+P( L fzi" P(x,7 Jexplidr )dr - .Fr’HP(ﬂ i)+
.I'-]E.,.,_]t

oo n +0
+ IA;; P (x,r}exp(r’lr)tfrh;+p {l],ii.]+ Z _[Az:p [x,,r]exp[ilr}irhjﬂ' {DJ,}._

Eox J=p+l-e
(2<spsn-1), (15)
H— L sl
v (x) = " (x, 4 z jAkJ”{x 7 Jexplidt )dt - hzn (0,4)+
4= Lfn—ﬁ
i [Ab, v.t)expliiz)dz - k2" (0,4). (16)
SnX

The kernels of these representations are uniguely determined by the coefficients
Cy (%) (k,j =1,...,m).
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Proof. We prove the lemma, for example, for the representations (11). The
solution W 2)= D (e A ) v (2.2} with  the initial condition

A (0,2)= {yI (0,A)..., (0, J,)} satisfies the system of the integral equations

X n
yilx)= yi(0)expling, x)—i j' i K (x')y ' (x, A )explig Alx — x'dx’ ,k=12,...n. (17)
0.J=1
We’ll search a bounded solution of the system (17) in the form of (11). Substituting (11)
in (17) and subject to the arbitrary of 3,(0)....,3,,(0) we obtain the system of the integral

equations

A;I{J-{.x,r]-;—

i x n
[ f—W]ﬂ- [ Sepl)x

I o
g.-" — &k I'\g_n’ ~ &k _i"z'—ﬁ_f_r I—éjx]a'-’:l

e,
% Api (¢t =& (e —xWex' =0, (k= ji ko j=2,an 1), (18)
x B
Ao+ [ e, 0dp e -8 —x)ax' =0, (19)
£ ol
é'l_;-.u
l e ]
A“n{x,t}+f j chp{xi}fipﬁi[xlsf —én{x = xj}dx’:ﬂ, [:g"x-:_iriﬁlx]. (20)
r=£,x p=1
él'"‘i.lr

If the kernels Aﬁ];_.«' [x,.s}, k,j=L12....n satisfy the system of the equations (18)-

(20). then representations (11) give solutions of the equations (17). Thus for proof of the
lemma it's sufficient to establish the solvability of the systems (18)-{20). The solvability
of these systems follows from Volterra property.

The lemma is proved.

Mote that assuming v =£&;x, r =5,x in the system of integral equations (18) we
obtain

Ay (x.81%)= :, i*ifu e (x).

A}m{r,é’nx] =— c;._,,,{x}, k=2,..,n-1.
Sk T én
By solving the inverse problems for Sturm-Liouville equations or system of
Dirack equations the facts of analiticity of solutions of Yost play the basic role. In our
case the solutions (11)-{16) in general don’t allow analytical extension with the real axis

A . However the equation (1) has analytical in the upper half plane A solution and by this

0
Viln2)=8uCrexpligi i)+ O fole - (€, =& oM (v, + Eix)exp(in)ds ,

-

]
y% (x,4) = 8,205 expli&s Ax) + 5 _FAEI{I, T —Eyx)explidc)dr

-
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]
VR (6, 2)= 81, expli&ix) + € [y (o7 + Epx)explid)de , (k=12,...n).

—0n

where & are Cronocker’s symbol, and
J] x>0,

O™ 1o r<o

Analogously, we can construct the sulutmn

Vi (e,2) =84 Dy explig i) + Dy [Af (v, + §yx)explide),
0

o
Yi(x.2)=68y2D; expli&ahx)+ Dy A7 (x,7 + Egx)explidz),

0
i (x,2)= 64,0, explig ax) + D, [Afy (x,7 + &, x)explidz), (k= L2 )
o
allowing analytical extension in lower halfplane.
We can write the formulas (21) and (22) in the form of
(@)

wlx.1)= [} + W {x Ft)}axp :JJx}i C‘? 2

L

YR

D‘i R
e, AY=(1+W, {x,ﬂ.)}exp(fux] Dz L?
'\DH /I

where

)= (x). .vn(r))’ J = diag(&,-&n ),

W_{x,2)= jW xr}s‘l dr ,

-t

W, (x, 3.}: fi:ﬂ (x,'r}ei':'rdf .
]

ACON FHCSE
At + Gx)=0( - &, —51}’()J4J'|{IJ +&1x),

A (et +&x)= Ay (v 7 +8x), k=2,...m,

R

ril.‘:

W{xr} Eﬁ‘ {x,rr

If we equate the formula (23) to the formula (24) 1.awf:’ll have
explir)s® (A)explidic) = (1 « W, (x, AN (1 +W_(x,2)),

@h

(23)

(24)

(25)
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here the conversion matrix Sm{i] transfer C = (Cl,...,Cn)‘ in D= {Dl ,,..,Dn]"
el e 8
The coefficients of the system (1) are determined by the kernel Irﬂ (x,7) of the

relations
F il (x,0)|=5C(x). (26)

where C(x)= ‘h,-{xll:,jzl and square brackets [, ]denote commutator.

Note that the conversion matrix S®(2) is tightly bound with scattering matrix on
the semi-axis S(4).
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