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£,  -BESSEL POTENTIALS AND CERTAIN IMBEDDING
THEOREMS IN B, -SOBOLEV--LIOUVILLE SPACES

Abstract

In this work with help the generalized Fourier-Bessel shift operators (B, , -shift)
investigated the Bessel polentials, generated by the Bessel differential operators
8’ LY 0 :

+————, (B, -Bessel potentials). The boun-
ST T POl
dedness of B, , -Bessel potentials in spaces L, ( b }: L J,,LR;’ gl },ﬂ' <k<n-1
is proved. And also received certain imbedding theorems in B, ,-Sobolev-Liouville
spaces.

For pe(l,o) the spaces of Bessel potentials introduced and studied by
Aronszajn, Smith [1] and Calderon [2]. The B, -Bessel potentials was investigated by

Aliev, Gadjiev (see [3],[4]).

B,,=(B,,.....B,), where B,

Let R”" n-dimensional Euclidean space of points x=(x,,,x, )
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In the case k=0x=x"=x,,cR", R =R, :{x E RS oy vaget }ﬂ'} and

T=You =isees T
By L,, =L F-‘."”(R f+} we denote the spaces of measurable functions

Sf(x), x € R}, with finite norm
1i g

I, =M, “f{xnﬁx“" , 1<psw.

We suppose L, (R;)I J!Zc,c,(}E'Jr .1-) where LW(RMJ the space of all essential bounded

functions f(x), x € R _ with finite norm

2. =Ml ) = sssuply o}

The operator of generalized shift (B, , -shift operamr} is defined by following
way (see [8],[91,[10]):
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Note, that this shift operators is closely connected with B, , -Bessel's singular

differeniial operators (see [9])
2
B, , =(By.,.... B, ), where B, =; : +?_IE§_ ¥, =0 FET +1,...,1).

x
F ! )
By virtue of this shift operators the generalized convolution functions (B, | -

convelution) introduced

(F*g),. = [Fonfrgnhlds
R

For the B, , -shift operator it is valid
Lemma 1.[10] Ler 1< p<w, feL,, (R{.). Then

-r y _ t I " Ll
Nr ; f{ };'I-".l-'-'l_'-.rl {J’ff_,,ll & j|f||‘r'.v.u..1 {R:.UIP Iﬁ} = Rk‘_ i { I }
We suppose E, (ﬂ,r]: {yE Ry syl r}, and |E o l'i[l,,rlT = _Fx:{f;dx. Note, that
2 B ¥, {0
|E; . [{},rL =Cr" where |41, = [xPdy, ACR],.
; 4

For B, , -maximals functions

My =5l Q][I iy

* B JDE)

and B,  -potentials Riesz
j'}-“;‘ ,f{x} o IT J-|x|u—r1—;h "lf(}’}}’;}"a&, O<ca<n+ |.“ﬁ|
R .

the following theorems are valid.
Theorem 1.[10] D If feL,, (R}.). then for all o> 0

|LrEH;‘1+:MH“If[x}>ELRT ﬁ% Jlf Gy x iy,
o o,

where C, does depend on [ .
NI fek,, (Rr.) 1<p<ew, then M, f(x)eL, (R!.,)and

"Mr B, »f s EC,I’-:.’;_.. "f"p;r.- a

.. ~depend only on p.y, , and dimension n.

|.|'J~'.f1_

1] el
where C sir

R+
|Tﬁ‘,u|andi_l: L

Theorem 2. [11] Let O<a<n+|y,,|,1sp< ————
' T S KT
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al If fel o (Rf +J. then integral 1 ;;; I converges absolutely for almost all

xRy
o ¥ lq:p{&;kﬂ;l’ fELP.‘-'*... (H:,+}’ then :r;*."fELw‘.r.”(Rf‘_,_)m

I;x.nf o {m. h] {CP|I"'{|;;L;-.H;[”:.+}’ {2}
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Remark 1. For the B, -maximal functions and B, -Riesz potentials analog
theorem 1. 2 is proved in [5], and for B -Riesz potentials analog theorem 2 is proved in

[3].
We suppose
2" - Tv+ 1) Jo (1) _ g Tl et
* = v+ k1)K

)=

where I}{},v‘;—% and J (r)-Bessel's function of the first kind of order v. In

mathematical literature, the function 7, (¢) is call the normed Bessel's functions.
By S;.=8, (Rf +) we will denote the space of functions o(x) infinitely
differentiable, rapidly with all derivatives and even by variables x, ;.---,x, .
Denote by 8, , =85, . (Ri_id ) the spaces of tempered distributions, which dual to
AT
It is known, that the spaces §,  and S; . with respect to mixed Fourier-Bessel
transformations are invariants (see [6], [7]).
The Fourier-Bessel transformations of function f =8, , can be defined by
Fy 1)) = jf(x) STy _.Lv (e,
j=k4 T3
and its inverse transformation can be given by
Fa J0=C, [, f}0 ] -2 el
R i=k+]
Using the property of gﬁnerallzcd shift, easily show that (see [8])
Fﬁ.n(j‘ g] F.'}.n(f} Fﬂ,n{g}‘
The Fourier-Bessel transformations and B, , -differentials operators have following
connected (see [12])

A A
P[&i ,...,—ag:-._sh,,__.,B,,J;ng_u(p =hy [P{— ::x.-],_..;-ix“—_rf_,,...,—_rf).{P];

: = . ; ;
F P[—,,..,—,E RECErr o Lp}:}’—ir,,..,,—ix _.—.r?‘ ,...,—-xj ot I
Hl.n\‘ \&! a‘_;m k] ] | { | k k4] ) F.

We have (see [12]).
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Taking into account, that for oS, . F,' 9=C, -F; © wehave

Fy,, (G o= (15 )3

=1 Indeed,

Ly g 4

From here we obtain, ||G["“

[a:l
-

Now we define the function ¢, and . Fy o, {E-,}:q:-(Q s él{k =0,41,42,---)

=1.

‘D.
[ r Th.n }
= [ G ()xfrde =F,, |G x}| =(+1x1?) 2
L+

g ORY.) *

o WE)=1- icp(z *a‘_j), where pe S, +{R,§' _) have the following properties:
i k=l s

mpuq»{!;}:{mz" JE|< 2} () >0 for 27 <El< 2, i@(z *@):1 Jor E=0.

k=

As since, @;(£)=F, q:n(!'Jr Z;) and yi£)= ff" Jl —icp(f* ﬁ)]r, then o, €8, and
k=1 4

WES, ,.
We define the operator .J™* the ﬁ:r]]owmg way (see [4], [13]),
Jof =F3 ‘{(1+| ;P e, f; (wer, res;,)
It is possible show, that /" :§;  — 5§ .

=iz

The operator J ™ we call B, , -Bessel potentials.
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Definition 1. Let m(Z)e S| ,. The generalized function m(Z) is called B, -
Fourier-Bessel-multiplier in L, (Rfﬁ). if for all feS,. B, -convolution
(Fs m@)* £ belong 10 L, (R, ] andaxletebe

Ol 0=, ® ||(F @)

is finite. This linear spaces we denote by M [Rt, : )

L LR
T

Theorem 3. [6] (The B, , -analog of Mikhlin's theorem on multipliers). Let
m(E) belong to the class of functions C*_ (ie. m(E)eC” {R") and even by variables

EWEn

| ]
XpoaoeaX, ), where N -least even number,more than —Eu(n + I["I'x |} and exist constant A

does't depend of o.=(a',a"), such that for & e Ry
1&f B ,m(E) <4,
here o' =(cty,- -0, b a"=(a,....0 a’|<N.
Then m@&)e M, (R7.,).

Here beneath Df.‘"ﬁ'f;? the following differential operator be understood:
N 2o
D.” B, =—————B;!{' ---B,".
: 5_1-!— s .&rk“r
1

Lemma 2. If l1sp<q<2, then M, <M, . And also ff—+——
' i P

lsp=ow then M, <M., (withequality of norms).

In the case k =n—1 lemma 2 is proved in [13] and in the case 0 <k <n-1 the
lemma is proved analogously .

Lemma 3. Let I even number, 1>(n+17,,,1)/2 andlet mE)eL,, (R;.) and
DXBEm(E)eL,, (Rp.)2od+l|=1. Then mE)eM,, (R} .)1<p<w,and
nt )Y,

]
211 {[.'] ’
2

Proof, Let ¢ > 0. Applying the Holder's and Parseval's inequalities, we obtain:

ﬂ"‘?' m(©felydv = I be| el |F, m@of e <

o| s ]I[Mﬂw of e -

|.1:|‘.h| I‘».Hl}'l

[ ﬂ |11’ “"‘dx f_ J‘ Ay o l=21- IdI':Cfrj*Ih'"_y\I:
I

Jj=r

ok, <clmol?, g, | s |piBEmo),

where B=
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=t 2 I{f”x| |F m(§]| L ] :

Taking into account, |J4:1J F;! mE)=F;' (Dj.“'ﬂ_f_;mlx] and

[j 7 mce) x5yt ] {J 2 T ) ng

e et

142
sc[ ﬂ(ﬂﬁmgﬁ m{;}] . ] < sup
|

Jr n CF Lt
i o Hee =/ e e 2]
we have
iy =21
= 2
[l m@fepax oo 2« sup [DEBEMO|,
J|=r 2o|+{2e’]=t RT3

Analogously we proved, that

12 12
7 L mix ), o a‘xﬂi F m(.x} b W <
j )

L

:11n|1' f

M2 el
s+ oo =l ] <ct * ok,

I.' Ix
2&. : "m{ )ﬁ
we conclude that for 1 < p< 2, by virtue of lemma 2,

Im,, o (i) EHm()ﬂMl i)’ ”F m(Z)

Taking ¢ so that
"m(.-}"Lz_“ T 1™ sup

e} 2et=r

“A¥k A ]I,

‘xJi'rJ

Yk .y

i
“agmol, ]j |

T

For 2 < p<o, by virtue of lemma 2, we have

"m{')"y BT ||m{~}||M e et ] s ||m H"M e =
1-A A
=C 1|m{-)l|f_m n[li""-}[zp'muzgq:rgﬂj By ym() fo [H'I‘I"}J -
Lemma 4, Let f €5, and 0, * feL,, (RI.) Thenfor 1spsw,acR, we

have

] e L |

If, furthermore, o, * fel (R: L) then

Jor k=1. {4}

R L

o SCr AL, (5)

e
where the constant C does’t depend af P and k.
Proof. Note, that for all & the equality is satisfied
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If we prove, that
gt i) (6)

FTEn

JFs..7en.),

then we obtain (4). In order to proved (6), observe, that function

Fy,, puq’*ﬂ' }(‘t:} = (1 * |E.'|J }UEFBM‘-P{HI &)= [1 - |r’§,|z Tﬂ{p(z“'[h”ﬁ)

12
has the same norm in M, as a function 2“*%° (l‘m” e .'_f,|3)ﬂ o(£) . Indeed,

RN EORCED
. !(1 + 2[*+-’}|.|1j‘"2¢(,#

=h2[*41}u(2-2[5‘ﬂ'] +H T {p('j
and by virtue of lemma 2 it is possible show, that the last function really belong to

T Y o
M5 and also its norm there not exceed €2 (k = I}; thus the inequality (6) is

proved.
In order that to proved (5) observe that

Qe rf=(y+o)rysr.
And the fact I P(I “u,r)E M, obviously, in view of the lemma 3.
Now we define the B, , -Sobolev-Liouville space ( see [13], [4], [14]).
Definition 2. [14] Let . aeR,1spsw. The B, -Sobolev-Liowville space

i { ;__) be define of relation

Py,

AR PRI L e
B, ,-Sobolev-Liouville space L7 (R,;’ﬁ) is banach space. In the order to

proved its complete we suppose, that {fw} is Cauhy sequences in L';m_“ (R; 5 ) Then exist
the function ge L , (.’-:‘f +) (L {R e +) is complete space), such, that

Clearly, that J "ge 15'& +and LY (RLJ,] is cnmp]eta space.

{”n

In next theorem we given other definition of spaces LY. {Rf+) for positive
integers o in term of derivatives DJ* B, (|s|<a) of function felf (R:.+)
0 L ]
(obscrve, that L%, (R7,)=1,, (Rp.}1spsw).
Theorem 4. For o, <o,

22 (Re)es 1 (8E.) (spso)

Further, if N z1 -integer number and 1 < p< =, then
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{ i)
L*;?r;_i (R;,+ ]: Tf ELF.T: (R* +]§x ?}vf = LP.‘.-}_.. {Rfﬁ)’ I=j= k,

i

BE Y nB f ek, AR ¥

and norm "|f|| (re2) is equivalent fo
3 61|".I'f| n E =
.Z 5.1’;2“' §|I|Br f"p;f,.._" i ||fHF.Fr_p {T}
HPTea

and finally, S, ., is dense in L%, (R}.) (1< p<=).
Proof. Let felj, IR { ) We show, that J*™ map L, (Rf,) into

Jr:"1""-\'.1... ( F.") ;

In order to convince, that J™*:L, (R;‘_+ )—3 Ly (Rfﬁ], applying the lemma 3

and taking into account, that f =y * f + > ¢, * /' we obtain,

k=l
b '“f'ﬂ%_u_*{ﬁ;_,)‘-‘]|"" WL e +Z|P P * S,

scllvesl,, )2 toe b e} ( 52 W i)

where e=a, -, >0.
From here will be follow the first of conclusion of the theorem, as since

Wl (ee.)= iP“'f

| 5(_"

H.;

<
.uu. q.?-l- +]

R}
" _F"fd.r e [.lqL }-

We prove the secﬂnd cnnclusmn of ﬂle them‘em. Using the B,  -analog of

'F-?.i-

@ —u.zJ-U.zf

R

Mikhlin's theorem on multipliers [6], we obtain, that &2 (i+|2P2)" eM,, (R7,)
(1< p < ). Therefore for 1< j<k +1

N "
& .,__,{V| R i

Py R0
ek e2) B U ""f}lL e A TR o PR

andfor k+1<j<n

H‘B; fu;.ﬁ_n re.) :u‘{‘ﬁi [Eﬁ'» FB;_uf]‘;.J,__I_“{R,E.] gcufﬂf;:_u_.. (g )"

Now we prove the imverse inequality. Once more we apply the B,  -analog of

Mikhlin's theorem on multipliers [6]. Further, let 3 infinitely differentiable, nonnegative
function on R , which %(x)=1 for |x |>2 and y(x)=0 for | x |<1. Then we obtain

(1+|¢r2)'”‘[1 + 30,
=1

0 i 5 2N e
] E!"{.ﬂ.'ﬁ_,..’ K{"-:,J}|'E_J.! ‘E___,-zh E.«M.ﬂ.'u i
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where (1< p<w).
Thus,

[ .z W L U
] T i[“%x(a_, bl 2 a6k ]P’;“IHM.,,LR:_‘}E
SR SRS N I

+ Z Fs, LUZ-» Ve [ ey, (BY f}){ i J

<clin,, ) Sl el )

frs.)
Now we prove dense the space S, , in space L'}‘,In . (RL' ) Let f = L“ (R;:' A )
g FrEL,. . [ﬁ‘fﬂ). As since §; , denselyin L, [Rf&) (1< p<oo) [3], then find

.ffl

<o, Then

L {R'-x.hll
S f =8 HL”“I (”5'..}

the sequence functions g, €S, , . such that satisfied "J S

"f -J%g, gl lide :|

small any given positive number. As since J “ge S, , then we conclude, that S, _ is
3 [ Ll
densein L {er+ )

Theorem 4 is proved.
Consider the B, ,-Bessel potentials

Us Ao=leg » rkn= rrre e o) viay. (8)
R

Note that the following Hardy-Littlewood-Sobolev type theorem is valid
Theorem 5. Let feL, (Rf l lspsw and Jy f define as in (11). Then:

5.7

W

lepgay

al

!".l'.'-J. 'r"m .l-'-"'x Fﬂ; ]5

blifl<p<g<o and o= |':.fJr ,J|{ ] then

5l g4Vl ©)

gl ifa= n+|”"|{ ] then

|{t:R"“

B El:'if }[x} = ’H = %ﬁ'"f F;} r2

Yé.n

here A,. 4, -the positive constants are independent on function [ .

Remark 2. For B, -Bessel potentials analog of theorem 5 is proved in [4] other
method.
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Proof. a) implies from the Young's inequality taking account of, that
HGE” : =1. In order that to prove 6) and B), the kernel GE‘" {x) represent in the form

GLT.{ {x)=G;(x)+Gy(x) where

GO b X (E ) 0, |x|<t
— L) d (_T s . .
Gy (x) {0, ot and G,(x) GO @) |xlor

Then Jgt_vf:(}] = f+G,* f=A(x,t)+C(x.t) and hence,
||.I§_‘_uf||%“ R <G, * flh.u_”_" mp. )" |G, *f":_,_,_m[ﬁ:

Taking into account the asymptotic equalities, we obtain

G| I::.X'} :C] i |.‘-!'| " |7‘.- ,lru i G(Ex |—.li‘—|'|U..r||+DI ], fDr |}.’| s U ;

1
- I .
and 0<a <nt|y,, | and Gz(x}=ﬂ[e 2“}&“ x| > o0

Let k -forall integer number. Summabie by all £ <0, we obtain

e 1R o= 3 [ Trmies o s

£y 0] """"“‘ 2 <2

<C "g’ Qref bty <My, .

a2
Thus, the following estimate is valid
|GniCe (M, £, (10)
where constant C is independent on f.x and ¢.
Further, applying the Holder inequality and inequality (1), we have

Fa Wiy \11’"
Caol| TN vy [ o) J,.__:

\ B 100 AR AN UED
i A \, : "'Ip
~(at) A e
oA, ) I moWse| sal ) J ey |
REE _(02) 3 H:_‘ e A0

\
Passing to the spherical coordinates, we have

=i 1
Wy el WE
Je yizdy| =C| fe e dr |
R ML (00) ,-l f J
i
lime 2:# =0 V.

f—pon
. i % '“‘|'|'J<...'—ﬂrln'_dl
As since lime *f¢ @ =}, then exist C >0, that ¢ =1 it is valid the inequality
¥
L |;.m

e 1t ¥ <, Therefore, taking into account, that
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,r + I _ LE T
B Al o1 Ay +¥—-J F —%
Jr \ i e~ Sl

i

we abtain
1
_Ll:p' F i
fe 2 pltady gl oty
R} AE, (04)
Obviously,
_ru-m ol
a
ICx.0)|s C|Vl|:,,m{;a;_, f . (11}

Then from the theorems 1 and 2, we obtain
”"‘I"Fk_nl
s, Sl <C oMy S+ ML )|

, we have

I -'H‘II'J: |]
Minimizing by ¢ f0r£~C'i (Mf }x})-U" “Pth T

= C[[‘MHN f}x)}mlq "-’fap.; f .

Taking into account the theorem 1, we have

JPE”.f(y}| iy i-‘fllfﬂ‘,:fl__{w; [pts, rlnlyizay<clsf, .
Iy (0]

N, 0

From here follow the inequality (9).
Let fel,, (R/,).
Sufficiently is proved inequality (3) with 2B instead of B in left side this
inequality. Further,
‘{\: :|.f_§“ _nf{x}| > 2[31“ " £|{x (x> E}L” + |{x )= B}L“ .
By virtue of (10 and ﬂleﬁrem 1, we have

|3|{x eER, :|A|'\x$rjlt::-|3!W = jxn dx < Jx;“n 7

L"""'tx -IA[TJ]F“.EE {JEH; b A [_H_h-.“,r'}r'):\-ﬂ.}

|
4{‘: = R:f‘ :"l."f"fc i C?u }i s C!g“ ||f|l-"«1.ﬁ [-H.f " }
| g

L

And also
k:‘{x,rﬂ < IT}'|f{x}b(y}t—n__-l'; }'k i @ {rlx L IT}|f{x}|P¢T;:dF <

BE . () RE g {0)
e i ]
st IT fepldy =1 ﬂf{y}bﬂ“ =t * |1, b

e
and thus if ¢ ¢ ||f|]h {RF]:[}, then |C(x,0)|<f and obviously,

Hx :k’_'(x._f}|}ﬁﬂr_ =0. Finally we obtain
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Hx |"’r{l Sfix }|=-213l o o4 ||f||, (s . —Cfﬂ{;&_d:

p

This we get the inequality (3). Thus, the map f —.J,; fis (l,g)-weak type

) || Loy
=GB/, { J-

map.
Note, that

*f||.f.‘,_.l.u{;<;_]5c3 |F3 *f1

Loy W80
where
Gy [ ey
The same discusses which were applied in the proving of the theorem 3 show, that

N 1Y
6 AL,y <Ce- A1,

! 1 i
s R}q} fﬂr l{p{q{_m and aﬁ(ﬂ+|r’kﬂ|k_——_| and
also

q)

g

Cﬁf".r.,_} ,,{HIJ

g ern), ==,

for o= (”-’+|.m§f ;J
4

Combining estimates for B, , -convolutions with kernels G, and G, we conclude

the proving of points b) and c).
Theorem 5 is proved.Authors express thanks to acad. A.D.Gadjiev for
discussing of resuls.
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