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GUMBATALIYEV R.Z.

ON F-SOLVABILITY OF BOUNDARY VALUE PROBLEMS FOR ONE CLASS
OF OPERATOR-DIFFERENTIAL EQUATIONS OF THE FOURTH ORDER

Abstract

At the given paper the sufficient conditions of F -solvability of bowndary value
problem have been found for one class of operator-differential equations of fourth order
whose main part has a multiple characteristics.

Let H - be a separable Hilbert space, A4 be a positive defined self-adjoint
operator in M . Let's denote by ., the scale of Hilbert spaces generated by the operator
d,ie H, = D(AP], ||x||T =“Afxt‘, v 20, xED(A}' ] Let L,(R, : H) be Hilbert space

of the vector-function f(t) with values from H , for which

Wlo~| p0Fa] <o

Let’s suppose that { = < g D8 < % Let's denote by Hila, f: H) the set of

vector-function f(z) with values from K, which are holomorphic in the sector

=Sl p)={z/-B<argz<a} and at any l‘.pE[— B:t] the functions
£ (f.f e'? )E Ly(R, : H) (see [1]). We can always establish the vector-function (z) with
the help of boundary values f_g E)=rf (i'_‘e_fﬂ ) and £,(£)= _f[i@e"“) using the integrals

formula of Cauchy type:

16)=5- —f’fiﬁ;(z) g - f e - -
o 0 é e -z 2mi -
The set Hyla,B:H } becomes the Hilbert ::.p.tcc wuh respect to the norm
|
T 2 e (2Y2 )2
"f“{aﬁ} g EL "‘{'ﬁ {é qu (R, H) +||-'fﬂ ('J-:‘ ]|_L? (R, 3HU
So, let’s define the space Wf (@.p:H)

W a,p:H)= 'lFt{szdu[Z}CH-z{ﬁ.ﬁ :H},HM{Z}E H,lo.p :H}J :

With the norm

3

1
P,

z'i ¢

"u" (er. )~ [ ﬂ(a A)

Here and in further the demdmes are understood in the meaning of complex
analyses in abstract spaces.

Let’s consider the next problem
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2 X 3 :
P[i]u[z}=[— A 2] )+ S V)= 1), zeSe. ()
! .

0)=u'(0)=0 @)
Definition 1. The vector-function u(z)e W, (a, B:H) will be called a regular
solution of boundary problem (1)-(2), if u{z} satisfies the equation (1) identically in S,
and the boundary conditions (2) are fulfilled in the meaning

lij“ WU)( “4_1_”2:0, F=0,1

—B<argz<u
Definition 2. The problem (1)-(2) is called ®-solvable if at any
flz)e Hy c Hyla, B H) exists u(z)e W, c’:Wf{a,ﬁ - H) such that
|||u||| (@.5) = mmr" 3+ "{a’ A): {3)
Moreover the spaces H; and W; have the finite dimensional orthogonal
complements in the spaces H(o.f:H) and W3'(e,ff:H), respectively. At the given
paper using the method of paper [1] the conditions have been found for the coefficients of

the operator-differential equation (1), which provide @ -solvability of the problem (1)-
(2). The analogous problem in a general form when the main part doesn’t contain the

multiple characteristics are investigated at papers [1], [2]. At paper [3] for o =f :% the

conditions of correct and one-valued solvability of this problem have been found.
Let’s denote that the results of the article are true for the problems with the

boundary conditions uh“}(ﬂ}: u{"’]{ﬂ}: 0 where s, and s are integer numbers
satisfying the condition 0< sy < s, <3. For the simplicity of the statement we’ll consider
only the case when 53 =0, 5 =1.

Lemma. The boundary problem

2
Po[i]u(z]{—;%} Az} ulz)=wz), z€ 5, , (4)
u(0)=u'(0)=0 (5)

has a unique regular solution af any v(z} =H, {cx, B:H ] moreover it holds the inequality

IEHTE(&__ 5) < ('ﬂﬂ.‘ifli'lv‘||{a; B
Proof. 11 is easy to see that ([ I]j the ve::lm-f'unctiﬂn

ug(z)=— _[P'] Yo' .

A
satisfies equation (4) when ze S5, . Here v(al] is a Laplacian transformation vector-

e el jr, Je~Mdt , which

P 3
S:{A:—r—a <arg4<£+ﬁ]{,
2 z
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and T is contour of integrating formulated by the rays
] 3
I ={r"»=‘ﬂrgl =%-+ ,BJL and 1’y ={}ufargl =~§-—a}

Let’s denote that fv(1)| > 0 when Ae S and 4 —eo [4]
Thus

0
2

ug(z)= jﬁ]_l{l}:{l}ej‘zdﬂ. —ﬁ J'P;T'{i,);{ﬂ,}shdﬁ, zeS,, (6)
I I

| 2
On the other hand it is easy to see that on the rays I} and I'; the inequality

e Ea“ﬂ;l (Aj

is fulfilled, consequently ug(z)e Wa' (o, B H).
From formula (6) after the simple transformations we have:

P o _ ; M
w06 | = T e i ).y -
0 i bl

= const,

_ (7
5 u?[ % i P! (ﬁ.e—m La(m—fu _ﬁ)dj,]va (&)de,
gL
where v, (£)= v[ﬂjre” }, v_g )= vke oo J . and
G,(5)= ﬁn};’ﬁj e )e*da.,
1]
G,(5)= E_;fpﬁ" (e )e™an. (8)

Thus, the general regular solution of equation (4) from the spare Hf;{a, B:H)is

represented in the next form
u(z)=up(z)+ e™*e; + 2427 ¢,
where the vectors cj.c; e 5,5, and e™** is holomorphic in &, semi-group of the
boundary operators generated by the operator { A}. Let’s select the vectors '} and C5
such that u(z) becomes a regular solution of problem (4)-(5). Then we’ll get
u(z)=up(z)- e_mug (0)- zrie_mu.ﬁ (0)— ze™**u'(0) (%
it yields from representation (9) and inequality (7) that u(z) satisfies the inequality
””{z:ﬂw’f (e, 1) = mm!“v[z ]| Hyla )

Lemma is proved.
MNow let’s prove the basic theorem.
Theorem. Let A be a positive determined self-adioint operator with quite

continuous  inverses A7), The resolvent P_li:ﬂ.} exists on the rays
1= {J{,-"argﬁ. = -g- + ,B} and T, =<{lfarg}_ - Eg—— a} and _ij;f* R_]{P»1|+||A4P"[ﬁ.1| < const ,

the operators B = A A s (J = 1._,_3) are bounded.
Then the problem (1)-(2) is @ -solvable.
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Proof. Applying to the both parts of equality (9) the operator

d d d
Pl— |=R| — — | we’
[dz] ﬂ(dz]+ﬁ[dz] we'll get

vz)=A [i]uu{z} = ﬁ[%]L‘“uu{u} + zAe uy (0)+ ze‘“u;}{ﬂ)l (10)

2
d d* d s d’
H}[E]=[_P+Az] [ ] E‘{d jdzj

Allowing for equalities (7) and (8) in equality (10) and passing to the boundary
values when z - fe'® and z —te " (e R, =(0,0)) we get the next system of integral
equations in the space Ly (R, : H):

va(HLkz{h )+ ke & b ) +
Jfk(t‘{“*‘” &)+ ksl £ iz = 1, ()

where

and

v_plo)+ ?{k. (t-&)+k (lrz'_'.Jﬁl ,5)}’-;; (E)dE +
]
R A ) O
0

ke -5)- f{e"ﬂ %JGI("?H] ~¢),
e -g)-n[ b Lgyfeie ),
h(f»f)bﬁ[eiﬁ%}[ “G(-£)+1e P 4e Aa.{-éj+re"'ﬁe‘”"“6i(-f:}].

kq(1,8)=-R [Em

(11)

Here

%J |:e_!em AGy (- &)+ te'® Ae7" AG(- &) +e'" s A6 (- é)}

Since the operator Pg(%} transform isomorphically the space

Wy (a, B: H:0,1) on W5 (a,:H) , where

Wy (a, B H:0,0) = {ul(z) ulz) e W' (e, B - H )u(0) = u'(0) = 0
then @ -solvability of the problem (1)-(2) is equivalent to @ -solvability of the system of
integral equations (11) in the space L,(R, : H). Therefore we analyze the solvability of
the system of integral equations (11).

Since P"l{ﬂ.} exists on the rays I} and I'; then each equation
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0+ [ €)= 70 12

is correct and uniquely solvable in the space L, (R, :H)=L,(R, - H )& L, {R+ :H)
where
Fl)e Ly(R:H), ¥(t)eLy(R:H).
Therefore for @ -solvability of the system of integral equatiuns

v 1)+ Tkz{f —E o d = £ )

v_g(t)+ Ikl{f"é}v~ﬁd€ f—p€)

In the space L, (R, : H) itis enﬂugh to show the kernels ky(r + &) and &, (r +&) generate
the completely continuous operators in Ly (R: H ). After this for proving @ -solvability of
the system of integral equations (11} in the space JIQ{H i ) it is necessary lo
prove that the kernels kltre!.{a-kﬁ} —§l .Fc3(1efa,<'::], kd&em,él k;(re_i.ﬁ,a;"), k‘t{_(e_fﬁ,ﬁ)s
Fc;_(t‘e_"(“+'ﬂ ) —é), also generate completely continuous operators in Ly (R, : /). The
proof of completely continuity of these operators are analogous, therefore following to
paper [1] we’ll prove the completely continuity of the operator generated by the kernel
kit +£).
Since
i e
il + &)= ol ) d’ | 2228 5 o 42 ‘eﬁfHE}d;]
8= S 0 L )

since for A €[0,i=0) and receiving to it the angle with sufficiently small opening it holds
the estimation

g

(— Me2BE .41)'2

then k(¢ + &) we can represent in the following form

fiesd
kit +&)= ZA ”ﬁ:T[ﬁ J’( 2P E 4 42 ) e '{""’}d:Jth—

0
B. {f E}D ] e 1 3
o J 4-7 g0l 42 ,2ip 2 Ale+E) 4,

* e P E+ A4 e dt = — Ky it +E )

Z E! ( )_ E?Fi;?:jﬁj ],_,r{ é]
where & > t] 15 :.ufﬁcienl,l}r small number and

('“5}0 o I 1
b le+8)= [ ATA 2B E 4 42 " Mg
1
Let’s show that klij{“'é) generates the bounded operator in Ly(R, : H). Really when

ot : 2
A7 4/ (— A2e¥PE 4 AE_T

< comst (1 + Pﬂi)_d

Ae(0,(i - £)o) it is easy to see that < const therefore
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!.f s}luo
b8, ‘r [ aiail 2 E s 2] )
i=g ) ; A : 2 .
= I (1'—E}’_Ji"'——":{f(—ﬁ.z{f—E}zez’ﬁE+Az)r e~ M1+8) i)l
0

(- ) 4/ [ 22— )PP E + 4 ~e(i+E)g(2e) <

gp-q](

<G, je‘“ (+S)y(n )< e
i +S

Then it follows from the Hilbert inequality [5] that & _,-{.r - .5] generates the continuous

operator I‘ELJ in the space L,(R. : H). Further let e, = e, . n=Lm:|u|<...5|p,|= ...
m

here p, are the first m eigenvalues of the operator 4 and let F, = Z[~,e,-}?,- is a
i=1

orthoprojector on the subspace, strained on {el,ez,...,em). Since B; is completely

continuous operator in /7 , then the norm of operators (J,,, j=B8; - B; £, tens to zero for
m —» =, On the other hand

"B Puki 1+ & j|

n=1

[T S t-ar oo i

()|
= C — %

e m\ Hi-efe + 2]

%(-e, }BJEHE:'A(Hg]E-;.g(Hg )aa.

xe 28 y(:0) < € {m}jl——e"{“ aa, j=123.
]

It is easy to see that f J-I|B_|,-K 5 fr+ £!| dsdt <= .
0o
Hence it follows that the kernel B P, k; ; (.t‘ +£) generates the operator Ty jm of
Hilbert-Shmidt since for j=1.2.3 . On the other hand from the equality
Bjky (e + &)= O, jht, ;0 +£)+ B Pk 11 +8).
from the boundness of the operator k) ; generated by the kernel &y ; (t+ &) and from the
completely continuity of 7} j.m generated by the kernel B 1 Pk, J,-{: +§:I it follows that

s Ty, R i, 0.
" LJ lj,m e Qm._.l L i 0, m

i.e. frhh ; is a completely continuous operator in Ly(R, : H).

The theorem is proved.
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