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ALIGULIYEV R.M,

ON SOLVABILITY OF A FIRST BOUNDARY VALUE PROBLEM FOR NON-
UNIFORMLY DEGENERATED SECOND ORDER ELLIPTIC EQUATIONS OF
NON-DIVERGENT STRUCTURE

Abstract

At the paper a first boundary value problem is considered for a class of second
order elliptic equations of non-divergent structure with non-uniform degeneration. The
unique simple strong {almost everywhere) solvability of this problem in corresponding
Sobolev weights spaces is proved.

Introduction. Let's [ be a bounded domain of n-dimensional euclidean space
R,.(n=3),8D be its boundary where 8DeC?. Let’s denote by Wf = (D) a Banach

space of functions u(x) given on D with the norm

i "u
b, o) = !.[*'“5“2“*‘ P 2ul? + 3 (1 P |

J_,rl J

/g

and by W5 3 D} - the subspace of Wp (D). in which a set of all infinitely differentiable

on D functions, vanishing to zero on &0 is a dense set. Here pe (1,20}, A (x (]x| }a

|_1:|u = E|)¢:i|yu+m'}| . In further we’ll use everywhere the following notations:
i=1
tooa T Y o
Let a = {oty.....e,, ) be a vector, |a|=ul +..+0d, and

a” =minje;}, & =minfa,}.
{ i

0
For R<1,k>0,x" e R, we'll denote by Ef (k) the ellipsoid
B
x:z[u}i{[kﬂ)z :
=] Ra.l'

Let’s consider in D the Dirichlet problem

Lu= Z“g{x}“g + lb (e, + clxul(x)= £(x), (1)

i, j=I
“:_ﬁ.[} =0, (2)
where "a x1| is a real symmetric matrix, c[x}i 0.

Let’s suppose that 0 e D and forall xe D and £ € R, the condition
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n n n
DIC FEDIIG FIEIRD WHE 3
i=1 i j= =1
is fulfilled where u =(0.1] is constant.

We'll suppose also that the following conditions:

max{ﬁ i;—2+4—p}{.ﬂ€‘- <2, (i=1...n), 4
n—2 n
f(x)e Ly(D), (5)
clx)eL ,p (D). (6)
(e

me L (D), (i=1,...,n), ()

a (x}:—t"-’j(x—)-*e c(D). (i.j=1...n). (8)

are fulfilled, where
+

n+a » nm
<g<w, l<p<gi<g = L
2-a” R—=m
n6+a - nt
g3 =max ( ] J<p<gy<q =—32—,
4’2 P n—2my

pP-£ ,ﬁ;r ﬂ.+£ﬂ;£*}ﬂ
9
p[2n+iai) —_—L L for a’ >0, &
2n+|ai+pﬂ+

ml=
[p a“,ﬁ;r at<0:8 =0

plan +al) ] for ot >0 (10)

miz

12n+1ﬂ!+ p(ﬁa* -a
l<p<ni2. (11)

Let xe 553{1 +rf 2}. Let's introduce  the following notations:

E=EX(r/2), Ey=E} (r/4), Ag =ER(1+7)\ER(1). We'll assume that rem,LI].
e

By mesD we’ll denote Lebesgue measure of set D).
From the condition (8) it follows that there exists a non-negative, continuous and
non-decreasing on ['Il_,dfam D] function A(r) such that A(0)=0 and

|E,} (x)- Eg-{yi < hl]x - yi), xyeD;ij=l..n
and from the condition (3) it follows that the matrix ﬁaﬂ- [x]| is uniformly positive defined
and there exists the positive constant a; such that
|a‘,;,- [xjg ag: i =10 (8)
Let Dp be a set of points x < D, for which the distance from boundary of domain D is
greater than p > 0:
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DP = {x:xe D, dfsf{x,f:'rﬂ}:- p},
As was shown in [8] if x = Ag then
Cy {ﬁ',a}}ia' = ,lﬂ-{x}:é Cg{ﬁl,ﬂ )ch,. =l n. (12)
Here and in further by C(...) we’ll denote the positive constants only on the content of

parentheses.
The aim of present paper is the proof of the unique simple strong (almost

-
everywhere) solvability of the first boundary value problem (1)-(2) in the space W "27 H[D]
for any f{x}e LQ{D}, Let’s denote that in case of uniform elliptic equations the
analogous result was received in papers [1]-[2]. and for equations whose coefficients
satisfy Cordes conditions - in [3]-[4]. Relating to non-uniform degenerated elliptic
equations not containing minor coefficients and non-negative «;, we note paper [3].

2
Let Lg= > dy; {x]a—~ Analogously to [5] lemmas 1,2 are proved.
£l Oyl

Lemma 1. Let the conditions (3), (8) and (11) be fulfilled. Then for any function

ulx)eC 0 (E) the estimation

L ; ".'
I Z(JL!- {x}ﬂ.j (x})’“ 2 |ui_-|,- |r dx = Cyln. pooe i, hyag) ﬂLﬂ.H|p dx.
Ei, j=1 E

is frue where Q<r<n [n._ p.ot, i, h, a,;,} and = i
n p—

Not stipulating specially we’ll assume r = ry, and EEE (l+r)cD.
Lemma 2. Let the conditions (3), (8) and (11) be fulfilled. Then for any function
ulx)e CF(E) the estimation
i =C RN, e
||u”wfu (£) S Calm, pooe, ph,ag H%u[:ip (£)

is true.

1". Imbedding theorems.

Theorem 1. Let the conditions (4) be fulfilled If 1< p<qy<g then W' (E)
boundly embedded in L, (E) where my is defined by formula (9).

Proof. According to [7] if m; <n and 1<g, -::q*, then Wlm' (E) is completely
continuously embedded in L, {E}:

H”HLm (£) = Cs|

" (E)
where Cg =const .
For simplicity let’s restrict by the case u(x]E W f H(E). According 1o the
Friedrichs inequality [7]:
)
ﬂu|m‘ dx =Cy IZ iu!-rm' dx, where Cg = const .
E

Ei=1
Then
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bl ey~ 17+ Sl s (S
b f',

Ei=1
Consequently

. 1/ mmy
H i
Iz, (E].ﬂ'fsii IEJHJ”" de . (13)
Ei=

The right hand side of this inequality we’ll estimate above:

[i ﬂ“"*m"i”]hm] [Z IR O T de,-m. <
Li=lE \i=lE ) |
{Z{ !r Iﬁ»,-‘*””f(x)dr\m [ p.,ff?(x]u,.|wx]”w <

I\ J | \E /]
" " 1 mys' = _ 1 g
ﬂﬁﬂwmmﬂ -hﬁWMWm ,

i=lg i=lg
where 5= p/my, s'=s/(s-1).
Since the condition (4) is satisfied and m; . is determined by formula (9), then the
first integral on the right hand side will be bounded. Indeed according to (12) and

L i
mesE = Cy ]_[}E‘[H"tf f2 :-':T':;,u:'i’H-lmlJ - A (14)
i=l
we have '
o, pry _apmy o]
fag o 12 ")) <CypR 2P ™) [dx<CpR 2P m) 2 (15)
E /i)
From this it’s clear that for this integral to be I::mlnded the following must be fulfilled:
_oppm :'O:
+—+nz=l
2Ap-my) 6
or

mt(zn + Ia] + a!-p]ﬂ p(Zn + |a|}
According to (4) and (9) the last inequality is always fulfilled.
Taking into account the estimation (15) in (13) we’ll get

s, (2 < o2l sy (16)
The theorem is proved.
Theorem 2. Let the condition (4) be fulfilled, If 1< p<qy <g' then

"o
A < Cpallu X
EJV{_J .'"qu {L] |3|| "sz;{.ﬁ)
where Cyy = const and my is defined by the formula (10).
Proof. According to [7], if my <n and 1< g5 < g“ then W;'z (.‘_',) is completely

continuously embedded in #," (£)
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Il gy = Craliey o (g -

Again for simplicity let’s restrict by the case u(x)e W g ::c{E) On the right hand
side of this inequality we’ll twice successively apply Friedrichs inequality [7]. We have:

4 Vgs r 1/ g4 ; b 1/ma
[IZ[“IJ% n{x]r [J{h{jqz + Z|u. iqj] ] SCIS[I A Iuﬁl }'dx] . (17

L Ei=1 i=1 Ei j=1

The left side of this inequality we’ll estimate from below and the right hand side — from
above:

1/ ga 1/ g3
[Jilufl‘”dx] =[ (379 2(x aglfﬁ(xju,.ﬁzdx] %

Ei=l Ei=1

A _.lz_f i HQZ.
>CigR UZJ,?E”{;:]H,-|‘”¢] : (18)

Ei=1

1/, 1/ m,
u”mJ —(Zjuun e P |

\Lf=1E r; 17 J
1( n 2 i ”S]Hmz
< : [ (}.g-{.x]/l J-(x} e de] -[j‘(l;{x}lf{x}}"”]uﬂ- ﬁdx] ‘ =
|\ﬂj=l E g E J
ylimys' o \‘IHP
fz&wnmﬂ”ﬁ] { [l @F x| a9)
Vi, j=1E i, j=1E f

where s=p/m;.
Taking into account (18) and (19) in (17) we have

1/ g2 R % 1 mys’
(}‘ZKQ""{IHH,FI 1 ECITRH_H\ z I{Rf{x}lj.[x}}'w "zsdx} x
E

{,‘: =1 i,j=1

|-'p
[ > [0 ) 2y | :;.ErJ <
Li=lE
s g s

{LIERQ 2[ Z J-( JC}A, {X})_Di zsiﬁ‘ ‘"H"wp (.E:i

Vig=1E
In order to complete the proof it’s necessary to show that the first integral on the right
hand side is bounded. According to (12) and (14)

.;_?ngx' -, —aIJ+H+n
2

R [ () 2 P s cior 2o
E

This integral will be bounded if
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pmla”-ai-a,) o
2(p - m;)

or

m2!2n +la| + p(ﬂ; oty S0 Hﬁ plan+la]).
The last inequality is always fulfilled according to (4) and (10). Thus we receive that

- /g
{ [39 /2 () o2 ;ﬁ-} <Cooluly s ()

Ei=1
or
b2 O I L s "
It is casy to calculate that
i i 2
42
E NZH: Lq: {E] ?[EH\/I": Lt,rz {E}]

Take it into account in (20):

2 ,,fcru 1)/ g2 :
4, (E) Iuﬂ“’z‘}iﬂ
we'll denote Cj3 =Cmn'lqz"3' 92 and the theorem is proved.

2", Integral estimations.
Lemma 3. Let the conditions (3), (4), (6)-(11) be fulfilled. Then for any function

ulx)e Cy (E) at every r<n(n. p.ae, i, h,ap) the estimation
i'””w{'a (£) =Gy !L”" L,(E)

is frue.
Proof. According to lemma 2:

||"Iw rFAE)™ (*4“50“";, (E) =CyfjLou — Lu + Luf, ()=

< m[ﬂf«w ~Ld, g+ |LL“"L,,(EIJ '
We have

"
[Lou - L"ig,ﬂ (E) Eizbr"j
i

Further we have

lip 1/ ps 1/ ps’
b, s - [ww] g[nuw*dr] ~[ﬂcl“"dx] ‘
E

E
=z, @)l ,,, ()

n-r

} 2 ICH#LF (E) s ;Iilbi“i "LF (&) " "c”ﬂf,p (E)" (22)

L iy

where g, = ps.
According to (16) we have:
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e, )= Coabi o)l ey
I =r
Analogously we have:

Sl (e zrnfwr*’} H
im] iml\ E i=1| E f

P

o -

il e e i o
EZ# i L [ .l,-u-mdx] 3
¢'=1E\j\'{l_f } E ;
" h.
=E : .\fr}l:u!- =
- .ij; 3 {r:j" |qu (E)
2
L
il/ \lIF.-'lra"u
ar 2 F 3 > /g,
= Z ; Z T i ] )
i=1 \IE I ) [;=II|JT :|il‘~’2 (E)
gy (E
L e
where g, = ps .
Here we use (20):
la, -1V a2
Shnl, e)=Cooelag 5) 3 i)
il () =201y (£) 7
{ W, e
: il
Let’s choose r <1y so small, that the following
h
Ho meai bl s
ﬁ n"rI L p, ()
o g

are fulfilled where &; =0 and &, >0 will be chosen later. Then we have

IJC“HLF {:{}551 CD"”"W& (E) <8,Cyaflu Wi (E) °
j§||bi”f"£ﬂ{ﬁ} ‘*’f‘-"zﬁzuﬂ{q-_ Ve, Wby ()

Taking into account these estimations in (22):
||*"-ﬂ“r ~Luf, N - ||”||w2ﬂﬂ ()"

where {_'22 =d C|2 + 52(:‘20?? Ij ql
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Finally from (21) we get:
e, ) < Colll, (g + Callbor —Lu, (g <

SCalltul gy + CaCoalidlyp () -
Let's choose &; and &, so sufficiently small that Cs; s—l—é;—. Let’s denote
4

Ca) =C4 /(1 - C4C5; ) and the lemma is proved.
Lemma 4. Let the conditions (3), (4), (6)-(11) be fulfilled. Then for any function
u(x)e C*(E) the estimation

ﬂuﬂi; 5) S <Cy3 j]L,dex + Elluup

is frue where g is any positive number
Proof. We'll introduce the function 8(x)e Cg’(E) such that

AGH a.:eﬁﬂ p

1, for xekE
o()={" * ] 0<6(x)<1
0, for xeEx(r/8).
and
iﬂj|££~25R—l--a,!2 , Ii“";flﬂczﬁﬁ_z-[a' vat, )2 , @3
Let @(x)=u(x)0(x). Then w(x)e € (E) and according to lemma 3:
"u"”fzi (£) £C2]|fLmH L,(E) (24)

It is easy to calculate that

n M K
Lov=0Lu+u Zt‘lyﬂa * beﬂf +2 Zﬂ#‘ﬂ;ﬂf .
=1 i=l i, j=1

According to (8), (87), (12) and (23) we have

i3
= C.
‘ E;] 4, ‘— Zlaﬂ-(x),lllﬂ.,-ixﬁjixbg < ;;,
i, J i, =
2‘ 2 ayul; EZJ > ayuu; Za 08, <
7, =1 i i=1 i j=l1

<2p” \/Zl () JZR( P’ < C“JER(I}‘U

i e "-?'29 f'f
Sl Sl 25l

i=]

Consequently
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G F
Lol <Caoltal? + I*"p[ff_ o ETH
23 (alulf

or
( Bige 2
P . Py 1 2 Py ixl
ng| dxi:f_,gur:ﬂﬁui dx-!—Rzp[Cglt}}l«lk dx +Cpp R EI_[]H| W‘ L )J+
Ch S
+ 533 5 (T

RE i=lg
Using interpolating inequality [9] we’ll get

.o
J'ZF“_Q,} B IZ %) s 224 P av,
Ei=1 2 Ry
where y; = R & ¢{£=l,,..,n}, E and u(y} are images of the ellipsoid £ and the
function u x) respectively.

Returning to the variables x we’ll get:

SN P s iCs | 3oy WP g e+ 3 S [
Ei=] , EnLi=]
From herc we have

= Fdr*iC I p(.f. (3] FE? 6 de+
g| ISIJ| _]_QEJ] In‘.l ‘E+[R p+ EIRP /IIEJ..IH|

P

e L + 2% | 'dx«:cmﬂﬁurpm

PF""{F} RECIE |\,r‘_

C31 | C33C36 2 g 4 5163303
+[RTP+F]J]“|I H—”|| ul!

Wia [F}

J (s

Let s =n/(n— p), then according to (16) and (7):

I

L ﬂ J‘

atL'

"“'* o (852l (5)

| B
Nat A
e v L,,{E}

Consequently,
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P P Ca1 , C33C36 | P
ﬂ.Lm| dxicjﬂﬂlui dr+{R2p+ Y ]ﬂu| dx +

L 1633035 nCy(C1pC39 )
RP b "W" &~ RP MW.,,{&}

Let’s apply again the interpolating inequality [9]:

Jroi?dsscag j]Lu|de+{ Eg:, + Csif;**] [P i +

C33C C C.
= 23y 35| pr {E} E] 31§ wa* {E} Lig JMP

s ]‘ILHlde+[C31 +C33C35+C39Jj]uipdx+
E

E REP E]RP
L £1(C33C5 + Cag)y )
R? Wi (E)

Take this into account in (24):
|H||H“,, (E } glclﬂE_ﬂLﬂpdr"'

(25)

CHC3 . (C33C36 + C30)C4) (i s + £1CH(C33C55 + Cza}Mp
R2P g1 RP = RP wi (E)
Let £>0 be an arbitrary number. Without loss of generality we assume that
g<1.Let & be sothat & =£,C5,(C33C;5 + C3g)/ R then from (25) follows

"”"wp " (E) < 21C3U ﬂLu[de+ 'E"H"P 2 {F}

2p * T N
CHCsy + C5f (C33C6 + ‘339}@33‘5-35 +Cys)

+ £ ul" dx.
R?? _,JJ

Lemma has been proved.
Analogously to [5] lemmas 5-8 are proved.
Lemma 5. Let the conditions (3), (4), (6)-(11) be satisfied. Then for any functions

ulx)e W (E_g (1+ r]) the estimation

P
(5
"u"p p <Cy _ﬂf.af‘p d+elull” & —ﬂ(esssup[u]] :
Wy rEH[h:T;AD |:|+r] Wy {F []+r]|J £ Ep(1+r)

|
is true, where & is any positive number.

Remark. Since the operator L is degenerated only at the point. 0, then the
. 2 .
present lemma is true and in the ellipsoids Ej (1+%+taw and Ej [I-H'} if
\ J L

Eﬁ'(l + r]t: D and Eﬁnfl +r)N E}i{r]:
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3", Main coercive inequality.
Lemma 6. Let the conditions (3), (4), (6)-(8) and (11} be fulfilled. Then for any

-
function u(x)e W f - (D) at every & >0 and p >0 the estimation
i

]
P . » » &
uuﬂw{v {ﬂp ) 5{"*{5”11“' dx + £|IHHW2"; ) + : [essﬂsup|u|} J

is frue.
Lemma 7. Let the conditions (3), (4), (6)-(11) be fulfilled. Then for any function

-
ulx)ew § = (D) at every p =0 the estimation

pr”Hi{a o) C“[iﬂ LufP dx + (ess DsuP|“|}p ]

is frue.

Lemma 8. Let the conditions (3), (4), (6)-(11} be fulfilled. Then for any function

ulx)e W :,_p g{D] the estimation

_ 4
e, w}s.-cﬁ[nmwwp[ess;upw | }

is frue.
Theorem 3. Let the conditions (3)-(11) be fulfilled Then for any function

u[x}E W ia{ﬂ} the estimation
H"I “;Ip;; () = C45"Lu!£.q (D) (26)

is frue.

Proof. According to our assumption ¢(x)<0 is true, then according to the
estimation of A.D.Aleksandrov [6]:

| b
f = .F‘n
nidet ay L. (D) det aj;
it’s evident that

i n W
dﬂt(at}-)g (_,“”1_‘[‘;1?_ (_r): C"-’HGJ‘:LI }Jf E£T4?H|xi|2m f2+a,) _
i=1 i=1 ]

From here we have:

(27)

255 5U p|u| =Ll
0

Ly (D)

¢ . v1/n
ol ]
nidet i LwED] Dd'ﬁl i

1/ ns"

< U{j}Lfl"“’aer [i{ﬁﬁa&]

Let ¢ =ns, then
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lg-n)

g

2oy g
{3vag) (gon)

| s |
H\q,ldet‘]aﬂ- ] Lo

Since g = n{z +a” y{E ~at ) then integral in right side of the last inequality is finite.
MNow let’s prove, that the second multiplier in the right hand side of (27) is finite.
It's evident that

"l
H b!
| detla;; i=1\ %fdetiag i J
(D)

ﬁcm{?ﬁ}!—(—] J

'i"f L(p) |

) IDI!

1in
=
= i b de| <
=1 %ﬂ detzaé,- i

1'n

From here we have

of. lal Er. | :
L‘r:dﬂt{ar.jjdx E'j E | del ).ix L j v{_ j det{a ﬂfl‘ J <
<Cyo ’j"i—;' J’M dx

MLHNAF%

Let sg = [6 +a’ }/(2 -t ) Then according to (7) the first multiplier and according to (4)

the second multiplier in the right hand side of the last inequality will be finite.
Thus,
esssup?uiiﬂ'mi}Lu"I (D) (28)
n g

On the other hand it*s known that
1o, ()< nesD) =V P,

We’ll take into account (28) and the last inequality in the lemma §:
ebyp ()= Cas [{’“EFD}{Q_PMP||L“||Lq (o) *+ CsollEu, {n}} =Caslilu, (p)-

where Cys =Cyy [{mesﬂ}(q_*” Vap Cj{,].
The theorem is proved.

4, The Strong Solvability of the first boundary value problem.
Theorem. Let the conditions (3)-(11) be fulfilled. Then the problem (1)-(2} is

unigquely strong solvable in W i u{D}' And for the solution u{x} of the problem (1)-(2)

the estimeation
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o

wy, (0)=Casl/1, )

is frue.

The proof of the theorem is conducted by the scheme, used at the paper [5].

subject to the coercive estimation (26).

The author expresses his gratitude to his supervisor prof. L.T.Mamedov for the

statement of the problem and discussion of results.
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