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ON SOLVING A SYSTEM OF THE FIRST ORDER PARTIAL DIFFERENTIAL 
EQUATIONS IN DISTRIBUTIONS 

 
Abstract 

 
 In the paper the motion of vibro-correctness was introduced and the conditions 
were obtained under which the system of the first order differential equations with 
generalized effects is vibro-correct. 
  
 Let it be required to find a solution of the system 
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where derivatives are understood in the sense of generalized functions theory, iif ψ,  are 

in -dimensional functions, 2,1=i , iϕ  are ii mn ×  matrices, ( ) ( )( )stu ϑ,  is 21 mm +  
dimensional function of bounded variation, ( ) ( )( )stu ϑ&& ,  are distributions of zero order [1, 
p.203-208]. 
 In the case, when 2,1,0 =≡ϕ ii  the analogous problems were studied in [2] and 
in the case, when ( ) 2,1,, ==ϕ istbii  in [3]. 
 Definition 1. For the absolutely continuous function ( ) ( )( ) ( )×∈ TACstu m1

,ϑ  

( )SACm2
×  the function ( ) ( )( ) ( )( ) ( )( )TLSCSLTCtsystx nn 21 ;;,,, ×∈  is called a solution of 
the problem (1), (2), if it satisfies almost everywhere in G  the system of integral 
equations 
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where ( )( )SLTC n;  is the space of continuous mappings ( )SLT n→ . 
 Let the following conditions be fulfilled: 
a) ( ) ( ) ( ) ( )TLtSLs nn 21

21 , ∈∈ ψψ ; 
b) vector functions ( ) 2,1,,,,,, =istuyxfi ϑ  are continuous on ( ) 2121,,, mmnnRuyx +++∈ϑ  

for a.e. ( ) Gst ∈, , measurable on ( )st,  for all ( )ϑ,,, uyx ; 
c) matrix functions ( )stux ,,,1ϕ  and ( )tsy ,,,2 ϑϕ  are continuous ( ) TRRtux mn ××∈ 11,,  

and ( ) SRRsy mn ××∈ 22,,ϑ  for a.e. Ss∈  and Tt∈ , measurable on Ss∈  and 
Tt∈ for all ( )tux ,,  and ( )sy ,,ϑ  respectively; 
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d) for the fixed function ( ) ( )( ) ( ) ( )SACTACstu mm 21
, ×∈ϑ  and for any functions 
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where ( ) ( ) ( ) ( )( ) ( ) ( )( )TLSLtsnSLTLstniGLstmi ,,,,,;2,1,, 21 ∞∞ ∈∈=∈ , besides, for 
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holds, where ( )( ) ( ) ( )( ) ( ) ( )( ) ( )TLtturiTLssTLttu ii ∞∈=∈∈ ,,2,1,,,, 1ϑργ , ( )( )∈ssr ,2 ϑ  
( ) ( ) ( ) 101000 ,,,,, ssstttssttGSL ts ≤≤≤≤×=∈ ∞ . 

 Theorem 1. Under the conditions a)-d) for the fixed absolutely continuous 
functions ( ) ( )stu ϑ,  there exists a unique local solution of the problem (1), (2). 
 The theorem is proved with the help of contracted mappings principle. 
 In the case when ( ) ( )( )stu ϑ,  (or at least one of them) are functions of bounded 
variation the defining of solution of the problem (1), (2) in the integral form (3) meets 
difficulties connected with extension of a definition of multiplication operation of the 
singular generalized function ( )tu&  on the discontinuous function ( ) ( )( )sttustx ,,,,1ϕ  [1, 
p.214-215]. 
 Definition 2. Let the sequence ( ) ( )( ) ( ) ( ) 2,1,,

21
=×∈ kSACTACstu mmkk ϑ  in *-

weak topology of the space ( ) ( )SVBTVB mm 21
×  converge to the function ( ) ( )( )∈stu ϑ,  

( ) ( )SVBTVB mm 21
×∈ . If the corresponding solution ( ) ( )( )tsystx kk ,,,  in *-weak topology 

of the space ( )( ) ( )( )TLSVBSLTVB nn 21 ;; ×  converges to some function ( ) ( )( )∈tsystx ,,,  
( )( ) ( )( )TLSVBSLTVB nn 21 ;; ×∈  and limit doesn’t depend on the choice of sequence 

( ) ( )( )stu kk ϑ, , then the limit is called vibro-solution and problem (1), (2) is called vibro-
correct on input of bounded variation [4, p.36-57]. 
 Investigating the vibro-correctness we’ll assume that besides the above 
mentioned the following conditions are fulfilled: 
e) functions ( ) ( ) ( )tsystuxistuyxfi ,,,,,,,,2,1,,,,,, 21 ϑϑ ϕϕ=  satisfy the growth 

condition on infinity with respect to yx ,  
( ) ( ) ( ) ( )stuCysNxtuMstuyxf

iii fffi ,,,,,,,,,, ϑϑϑ ++= , 

( ) ( ) ( )stuCxtuMstux ,,,,,,
111 ϕϕ +=ϕ , 

( ) ( ) ( )tsCysMtsy ,,,,,,
222 ϑϑϑ ϕϕ +=ϕ , 

for RstRRuRyRx mmnn ∈∈∈∈∈ ,,,,, 2121 ϑ , where ( )( ) ( ),, TLttuM
if ∈   
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( )( )∈ssN
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f) functions ( )stux ,,,1ϕ  and ( )tsy ,,,2 ϑϕ  are continuous together with partial 
derivatives tx 11 , ϕϕ  and sy 22 , ϕϕ  at SsTtRRuRyRx mmnn ∈∈∈∈∈∈ ,,,,, 2121 ϑ . 

Besides, the functions ( ) ( ) ( )stuxstuxstux tx ,,,,,,,,,,, 111 ϕϕϕ  and ( ),,,,2 tsy ϑϕ  
( ),,,,2 tsyy ϑϕ  ( )tsys ,,,2 ϑϕ  locally satisfy Lipshitz condition with respect to x  and 

y  respectively; 
g) systems of the first order partial differential equations 

                                              ( ) ( ) ,,,,,1 ξστ =ϕ= ukpk
dp
dk                                               (4) 

                                              ( ) ( ) ,,,,,2 ηϑτσ =ϕ= hqh
dq
dh                                              (5) 

are locally solvable for STRqRupRR mmnn ∈∈∈∈∈∈ στϑηξ ,,,,,,, 21
2

1 , where 
s,τ  take part of parameters. 

 Denote local solutions of the systems (4), (5) by ( ) ( )τσϑηστξ ,,,,,,,,, qhupk . By 
the theorem on continuous dependence and differentiability on initial conditions and 
parameters [4, p.44-45; 5; 6] it follows that the solution ( )στξ ,,,, upk  of the problem (4) 
is continuous with the partial derivatives τξ kk ,  for STRupR mn ∈∈∈∈ στξ ,,,, 11 , 

where up −  is sufficiently small, besides functions τξ kkk ,,  locally satisfy Lipschitz 
condition with respect to ξ . Analogous statements take place for the function 
( )τσϑη ,,,,qh .  

Functions ( ) ( )τσϑηστξ ,,,,,,,,, qhupk  have the properties [4, p.43]: 
( ) ( ) ητσϑϑηξστξ == ,,,,,,,,, huuk , 
( ) ( )( )στστξστξ ,,,,,,,,,,,, 1111 pppupkkuppk +=+ , 
( ) ( )( )τστσϑητσϑη ,,,,,,,,,,,, 1111 qqqqhhqqh +=+ , 
( )( ) ξστστξ =,,,,,,,, puupkk , 
( )( ) ητσϑτσϑη =,,,,,,,, qqhh . 

 Solutions ( ) ( )tsystx ,,,  of the system (1) responding to absolutely continuous 
inputs ( ) ( )stu ϑ, ; ( ) ( )0

0
0

0 , stuu ϑϑ ==  and satisfying the condition (2) we’ll seek in the 
following form 
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Then, taking into account the last properties of functions ( ) ( )τσϑηστξ ,,,,,,,,, qhupk , 
we have 
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From here it particularly follows, that 
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 Further, taking into account properties of functions k  and h  subject to (1), we 
obtain that functions ( )stz , , ( )ts,ω  are solutions of the system 
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and satisfy the conditions 
                                       ( ) ( ) ( ) ( ) TtttsSssstz ∈=∈= ,,,,, 2010 ψωψ ,                           (2’) 
where ( ) ( )( ) ( ) ( )( ,,,,,,,,,,,,,,,,,,,,,,,,, 00
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 Theorem 2. Under conditions a)-g) for arbitrary function ( ) ( )( ) ( )×∈ TVBstu m1
,ϑ  

( )SVBm2
×  such that ( ) ( ) SsrsTtrutu ∈∀≤−∈∀≤− ,,, 00 ϑϑ  there exists a unique 

solution ( ) ( )( ) ( )( ) ( )( )TLSCSLTCtsstz nn ′′×′′∈ 21 ;;,,, ω  of the problem (7), (2’), where 

0ss −′ , 0, ttr −′  are sufficiently small, ( ) ( )ssSttT ′=′′=′ ,,, 00 . 
 Proof of the theorem is led by the generalized principle of contracted mappings 
[1, p.82-83]. 
 Theorem 3. Let conditions a)-g) be fulfilled. Then there exists local vibro-
solution of problem (1), (2) on inputs of bounded variation. 
 Proof. Consider a sequence of absolutely continuous functions ( ) ( )( )stu kk ϑ, , 

,...2,1=k , approximating the function ( ) ( )( )stu ϑ,  of bounded variation, i.e. *-
( ) ( ) ttttutukk

′≤≤=
∞→ 0,lim , *- ( ) ( ) ssssskk

′≤≤=
∞→ 0,lim ϑϑ , where ( ) ( ) rtutu <− 0 , Tt ′∈ ,  

( ) ( ) rss <− 0ϑϑ , Ss ′∈ , r  is sufficiently small. By theorem 2 for each absolutely 
continuous function ( ) ( )( ) ,...2,1,, =kstu kk ϑ  there exists a unique solution 

( ) ( )( ) ( )( ) ( )( )TLSCSLTCtsystx nn
kk ′′×′′∈ 21 ,,,,,  of problem (1), (2): 
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 Applying to (9), (10) Cronwall lemma [7, p.10], we obtain 
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 Substituting (12) into inequality (11) and again applying Cronwall lemma [7, 
p.68], we obtain 
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                                   ( ) ( ) ( )( ) ( )( )∫∫

′

≤
G

kkkkk dsdtstMtsY 122 exp, βαη .                                   (14) 

where ( ) ( ) ( ) ( ) ( ) ( )( )∫∫
′′

+=
T

kkk
S

kkk dttMdss 21222 exp αωβωη , 

           ( ) ( ) ( ) ( ) ( ) ( )( )∫∫
′′

+=
S

kkk
T

kkk dssMdtt 12111 exp βωαωη , 

           ( ) ( ) ( )( ) ⎥
⎦

⎤
⎢
⎣

⎡
+= ∫∫

′′ S
k

T
kk dssdttM 21exp βα . 

 From definition of *-weak convergence of the sequence ( ) ( )( ) ,...2,1,, =kstu kk ϑ  it 
follows that 
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From properties of functions k  and h  it follows that ( ) ( ) ( ) ( )( )sttutustxkstz kkkk ,,,,,, 0= , 
( ) ( ) ( ) ( )( ) ,...2,1,,,,,,, 0 == ktssstsyhts kkkk ϑϑω  are uniformly bounded in ( )( )×′′ SLTC n1,  

( )( )TLSC n ′′× 2, . Functions ( ) ( )( )tsstz kk ,,, ω  almost everywhere in G′  satisfy the integral 
equations 
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( ) Gstk ′∈= ,,...,2,1 . 
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 We’ll show that sequences ( ) ( )( ) ,...2,1,,,, =ktsstz kk ω  converge to function 
( ) ( )( )tsstz ,,, ω  in ( )( ) ( )( )TLSCSLTC nn ′′×′′ 21 ;, , where ( ) ( )( )tsstz ,,, ω  is a solution of 

problem (7), (2’) at ( ) ( )( )stu ϑ, : 
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 For this we estimate the quantity ( ) ( ) ( ) ( ) ( ) −=−= tstsstzstzstz kkkk ,,,,,, ωδωδ  
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 Analogously to obtaining estimates (13), (14) from (15), (16) the following 
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where ( ) ( ) lO
=ΨΨ=Ψ

→ ε
ε

ε 021 lim,,  are derived. 

 From (17) by virtue of Lebesgue theorem on bounded convergence it follows that 
( ) ( ) 0,lim,0,lim =Ω=

∞→∞→
tsstZ kkkk

δδ , ( ) Gst ′∈, . Consequently, sequences ( )( ,,stzk  

( )) ,...2,1,, =ktskω  converge to function ( ) ( )( )tsstz ,,, ω  in ( )( ) ( )( )TLSCSLTC nn ′′×′′ 21 ;; . 
Then subject to transformations (5’) we have 
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 Using boundedness of sequences ( ) ( )( )stu kk ϑ,  and ( ) ( )( ) ,...2,1,,,, =ktsystx kk  in 
( ) ( )SVBTVB mm ′×′

21
 and ( )( ) ( )( )TLSVBSLTVB nn ′′×′′ 21 ;,  we obtain, that 

( ) ( ) ( ) ( ) +∞<⋅+∞<⋅ ′
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′
′
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s
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t

t
k

nn syVartxVar 2010
,sup,,sup . 

 From (18) we obtain that sequences ( ) ( ){ }tsystx kk ,,,  *-weak converge to the 
function ( ) ( )( )tsystx ,,,  in ( )( ) ( )( )TLSVBSLTVB nn ′′×′′ 21 '; . The theorem is proved. 
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