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COMPACTIFICATIONS AND THE DIMENSIONS OF CLOSED SETS 
 

Abstract  
 
 Compactifications preserving the dimension of countable systems of closed sets 
are described. Some examples are being constructed. 
 
 Introduction. It is known that the dimension of a normal space coincides with 
the dimension   of its Čech compactification Xβ , i.e. XX dimdim =β . Moreover, 
since the closure A  in Xβ  of a closed subset XA⊂  coincides with its Čech 
compactification Aβ  (see [1]), AA dimdim =  for all closed subsets A  in X . The 
compactification Xβ  is said to preserve the dimension of each closed subset A  of X .  
 But it is also known that the topological weight of Xβ  essentially exceeds in the 
most typical situations the topological weight of X . In this connection it is very natural 
to ask if there are any compactifications of X  not only preserving the dimensions of all 
closed subsets in X  but also having the same topological weight as X  has. In this paper 
we construct two examples showing that there are no such compactifications in general. 
In each example the space X  has the countable weight but for any compactification Y  of 
X , having the countable weight some closed subset XA⊂  can be found for which 

AA dimdim >  (here A  is the closure of A  in Y ). 
 At the same time it is known that for any countable system { }iA  of closed subsets 

iA  of a normal space X  there exists a compactification Y  of X  having the same weight 
as X  and preserving the dimensions of all sets iii AAA dimdim: =  (see [2]). In this paper 
we receive an essential generalization of this result. To be more precise, we show that 
preserving the dimensions of a countable system sets compactifications follow any other 
compactifications and have the same topological weight as the preceding ones have.  
 Examples. We are constructing some spaces having the countable weight such 
that for any compactification Y  of any such space X  having the countable weight some 
closed subset A  of the space can be found for which 0dim =A  but 1dim ≥A  (the 
closure in Y ). 
 Example 1. Let jI  be a segment of the length 1 with one of its ends in the point 

O  of the Euclidean plane 2R  and with the angle from the exist Ox  to jI  being equal 

j/π . Let us define the space X  as the union U
∞

=
⊂

1

2

j
j RI . Let Y  be any compactification 

of X  having the countable weight. 
 The point O  in X  has no neighborhoods with compact boundaries, hence the 
space X  is not peripherically compact. A space X  is called peripherically compact if it 
some base of open sets with compact boundaries.  Consequently for any compactification 
Y  of our space X  having the countable weight we have ( ) 1\dim ≥XY  (see [3]).  
 Let B  be a countable open base of Y  and let B ′  be a part of B  containing all 
the sets B∈U  for which ( ) ∅≠∩ XYU \ . For B ′∈U  we also have ∅≠∩ XU , as the 
space X  is dense in Y . In fact we have much more than that: each B ′∈U  intersects an 
infinite set of the segments. This obvious for the sets U  which contain the point O . Let 



Gulhan Aslim, Evgenij G. Skljarenko, Eftal Tan 22

U  be a set from B ′  which does not contain the point O . Suppose that ∅≠∩ jU I  only 

for a finite number of indexes kjj ,...,1 . Then the set U
k

i
ji

1=
I  is compact, hence it is closed 

in Y . In this situation the set UYU
k

i
ji ∩⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=′

=
U

1
\ I  is open in Y . But then ∅=∩′ XU  

and at the same time ∅≠′U  because ( ) ∅≠∩′∈ Y\XUU ,B . However this contradicts 
the fact that the space X  is dense in Y .  
 Let ,...,...,, 21 nUUU  be all the sets in B ′ . For a set nU  let Xxn ∈  be a point in 

XUn ∩  belonging to some jI  with nj >  (this is possible because nU  intersects an 
infinite set of jI ) and let A  be the set of all such points ,...2,1, =nxn . The set A  is 
countable, hence 0dim =A . 
 For any j  the intersection Aj ∩I  is finite: if jnx I∈ , then nn Ux ∈  for jn < , 
but the set of all such nU  is finite. Consequently the set A  (together with the point O ) is 
closed in X .   
 Let us show that ( )XYAA \∪= , i.e. that any point XYy \∈  is the limit point 
for A . For any neighbourhood yO  of y  in Y  there exists some basic open set nU  in B ′  
which contains the point y  and the set itself is contained in yO . But nU  contains the 
point Axn ∈ . Thus nU  as well as yO  intersect A  and Ay∈ . Now we see that 1≥A  
since we have AXY ⊂\ .  
 In example 1 we used the fact that the space X  was not peripherically compact. 
In the next example we are going to construct an analogous space X  which will be 
peripherically compact.  
 Example 2. Let X  be the set of points ( )yx,  of the Euclidean plane 2R  for 
which 10,10 <<<< yx  and among the numbers yx,  at last one is rational. The set of 
all squares having rational coordinates of their boundaries compose an open base of X  
consisting of open sets with compact boundaries, hence X  is a peripherically compact 
space.  
 Let α  be an irrational number, 10 <<α , and let ...321 <<< ααα  be a sequence 
of positive rational numbers which converges to α .  Let 

iαI  be the vertical segment in 
X  for all points ( )yx,  of which ix α=  and let αI  be the analogous segment for the 
number α  ( αI  is not in X ). Let us choose some point 0ξ  in X∩αI . We define a 

subspace X ′  in X  as { }0
1

ξα ∪⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=′

∞

=
U
i

i
X I . The subspace X ′  is not peripherically 

compact because the point X ′∈0ξ  has no neighborhoods in X ′  with compact 
boundaries.  
 Let Y  be any compactification of X  having the countable weight. The closure 
X ′  of X ′  in Y  is a compactification of X ′ . Since X ′  is not peripherically compact, we 
have ( ) 1\dim ≥′′ XX  (see [3]). Let { }nU=′B  be the part of a countable base of Y  
consisting of all sets nU  for which ( ) ∅≠′′∩ XXU n \ . By the same reasons as in 
example 1 each set B ′∈nU  intersects an infinite set of the segments 

jαI .  
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 Let nξ  be any point in XUn ∩  such that 
jn αξ I∈  with nj >  and let A′  be the 

set of all such points including the point 0ξ . The set A′  is closed in X ′  (but is not in 
X ). Due to the arguments used in example 1 we see that the closure A′  in Y  contains 
all the points of the supplement XX ′′ \  of X ′  in its compactification X ′  and hence 

1dim ≥′A .  
 Let A  be the closure of A′  in X . Since Y  is a compactification of X  then the 
closure of A′  in X  is contained in the set A′ , hence AAA ′⊂⊂′  and AA ′= . Thus 

1dimdim ≥′= AA . It is evident that AAA ′′∪′=  where αΙ∩=′′ AA . But αI∩A  is a 
countable set because all its points have the coordinates ( )y,α  in 2R  with the rational 
numbers y . Since the set A′  is countable, the set A  is countable too, and its dimension 
is zero.  
 Compactifications preserving the dimension for countable systems of 
subsets. Let { } ,...2,1, =iAi , be a countable system of closed subsets iA  of a normal space 
X  and let Y  be a compactification of X  having some topological weight ( ) kYw = .  
 Theorem. There exists a compactification Z  of the space X  satisfying the 
following conditions: 1) ii AA dimdim =  for all ,...2,1=i  (the closures iA  of iA  in Z ); 
2) ( ) kZw = ; 3) ZY ≤ , i.e. the compactification Z  follows Y .  
 This theorem is a generalization of the principal result of [4] where the system 
{ }iA  consists of only one space X . To a great extent the proof of the theorem resembles 
like the proof in [4]. 
 To prove the theorem first we consider some auxiliary propositions.  
 Let X  be a completely regular Hausdorff space. A system Σ  of open coverings 
α  of X  is called the uniform structure of X  if the following conditions are satisfied:  
 W1. For any Σ∈α  there is a covering Σ∈β  for which βα *< ;  
 W2. For any Σ∈βα ,  there exists a covering Σ∈γ  such that γβα <∧  (i.e. γ  
is a refinement of the covering βα ∧ ); 
 W3. For any point Xx∈  and any neighbourhood Ox  of x  there exists some 

Σ∈α  for which OxxStx ⊂∈ α .  
 Here βα ∧  means the covering of X  consisting of all intersections ji VU ∩  for 

α∈iU  and β∈jV . Symbol xStα  means the union of all sets α∈iU  containing the 
point x . Finally symbol βα *<  means that for any point Xx∈  the set xStβ  is 
contained in some set α∈iU . A covering β  for which βα *<  is called the star-
refinement of the covering α .  
 For a pair of uniform structures 21,ΣΣ  the symbol 21 Σ≤Σ  means that for any 

1Σ∈α  there exists its refinement 2Σ∈β . The structure 1Σ  is called more rough than 

2Σ , while the structure 2Σ  is called more fine than 1Σ .  
 The structure 1Σ  and 2Σ  are called equivalent if 21 Σ≤Σ  and at the same time 

12 Σ≤Σ .  
 Let Σ  be a uniform structure consisting of finite open coverings of a completely 
regular space X .  
 Lemma 1. In the class of uniform structures which are equivalent to Σ  there 
exists a uniform structure 1Σ  such that all the coverings 1Σ∈α  can be partly ordered by 
some order relation <′  satisfying the following conditions: 
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i) for any 1, Σ∈βα  the relation βα <′  implies βα <  (i.e. β  is a refinement of 
α ); 
 ii) for any 1, Σ∈βα  there exists a covering 1Σ∈γ  for which γα <′  and at the 
same time γβ <′ ; 
 iii) for any 1Σ∈α  the set of all 1Σ∈β  for which γβ <′  is finite (it means that 
any 1Σ∈α  has only finite set of preceding 1Σ∈β ). 
 Moreover, if Y  is a compactification of X  and Σ  is the restriction on X  of the 
uniform structure of Y  consisting of all finite open coverings of Y , then the structure 1Σ  
can be chosen so that its power 1Σ  coincide with the topological weight ( )Ywk =  of  the 
compactification Y .  
 The statements of this lemma are the contents of lemmas 1 and 2 of [4]. 
 We should remember here that the multiplicity of a covering { }iU=α  is the 
maximal integer k  such that there can be found k  sets 

kii UU ,...,
1

 in α  for which 

∅≠
=
I
k

s
isU

1
. A finite open covering γ  of a normal space X  will be called a covering 

having the category N  with respect to some countable system { }iA  of closed subsets 
XAi ⊂  if its restrictions iA∩γ  have the multiplicities 1dim +≤ iA  for all indexes 

Ni ≤ .  
 Lemma 2. For any integer N  and any finite open covering α  of a normal space 
X  there exists a refinement γ  of α  having the category N . 
 This is lemma 4 of [2]. 
 For a covering α  belonging to the structure 1Σ  of lemma 1 the amount of 
coverings 1Σ∈β , which precede α , will be called further the number of the covering α .  
 Let X  be a normal space, { }iA  be a countable system of closed subsets in X  
and 1Σ  be an uniform structure of X  as in lemma 1.  
 Lemma 3. There exists a cofinal part 0Σ  (a cofinal sub-structure) of the 
structure 1Σ  with respect to the order relation <′  and a system Σ  of finite open 
coverings of X  such that there is a one-to-one correspondence between 0Σ  and Σ  
satisfying the following conditions:  

1) If 0Σ∈′α  and Σ∈α  are corresponding one another, then αα <′  (i.e. α  is 
a refinement of α′ ). 

2) If 0, Σ∈′′ βα  and βα ′<′′ , then βα *<  for the corresponding coverings 
Σ∈βα ,  (i.e. β  is a star-refinement of α ). 

3) If a covering 0Σ∈′α  has the number N , then the corresponding covering 
Σ∈α  has the category N .  

  The proof has much in common with lemma 3 in [4], but we will use essentially 
our lemma 2. Let us consider the set of all pairs of finite open coverings ( )αα ,′  such that 

ααα <′Σ∈′ ,1  and the category of α  is equal to the number of α′ . According to lemma 
2 this set is non-empty. A system π  of such pairs will be called the marked system if for 
any ( ) ( ) πββαα ∈′′ ,,,  the condition βα ′<′′  implies the relation βα *< . As in [4] the 
set S  of all marked systems is partially ordered by the inclusion relation: 21 ππ <  in S  if 
and only if 21 ππ ⊂ . As in [4] any ordered part S ′  of S  is bounded in 0: ππ <S  for all 
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S ′∈π  and 
S ′∈
∪=
π

π 0 . As in [4] in accordance with Zorn’s lemma for any S∈1π  there 

exists a marked system π  such that ππ <1  an π  is a maximal marked system in S : for 
any S∈1π  the condition ππ ′<  implies ππ =′ .  
 Thus any marked system 1π  is contained in a maximal marked system π . Let 0Σ  
be the set of all coverings α′  such that a pair ( )αα ,′  belongs to π  and Σ  be the set of all 
the corresponding coverings α . Since the system of coverings π  is marked, 0Σ  and Σ  
satisfy all the conditions of the lemma. Now we must check if the system 0Σ  is a uniform 
structure. As in [4], to check this it is sufficient to prove that 0Σ  is a cofinal part of 1Σ . 
 Suppose that this statement is wrong, namely there exists some 10 Σ∈′α  for which 
there are no coverings β  in 0Σ  such that βα <′′0 . As in [4] let Nαα ′′,...,1  be all the 
coverings in 0Σ  for which 0αα <′′i , and let Nαα ,...,1  be the corresponding coverings of 
the system Σ . According to lemma 2 there exists a covering 0α  of the space X  having 
the category N  such that 010 ... αααα <∧∧∧′ N . Since any finite open covering has a 
starrefinement, we can admit that 0α  is the star-refinement of each covering 

Nii ,..,1, =α . Thus for each relation 0αα ′<′′i  in 0Σ  we receive the relation 0*αα <i . 
This contradicts, however, the fact that the marked system π  is maximal, as the system 

( ){ }00 ,ααππ ′∪=′  
strictly contains πππ ′<:  and ππ ≠′ . The lemma is proved.  
 Exactly as in [4] conditions 1) and 2) of this lemma imply the following.  
 Corollary. The system of coverings Σ  in lemma 3 is a uniform structure of the 
space X .  
 Let 1Σ  be a uniform structure of finite open coverings of a space X  which are 
the restrictions of coverings of a uniform structure defined on some compactification Y  
of X .   
 Proposition. For a countable system { }iA  of closed subsets iA  of a normal space 
X  the space X  has a compactification Z  as in the theorem if and only if X  has a 
uniform structure X  of finite open coverings such that  

1) The power of Σ  is equal to ( )Yw=κ  
2) For any integer N  coverings of category N  compose a cofinal part in Σ  

(i.e. every Σ∈α  has refinements N∈γ  of all categories N ) 
3) Σ≤Σ1 . 

  The proof has much in common with the proof of the analogous proposition in 
[4]. Let Z  be a compactification of X  as in the theorem. As in [4] first a uniform 
structure Σ′  of Z  can be constructed such that its power Σ′  is equal to ( )Yw=κ . Now 
for any Σ′∈α  and each integer N  in accordance with lemma 2 we choose a refinement 

( )αβN  of α  having the category N . Let Σ ′′  be the set of all such coverings ( )αβN  of 
X  (corresponding to all Σ′∈α  and all integers N ). As the set ( ){ }αβN  corresponding 
to some covering Σ′∈α  is countable and κ=Σ′ , the power of the system Σ ′′  is equal to 
κ . As in [4] the system Σ ′′  is a cofinal part of the structure of all finite open coverings of 
the compact space Z  and hence it is a uniform structure of Z . Now as in [4] let Σ  be the 
restriction of Σ ′′  on the space X . This Σ  is a uniform structure of X . Since ZY ≤ , we 
have the relation Σ≤Σ1 . It is evident that Σ  also satisfies conditions 1) and 2) of the 
proposition. 
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 Now let Σ  be uniform structure of X  as in the proposition. It is known (see [5]) 
that any uniform structure of finite open coverings of a completely regular space X  
defines some compactification of X . Let Z  be the compactification of X  defined by the 
structure Σ . In accordance with [5] the relation Σ≤Σ1  implies ZY ≤  (since Y  is the 
compactification defined by 1Σ , see [5]). This provides condition 3) of the theorem.  
 For any open set XU ⊂  let ><UO  be equal to ( )UXZ \\  (the closure 
operation is in Z ). For an open covering { }iU=β  let >< βO  be the system of subset 

ZUO i >⊂<  and >Σ<O  be the system of all >< βO  for Σ∈β . As in [4] the system 
>Σ<O  consists of finite open coverings of Z  (see also []5) and it is a uniform structure 

of Z . As in [4] this implies that the topological weight of Z  is equal to κ . Thus, we 
have condition 2) of the theorem.  
 Finally, since the sets iA  are dense in their closures iA , the multiplicities of all 
coverings >< βO  on iA  are equal to the multiplicities of β  on iA  for all ,...2,1=i  and 
hence the multiplicity of some >< βO  on a set iA  is less or equal to 1dim +iA  if the 
covering β  has the category iN ≥ . Since the coverings of the category N  compose a 
cofinal part of Σ  (see condition 2) of the proposition, the corresponding coverings 

>< βO  compose a cofinal part of >Σ<O  and hence ii AA dimdim ≤  for all ,...2,1=i . 
The strict equations follow from the fact that coverings of any categories N  can be 
chosen so that they have no refinements of multiplicities less than 1dim +iA  for Ni ≤  
(it is possible in accordance with lemma 2). This provides condition 1) of  the theorem.  
 The proof of the theorem. Let Σ′  be a uniform structure of X  which is the 
restriction on X  of some uniform structure of the compactification Y  and let 1Σ  be an 
equivalent to Σ′  structure of X  satisfying all the conditions of lemma 1. As in [4] to 
prove the theorem it is sufficient to show that the corresponding to 1Σ  uniform structure 
Σ  of lemma 3 and the corollary satisfy all the conditions of the proposition. Exactly as in 
[4] we are convinced that the power of Σ  is equal to ( )Yw=κ . This gives us condition 1) 
of the proposition. 
 Condition 3) of lemma 3 implies condition 2) of the proposition. As in [4] 
condition 3) of  the proposition is a consequence of condition 1) of lemma 3 and of the 
equivalentness of the structure 0Σ and 1Σ . The theorem is proved. 
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