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Abstract

The stationary axisymmetric Einstein equations are reduced to the principal

chiral field problem with moving poles. Solutions are constructed in terms of

Bessel functions. Generalization of solutions by means of applying the discrete

symmetry transformations is discussed.

1. The problem of constructing of the solutions of self-dual Yang-Mills (SDYM)

model and its dimensional reductions, the principal chiral field problem with moving

poles in our case, in the explicit form for semisimple Lie algebra remains important

for the present time. The interest arises from the fact that almost all integrable

models in one, two and (1+2)-dimensions are symmetry reductions of SDYM or

they can be obtained from it by imposing the constraints on Yang-Mills potentials

[1-10].

This work is a direct continuation of [13], where the exact solutions of the princi-

pal chiral field problem with moving poles have been derived for the case of algebra

SL(2,C). The discrete symmetry transformation method [12] allows to generate new

solutions from the old ones in much more easier way than applying methods from

[11]. In his work the stationary axisymmetric Einstein equations [14-18] are reduced

to the principal chiral field problem with moving poles and a new initial , in re-

spect to applying the discrete symmetry transformation, solution is found in terms

of Bessel functions.

2. Consider Einstein equations for standard metric of a stationary axisymmetric

4dspace-time

ds2 = w−1[e2k(dx2 + dρ2) + ρ2dϕ2]− w(dt + Wdϕ)2, (1)

where(x, ρ)are canonical Weyl coordinates, ρ ≥ 0, x ∈ R , and t and ϕ are time and

angular coordinates, respectively. All metric coefficients depend only on (x, ρ) and

they can be expressed in terms of complex Ernst potential E[14] as follows:

kξ = 2iρ
EξĒξ(

E + Ē
)2 , Wξ = 2ρ

(
E − Ē

)
ξ(

E + Ē
)2 , w = ReE, (2)
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where ξ = x + iρ , ξ̄ = x− iρ.

In terms of element of the coset space SL(2,R)/SO(??)

g =
1(

E + Ē
) ( 2 i

(
E − Ē

)
i
(
E − Ē

)
2EĒ

)
. (3)

Einstein equations then imply the Ernst equation((
ξ − ξ̄

)
gξg

−1
)
ξ̄
+
((

ξ − ξ̄
)
gξ̄g

−1
)
ξ

= 0. (4)

In [19] it has been shown how the equation (??) can be reduced to the equations

of the principal chiral field problem with moving poles

(z − z̄)θz,z̄ = [θz̄, θz] (5)

with additional constraining conditions

rankθz = rankθz̄ = 1, (6)

spθz = −1/2 ,

spθz̄ = −1/2 ,

(7)

det Reθ = −(z + z̄)/16, (8)

where the commutator of two elements of algebra is a standard one: [A,B] = AB−
BA.

Let’s introduce the elementf :

θ = f − (z + z̄)/4.

If f ∈ SL(2, R), i.e. spf = 0, we automatically satisfy conditions (??), and the

condition (??) gives the condition on f :

det fz = det fz̄ = −1/16. (9)

Note that the equation for fstill has the form (??).

We’ll find the solution in a form:

f =
z + z̄

4
H + α(z, z̄)X+, (10)

where H, X±are generators of SL(2, R)algebra having the following commutational

relations:

[X+, X−] = 0 , [H,X±] = ±2X±. (11)
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These generators are (2x2)-matrixes in a spinor representation of SL(2, R)algebra:

X+ =

(
0 1

0 0

)
, X− =

(
0 0

1 0

)
, H =

(
1 0

0 −1

)
,

Substituting (??) into equation (??) and using (??) we have the equation for the

functionα(z, z̄):

(z − z̄)αz,z̄ =
1
2
(αz − αz̄). (12)

Passing to variables

x = z + z̄ , iy = z − z̄ ,

we rewrite the equation (??) in a form:

∆α =
(

∂2

∂x2
+

∂2

∂y2

)
α =

2
y
αy.

Let’s consider this equation in more general form:

∆α =
β

y
αy, (13)

where βis some constant.

Let’s find the solution of (??) in the form:

α =
∫

eλxc(λ)dλu(y). (14)

Substitution of (??) into (??) gives the following ordinary differential equation:

uyy + λ2u− β

y
uy = 0.

Making one more substitution u = yγvwe have

vyy +
(2γ − β)

y
vy + (λ2 +

γ(γ − 1)− βγ

y2
)v = 0.

Finally, if γ = (β + 1)/2we obtain the famous Bessel equation:

vyy +
1
y
vy + (λ2 +

(β + 1)2

4y2
)v = 0 ,

having the general solution in terms of two Bessel functions

v = c1J
1
β+1

2

(λy) + c2J
2
β+1

2

(λy). (15)

Thus, making back all necessary substitutions we have the solution of considered

axisymmetric stationary gravity equations in terms of Bessel functions.
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The next question how to obtain from this solution new solutions using the

discrete symmetry transformation:

F− = 1
f+ ,

∂F 0

∂z = (f0 − F 0 + z)∂ ln f+

∂z − ∂f0

∂z ,

∂F 0

∂z̄ = (f0 − F 0 + z̄)∂ ln f+

∂z̄ − ∂f0

∂z̄ ,

∂F+

∂z = (f0 − F 0 + z)2 ∂ ln f+

∂z − 2f+(f0 − F 0 + z)∂f0

∂z − (f+)2 ∂f−

∂z ,

∂F+

∂z̄ = (f0 − F 0 + z̄)2 ∂ ln f+

∂z̄ − 2f+(f0 − F 0 + z̄)∂f0

∂z̄ − (f+)2 ∂f−

∂z̄ .

(16)

Here f(f+, f0, f−)is considered to be a known solution of equation (??) and

F (F+, F 0, F−)is one to be determined.

By direct check one can be convinced it that the transformation (??) preserves

a determinant, i.e.

det Fz =

∣∣∣∣∣ F 0
z F+

z

F−z −F 0
z

∣∣∣∣∣ =
∣∣∣∣∣ f0

z f+
z

f−z −f0
z

∣∣∣∣∣ = det fz̄

That means that the transformation (??) automatically satisfies the property (??)

of the solution.

New solutions generated by the discrete symmetry transformations (??) applied

to the initial solution (??) will be the subject of future investigations.
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