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Rovshan A. BANDALIYEV

TWO-WEIGHTED INEQUALITIES OF WEAK TYPE
FOR SOME ANISOTROPIC INTEGRAL OPERATOR
ON THE DOMAINS IN R"

Abstract

In this paper two-weighted inequalities of weak type are proved for integral
operator, generated on the basis of Ilyin-Besov integral representation .

Suppose that R" is n-dimensional Euclidean space of the points = (z1, ..., x,) ,
= (2 2"), 2" € R¥, 2" € R"% R} = R\ {0},a=(ay,...an),a; >0,i=1,..,n,

p(@) = Y |eifl/, 571 = {a 3 € R™; p(a) = 1}.
i=1
Let

Qk:{x:x/GRk,goi(x/)<:ci<oo (izk—l—l,...,n)}, (1)
k=1,..n—1, Q= {x:xER",xZ(U) < xp < 00, z’zl,...,n},
Fk:{z:$’€Rk, :c"z@(:c’)}, E=1,...,n—1,

where the vector function @ (') = (¢4 (2) ..., 0n (@), k = 1,...,n — 1 satisfies
the anisotropic Holder condition:

p(@ () —B(Y)) <Mp(a' —y'), va'.y € R,
p(z,Ty) = 1€an p(x—y), k=1,..,n—1. Inthecase k =0, p(z,Iy) = p(x —:c(o)),
yely,

0 = (xgo), ...,x%0)> - is a fixed point in R". At z(®) = (0,...,0), Qp = R% .
Let w be a positive, measurable function given in R". Denote by L, () the
set of all measurable functions f (z), = € Q) with the finite norm

1/p

HM%Mmf=L/U@Ww@Mm C l<p<oo
Qp

Let b= (bl,...,bn), Cc= (Cl, ...,Cn), O0<b<ci<oo, 1=1,...,n.
The set

R(1/a) = {y:yi>0, bih <y <cih (i=1,..n), 0<h<oo}

)

is called 1/a— horn.
Lemma 1 [1]. The domain Qk, k = 0,1,...,n — 1 satisfies the 1/a— horn
condition, i.e. there exists the horn R (1/a) such that the arithmetical sum
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Suppose that
n

T (2) = p(a" =3 (@) = X |wi—¢; (@) V% k=1..,n-1
i=k+1

mo(z) =p (z —2P) .
Lemma 2 [1]. Suppose that Qy, is of the form (1). Then p(x,Ty) is equivalent
to mi (z) for all x € Q, more exactly,

3Co >0, Va € Qy, Comy (z) < p(2,Ty) < 7 (2) -

Suppose, that K, is real function given in R{} such that suppK, C R(1/a) and

a—|al

a)at 0 < a<la|, Kqy(z)=p(z) , x € suppKy;
b)at a =0

Ko (t%) = t719 K (2), / Ko ()Y ax}do (x) =0,
Sy =1

Sp=8"1NQ, k=0,n—1
and there exists a constant C' > 0 such that
Ko (o= 9) = Ko0) < o (20 )o@ at p(o)>2000).
where C' doesn’t depend on z, y, the function w : [0, 1] — R is increasing, w (0) = 0,
w(2s) < Ciw(s), Ci > 1 for any s > 0 and Zw(t)it < 0.

Consider the integral operator K, : f — K, f, where

Kof (z) = / Ko(y) f (@ +y)dy.

R(1/a)

They say that v > 0 belongs to A, (), k=0,1,..,n—1if

|113‘ / v(z)de < ng%migfu (x),
BN,
where C' doesn’t depend on all balls B C R™.
It is true
Theorem 1: (Weak variant of Hardy weight inequality). Let ¢ > 1, u (t)
and v (t) be positive functions on (0, 00):
1) for validity of the inequality

oo t q 1/q fo%e)

u(t)| [ e(r)dr| dt <Cr[v(t)]e(t)dt (2)
[0l /

0
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with the constant C1 not depending on o, it is sufficient the fulfillment of the con-

ditions
00 1/q
sup /u T)dT €ss sup < 00;
>0 \J ™ re(0,2t) ¥ (t)
2) for validity of the inequality
00 00 q 1/q 00
Juw|[emar| @] <o fvmleowla 3)
0 t 0

with the constant Co not depending on @, it is sufficient the fulfillment of the con-
dition
¢ 1/q
1
sup /u (1)dr esssup —— < 00.
>0 \ 4 re(t/2,00) 0 (1)
Theorem 1 was established in papers V.M.Kokilashvili, A.Meskhi [2] at ¢ = 1

and A.Meskhi [3] at ¢ > 1.
1
Theorem 2. Let 0 < a < |a], — =1 — ‘g. At o = 0 suppose that the
q a
kernel of anisotropic singular integral operator (ASIO) satisfies the condition b). If
we A (R"), k=0,1,...,n—1, then there exists a positive constant C" such that for

any f € L1, (R™) it holds the following inequality:
q
C
w(x)dxgﬁ If ()| w(x)dx | .
{x: Ko (fw‘%‘> (2)>)\‘} hr

If furthermore o = 0, then for ASIO it holds the weak type inequality (1.1).
Theorem 2 at 0 < « < |a| in isotropic case was proved in [4], and at anisotropic

in- [5]. At a = 0 in isotropic case theorem 2 was proved in [6], and at anisotropic-

in [7].
la] 1 1 e
Lemma 3 ([2], [3]). Let 0 < a < |a|,1§p<—,f—f:ﬂ, g > 1,
a’'p q a
¢ € Aips (R") be a radial function and let u and uy be the positive decreasing
P

functions defined on (0,00). Suppose that w = up, wi = uip and weight pair
(w,w1) satisfies the following condition:

t/2 5 00 p—1

sup /w1 (7) 7l =tar
0

t>0

Then there exists a positive constant C such that for any t > 0 it holds the

us (;) <Cut) .

following inequality:
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Lemma 3 at 1 < p < ¢ < oo has been proved in [3], and at 1 < p = ¢ < o0 in [2].
It holds

Theorem 3. Let 0 < a < |a], — =1— %, v € A (Q) be positive radial
a

Q| =

function depending on p (x,Tk), u and uy are positive monotone functions defined
on (0,00) k=0,1,...,n.

Suppose that the weight pair of radial functions (w1 (p (z,T'%)),w (p (z,Tk))) sat-
isfies the conditions 1) or 2);

1) the weight functions w and wi = ujv satisfy the following condition:

Vy>1 3C >0, Vte (O,W),ul(vt)l/ngit)

v (t)’
where wuy is increasing function on (0,00).
2) the weight functions w = uv and w1 = uyv satisfy the following condition:
t 1/q

" 1

la ‘—ld
sup wil7T)T T esssup —
t>0 { ( ) TE(%,OO)W(T) p—o/lal (7-) rla’l/q

<00,

where u,u; are decreasing functions on (0,00), v(p(z,I'y)) v (7 (x)).
Then it holds the following inequality:

o1t < | [If@leErae| . @
Qp

(oo (10T ) @)1}

It furthermore a@ = 0 then the inequality (4) is true when ¢ = 1, i.e. for ASIO
holds the weak (1,1) inequality.
Proof of theorem 3. Let f € L, ,(y(z1,)) () and suppose that the weight

pair (w1,w) satisfies the condition 1).
It is sufficient to prove the theorem those increasing functions for which the
following representation holds:

t

1u®=umm+/wan

0
where u (0) = tliIJIrlOul (t) and ¢ (t) >0, t € (0,00) (see [8]).
We have

{=

fa wi (p(z,Tk)) do = fa v (x) ug (0) de+

=Y {o

+ J

{x: Ka (fv la

la

Ko <fv

)@
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If u; (0) = 0 then D; = 0 and if u; (0) # 0 then by theorem 2 and the condition

1) we have
Dy = ui (0) / v(@)de < 1O (f 1 (@) Io (@) dx) <
{:c: Ko (fvl%)(@ >)\} Qp,
Cl % 4 q
<4 (J 1 @)lo @) uf (o <x,rk>>daz> <% ( [/ (:L‘,Fk))dx> |

Now let’s estimate Ds. It is easy to prove that at © € Qi, y € R(1) 7 (z +y) >
7k (), k=0,1,...,n — 1. Allowing for that out of the horn R (1/a) K, (x) is equal

to zero, then by virtue of the condition 1), theorem 2 and lemma 2 we have

p(xvrk)

D, = ) }v<x>< / w<t>dt> dr =

0

J Ka(y—2)f(y)v (y)dy

> A}v(:r)dx) dt =

) > ()
:Cz?ﬁ(t)( (f) X{x (f) Ka(y—x)f(y)v%‘(y)dy >)\}v(:c)da:) dt <
Jewr| [xqe:] [ a2 7w wa| =g
i (y)>T
<o(@dni] <2 foo | [ @@ d<
0 () >t
r(z 1/q q
C3
<& [ir@ho v ar | <
gy Z
<% /ym)\v(w)u}/q@o (x. m) /]f o (o (2.Ta) da

Combining the estimations for Dy and Dy we’ll obtain (4).
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Suppose that the weight pair (w;,w) satisfies the condition 2). It is sufficient to
prove theorem for those decreasing functions for which the following representation
holds

uy (t) = ug (00) + /w (7)dr,

where u; (00) = , liin uy (t) and ¥ (t) > 0, t € (0,00).
——00
We have

/ w1 (@) (p(2,Ty)) do =

e Yo

= L v (z) uy (00) dr+

e Yo

+ J v(m)( Ofo w(t)dt>dx:Bl+32,
{az: Ka (fvﬁ>(z) >>\} p(z,T'k)

If uy (00) = 0 then B; = 0 and if u;j (00) # 0 then by theorem 2 and by lemma
3 (at p =1) we have:

B = uy (00)

P

S
&
&
AN

{o

<oy (Qf f (@) v (z) dib‘) < St <Q |f (@)] v () uf (p(fv,Fk))dJ?) <

Ka<fv

< S (f If(ﬂf)!v(:ﬂ)U(p(%Fk))de> =5 <f\f(x)|w(0(w,Fk))dI> :
Qp Q

Let estimate Bs.

p(z, L)<t

X ( [ x {:U :
p(zzrk)<t

By = {w(w( J X{Z:KQQU‘%‘)(Z) >A} (w)v(x)dw) dt < {w(t)x

[ Kaly—2)f(y)v (y)dy
p(y,T'k)>2cot

> ;‘} v () dx) dt+

p(y,T'r)<2cot

= Ba1 + Baa.
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Again using theorem 2, lemma 3 and generalized Minkowsky inequality with the
exponent ¢ > 1 we have

q

B < 3 /w / 1 @) X ooy <eaty (@) 0 (@) di | dt <
Q

1 q
p(z,Ty) q
C 7
<G /If(w)lv(w) /mt)dt ir | <
QO 0

260

<Srl Ju@ivend (5| <

q q

<Cigg | [ @Iv@ue@ T | =i | [ 1@l @) ds
Qg

= Gavg
Qg

Estimate now Bay. If p(z) <t, p(y) > 2cot then p(y —z) > —p(y) —p(x) >
Co

1 1 1 1
ap (y) — 2—60p (y) = Q—Cop (y), ie. p(ly—z) > 2—60p (y). Performing substitution

¢ =2"—p("), 1" =y" —p(y) and then redenoting &' = 2/, o' = 3 we’ll obtain:

q

321</1/1 / / me v(x)dr | dt <

S e p
p(z,I'g)<t |p(y,I'x)>2¢

c°° If(y)lv"() _
0 w(x)<t/Co r(y)>2t

/’I,Z) / v (p (é—//)) dé—// %
p(€")<t/Co
o q
' lf 0"+ Nvi (0" + o)) ,
< | [d d dt =
/ ’ / p(y, " + o (y)) e !

Rk p(n")>2t

“Sfonlfr [ coene)-
0

Rk p(¢")<t/Ch
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q
N ) E
o| far [ LA SO NP o 4200 | g
Rk p(n)>2t p('sn" + @)
Cr [ : %
N AZ/‘Z) (5) /” (r) i1 tar /va (07" + (i) ) "= x
0 0 s/ec

q

« / ‘f(77’,5“”(”+g‘0(n’)>‘da(g)d5 s | ds.
Si

Besides the following estimation holds:

Jo@) (ermraf e foon(Jomsea) -
0 0 0

0
t/2 t/2 t/2 t/2
= /v (1) rlal—1 /w (s)ds | dr < /v (1) ug (7) rlal=1gr = /w1 (1) rlal—1gr.
0 0 0 0
Therefore we have:
¢ s/2 1/q
b { v(3) Z o(r)Tdr | ds e (ryv=all () rlelfa =

t 1/q
1
= “1d < o0
=50 ({ wi{r) T e o (v Tl (7) 7l < %

Allowing for this estimation and the second part of theorem 2 we’ll get

_ o \a//| e
By <8 /w(t)v 5 (1) ¢ o (1) ! / (g do )] | dt | =
"\ S
q
C a//_ a— —
- % /t' 1y (1) / g do @) | ae| =
O Sn—k—l
++

=S| [ @ity
Qf

Theorem is proved.
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At ¢ =1 the following corollaries follow from theorem 3.
Corollary 1. Let 1 < g < o0, a = |a] (1 — %) , 8> 0. Then for the operator
f — Ky f it holds the following inequality:
q

P& I%)” gy < e /\f(x)|w(p (%Fk))ﬂdx
{z:| Ko f(z)|>A} R

If o = 0 then in this case for ASIO it holds the weak (1.1) inequality.
Corollary 2. Let 1 < ¢ < 00, a = |a| (1 - %) Suppose that w (x) is increasing
radial function and wi (x) is arbitrary radial function. Then for the operator f —
K. f the following inequality holds:
q

o (p (D) dr < [1f @l (@) s

{z:| Ko f(2)[>A} Qp

If & = 0 then in this case for ASIO it holds the weak (1.1) inequality.
The sufficient conditions for general radial weights providing the validity of two

weight inequality of weak type it given in the following theorem
Theorem 4. Let 0 < a < |a|], — =1— ﬁ, w(p(x,Ty)) and wi(p(x,Tk))
q a
are redial functions on (0,00), w(p(xz,Tk)) equivalent to w (7 (z)), w1 (p(z,Tk))
equivalent to wy (7 (x)) and the following conditions are fulfilled:

q

1)3C >0, Vt>0, sup wi(t)| <C sup w(7),
%<TSBCOt %<T§800t

1
2) sup <fw1 (T)d7> " ess sup
t>0 \¢t T r€(0,2t) W (1)

1

< 00,

t " a 1
3) sup <fw1 (1) 7l |1d7'> €ss sup————— < 00.
t>0 \ 0 TE(%,oo)w(T) T‘“ |/q
Then it holds the following inequality
q
1
@z <c | 1[I @lep@nd| . ©

{z:|Ka f(z)|>A} Qp

If furthermore o« = 0 then the inequality (5) is true at ¢ = 1 i.e. for ASIO it
holds the weak (1,1) inequality.
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