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ON INFLUENCE OF THE FORMS OF A LOCKALDISTORTION IN THE LAMINARY STRIPESTRUCTURE ON STRESS DISTRIBUTION
Abstract

In the context of continual theory with attraction of equations of the elasticitytheory, deected mode of the stripe, made of the laminary composite materialswith a local distortion in the structure is investigated. The method of smallparameter is used for solving problem. The methods of �nding the quantity ofeach approximation in analytical form are stated.
In the given work using the equation of the elasticity theory in the contex ofcontinual theory [1], deected mode of the hinge �xed stripe, made of laminarycompasite materials with a local distortion in the structure, under the action ofuniformly distributed load on the upper surface and the lower surface free from theload taking up a domain.

D = f0 � x1 � l;�H � x2 � H;�1 < x3 <1g
is researched.Taking into account that the distortion in the structure of the stripe materialdoesn't depend on x3 and reinforcing layers are situated on planes ox1x2 the com-ponents of the displacement will be u3 � 0; ui = ui(x1x2) (i = 1; 2; ), i.e. adistorted-plane state holds.The equation of the median surface of the chosen distorted layer has the followingform [3]: x2 = F (x1) = "f(x1): (1)

Here " is the dimensionless small parameter whose sense is de�ned for eachparticularly given functions of the distortion form [3].It should be noted that the function F 0 and its �rst order derivative are contin-uous and the condition " ����df(x1)dx1
���� < 1

is ful�lled.At that the dependence between stresses and deformations, in the anisotripicmaterials with cited modules of elasticity, expressed with the help of modules ofelasticity for linearly-anisotropic material and distortion parameters of the layers
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will be in the form [4]

�11 = A11"11 +A12"22 + 2A16"12;
�22 = A12"11 +A22"22 + 2A26"12;
�12 = A16"11 +A26"22 + 2A66"12;

(2)

where Asp = Aspo + 1X
n=1"2nAspq (3)

(s; p; q = 1:::6):
Here Aspo is the module of elasticity of the homogenous linear anisotropic body.Aspq are de�ned also through Aspo and distortion parameters of the layers [3], " is asmall parameter.It is supposed that on the edges of the stripe the following boundary conditionsare ful�lled: u2(x1; x2) = 0 at x1 = 0; l;

�22 = �p; �12 = 0 at x2 = +H;
�22 = 0; �12 = 0 at x2 = �H:

(4)
Let's write down the balance equations and Cauchy correlations

@�11@x1 + @�12@x2 = 0;
@�12@x1 + @�22@x2 = 0; (5)

"11 = @u1@x1 ; "22 = @u2@x2 ; "12 = 12
�@u1@x2 + @u2@x1

� : (50)
In general case equations (2), (5) correspond to the correlations of the elastic-ity theory of the non-homogenous anisotropic body, whose properties continuouslychange along the axes ox1; ox2. Therefore getting the exact solutions for a systemof equations is connected with de�nite di�culties.As a result of this, the approach to the exact solution of the problem is suggestedin the given work on the basis of a small parameter method.The quantities, characterizing the deected mode of the stripe we search in theform of series by parameter " in the following form [3]:

�ij = 1X
n=0"n�nij ; ui = 1X

n=0"nuni ; "ij =
1X
n=0"n"nij : (6)
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Taking into account (3), (6) in (4) and (5) and realizing a grouping by the samedegrees of ", for each approximation we obtain:1) Zero approximationa) Hooke's law �011 = A110"011 +A120"022;

�022 = A120"011 +A220"022;
�012 = 2A660"012:

(7)
b) Boundary conditions:

u(0)2 (x1x2) = 0 at x1 = 0; l;
�(0)22 = �p; �(0)12 = 0 at x2 = +H;
�(0)22 = 0; �(0)12 = 0 at x2 = �H:

(70)

2) First approximationa) Hooke's law
�(1)11 = A110"(1)11 +A120"(1)22 + 2A161"(0)12 ;
�(1)22 = A120"(1)11 +A220"(1)22 + 2A261"(0)12 ;
�(1)12 = 2A660"(1)12 +A161"(0)11 +A261"(0)261:

(8)

b) Boundary conditions:
u(1)2 (x1x2) = 0 at x1 = 0; l;�(1)22 = 0 �(1)12 = 0 at x2 = �H: (80)

3) Second approximationa) Hooke's law
�(2)11 = A110"(2)11 +A120"(2)22 + 2A161"(1)12 +A112"(0)11 +A122"(0)22 ;
�(2)12 = A120"(2)11 +A220"(2)22 + 2A261"(1)12 +A212"(0)11 +A222"(0)22 ;

�(2)12 = 2A660"(2)12 +A161"(1)22 +A261"(1)22 +A662"(0)12 :
(9)

b) Boundary conditions
u2(x1x2) = 0 at x1 = 0; l;�(2)22 = 0; �(2)12 = 0 at x2 = �H: (90)
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Using the balance equations, the Cauchy's correlations and Hooke's law for eachapproximation we obtain the corresponding system of determinative equations indisplacements in the form

A110@2u(n)1@x21 + (A120 +A660) @2u(n)2@x1@x2 +A660@2u(n)1@x22 = D(n)1 (x1; x2);
A660@2u(n)2@x21 + (A120 +A660) @2u(n)1@x1@x2 +A220@2u(n)2@x22 = D(n)2 (x1x2):

(10)
Here1) Zero approximation at n = 0

D(0)1 = D(0)2 = 0:
2) First approximation at n = 1

D(1)1 = �@(2A161"(0)12 )@x1 � @(A161"(0)11 +A261"(0)22 )@x2 ;
D(1)2 = �@(A161"(0)11 +A261"(0)22 )@x1 � @(2A261"(0)12 )@x2 :

3) Second approximation at n = 2
D(2)1 = �@(2A161"(1)12 +A112"(0)11 +A122"(0)22 )@x1 �

�@(A161"(1)11 +A261"(1)22 + 2A662"(0)12 )@x2 ;
D(2)2 = �@(A161"(1)11 +A261"(1)22 + 2A662"(0)12 )@x1 �

�@(2A261"(1)12 +A112"(0)11 +A222"(0)22 )@x2 :
Let's remark that zero approximation is a solution of the problem for homogenouslinear orthogonal stripe. Therefore, inuence of the distortion in the structure ofstripe on the distribution of the deected mode will be characterized by quantitiesof the �rst, second and following approximations.Further, we'll set out the methods of �nding the quantity of each approximation.From the simultanlous equation (10) after the some transformations we shall obtainthe following di�erentiable equations with respect to u(n)2 (x1; x2).

a1@4u(n)2@x41 + b1 @4u(n)2@x21@x22 + c1@4u(n)2@x42 = D(n)(x1; x2): (11)
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Here

a1 = A110A660; b1 = A110A220 � 2A660A120 �A120; c1 = A220A660;
D(n)(x1; x2) = A110@2D(n)2@x21 � (A120 +A660) @2D(n)1@x1@x2 +A660@2D(n)2@x22 :

We we'll �nd u(n)2 , we can de�ne u(n)1 by formula:
@3u(n)1@x31 = a2 @3u(n)2@x21@x2 + b2@3u(n)2@x32 + a3@D(n)1@x1 + b3@D(n)2@x2 (12)

where a2 = A2660 � (A120 +A660)2A110(A120 +A660) ; b2 = A220A660A110(A660 +A120) ;
a3 = 1=A110; b3 = �A660=A110(A660 +A120):First of all we solve equations (11), (12) at n = 0 for zero approximation.Expressions for u(0)1 and u(0)2 satisfying the conditions on supported sides (x1 =0; l) we'll take in the form:

u(0)1 = f (0)1 (x2) cos �x1l ;
u(0)2 = f (0)2 (x2) sin �x1l : (13)

Putting (13) in (11) and (12) we'll obtain:
c1f (0)IV

2
(x2)� �2b1f (0) 00

2 (x2) + �4a1f (0)
2 (x2) = 0; (14)

f (0)1 (x2) = a2=�f (0)02 (x2) + b2=�3f (0)0002 (x2);� = �l : (15)
The solution of the homogenous equation (14) we search in the form:

f (0)2 (x2) = exp(��x2):
Then for determination of the quantities � we have the characteristic equation

c1�4 � b1�2 + a1 = 0: (16)
The common integral of the equation (14) depends on the roots of the charac-teristic equation (16)

�1;2;3;4 = �
sb1 �pb21 � 4a1c12c1 :
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The linear combination of the partial solutions for all roots �i
f (0)2 (x2) = c(0)1 e��1x2 + c2e���1x2 + c2e���1x2 + c3e��2x2 + c4e���2x2 : (17)

is a common solution of the homogenous equation.On the basis of the conditions (7') from (7) we'll obtain (closed) system from thefour non-homogeneous linear algebraic equations for determination of the unknownconstants c(0)1 ; c(0)2 ; c(0)3 ; c(0)4 included into expression f (0)2 (x2) and we completely de-�ne deected mode of the zero approximation
"(0)11 = ��a2=� � f (0)02 (x2)� b2�2 f (0)0002 (x2)� sin �x1l ;

"(0)22 = f (0)02 (x2) sin �xl ;
"(0)12 = 12

��f (0)2 (x2)� a2� f (0)002 (x2)� b2�3 f (0)IV2 (x2)� cos �x1l :
(18)

Putting (18) in (7) we de�ne the zero approximation deformation.Further, taking into account the quantities of the zero approximation we de�nethe quantities of the following approximations.First approximation. Now, taking into account that A161 = a(x1)A0161; A261 =a(x1)A0261 [3], putting (18) in (11) and after some grouping we'll get
a1@4u(1)2@x41 + b1 @4u2@x21@x22 + c1@4u(1)2x42 =

= �K1(x2)a(x1) +K3(x2)@2a(x1)@x21
� cos �x1l +

+ �K2(x2)@a(x1)@x1 +K4(x2)@3a(x1)@x31
� sin �x1l :

(19)

Here
a = df(x1)dx1 ;

K1(x2) = z1f (0)02 (x2) + z2f (0)0002 (x2) + z3f (0)V2 (x2) + z4f (0)V II2 (x2);
K2(x2) = z5f (0)02 (x2) + z6f (0)0002 (x2) + z7f (0)V2 (x2);
K3(x2) = z8f (0)02 (x2) + z9f (0)0002 (x2) + z10f (0)V2 (x2);

K4(x2) = z11f (0)02 (x2) + z12f (0)0002 (x2);
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z1; :::; z12 are the known constants.Taking the functions, characterizing the form of a local distortion in the stripestructure in the form [2]

F (x1) = "f(x1) = Ae�(x1L )2 (20)
then f(x1) = 1Le�(x1L )2 ; (21)where A is the maximum of rise, L is the introduced geometrical parameter, whichis indicated in �g.17 of the work [2]. It is supposed that A < L and " = A=L is takenas a small parameter. Finding a(x1) and its derivatives and putting them into (19),we'll obtain the following non-homogenous di�erentiable equation for determinationu(1)2 (x1; x2):

a1@4u(1)2@x41 + b1 @4u(1)2@x21@x22 + c1@4u(1)2@x42 =
= �K11(x2)�x1L �+K12(x2)�x1L �3

� e�(x1L )2 cos �x1l +
+ �K13(x2) +K14(x2)�x1L �2 +K15 �x1L �4

� e�(x1L )2 sin �x1l :
(22)

Here K11(x2); :::;K15(x2) are expressed by K1(x2); :::;K4(x2) by means of theiradditions.We choose the solution of equation (22) in the form:
u(1)2 (x1; x2) = f (1)2 (x2)e�(x1L )2 sin �x1l : (23)

Putting (23) in to (22), dividing each side into e�(x1L )2 and after some transfor-mation we'll obtain:
C1f (1)IV

2 (x2) sin �x1l + ��B1 +B2 � �x1L �2
� sin �x1l +B3 �x1L � cos �x1l

��
�f (1)002 (x2) +��A1 +A2 �x1L �2 +A3 �x1L �4

� sin �x1l +
+ �A4 �x1L �+A5 �x1L �3

� cos �x1l
� f (1)2 (x2) =

= �K11(x2)�x1L �+K12(x2)�x1L �3
� cos �x1l +

+ �K13(x2) +K14(x2)�x1L �2 +K15 �x1L �4
� sin �x1l :

(24)
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C1; B1; B2; B3; A1; :::; A5 are the known constants.Further, applying Bubnov-Galerkin's method, excepting the variable x1 withrespect to the variable x2 we'll get non-homogeneous ordinary di�erentiable equationin the form:

D11f (1)IV
2 (x2) +D12f (1)002 (x2) +D13f (1)2 (x2) = Y (1)(x2); (25)

where
D11 = c1 lR0 sin2 �x1l dx1; D12 = lR0

�B1 +B2 � �x1L �2�
� sin �x1l +B3 �x1L � cos �x1l i sin �x1l dx1

D13 = lR0
��A1 +A2 �x1L �2 +A3 �x1L �4

� sin �x1l +
+ �A4 �x1L �+A5 �x1L �3

� cos �x1l
� sin �x1l dx1

Y (1)(x2) = lR0
��K11(x2) + �x1L �+K12(x2)�x1L �3

� cos �x1l +
+ �K21(x2) +K22(x2)�x1L �2 +K23(x2)�x1L �4

� sin �x1l
� sin �x1l dx1:

after integrating for Y (1)(x2) we have
Y (1)(x2) = K(1)1 e��01x2 +K(1)2 e���01x2 +K(1)3 e��02x2 +K(1)4 e���02x2 : (26)

Here K(1)1 ;K(1)2 ;K(1)3 ;K(1)4 are the known constant.Homogeneous part of equation (25) is solved like equations (14).Choosing f (1)2 (x2) = exp(�(1)x2) (27)
knowing the roots B(1)i of characteristic equations, we de�ne

f (1)2gen(x2) = c(1)1 e�(1)1 x2 + c(1)2 e�(1)1 x2 + c(1)3 e�(1)2 x2 + c(1)4 e��(1)2 x2): (28)
The partial solution (25) is de�ned by simple algebraic ways, as the right handside has a special view (26). Using the operator notation

P4(D)f (1)2 (x2) = Y (1)(x2)
or �D11D4 +D12D2 +D13D� f (1)2 (x2) = Y (1)(x2)
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where D is a di�erentiation operator

Df (1)2 (x2) = df (1)2 (x2)dx2 :
Taking into account (26) and knowing that

P4(��(0)1 ); P4(���(0)1 ); P4(��(0)2 ); P4(���(0)2 ) 6= 0:
since ��(0)1;2 6= �11;2 i.e. ��(0)1;2 is not a root of the characteristic equation (25). At thatthe partial solution of (25) is

f (1)2par(x2) = K(1)1 e��(0)1 x2
P4(��(0)1 ) + K(1)2 e���(0)1 x2

P4(���(0)1 ) + K(1)3 e��(0)2 x2
P4(��(0)2 ) + K(1)4 e���(0)2 x2

P4(���(0)2 ) : (29)
Then a common solution of non-homogenous equation (25) will be in the form

f (1)2 (x2) = f (1)2gen(x2) + f (1)2par(x2): (30)
Let's remark that choosing

u(1)1 (x1x2) = f (1)1 (x2)e�(x1L )2 cos �x1l
putting in (12) we can �nd f (1)1 (x2) through f (1)2 (x2).Further, taking into account the Cauchy's correlation (1) and (8) from the bound-ary condition (8') we'll obtain a system of four non-homogeneous linear algebraicequations for determination of the unknown constants C(1)1 ;C(1)2 ;C(1)3 C(1)4 includedinto the expression f (1)2 (x2). After that we completely de�ne the quantities of the�rst approximation by formulae (8).Continuing the stated procedure, we can de�ne the quantities of the consequentapproximations.Thus, in the contex of the continual theory using the equations of the elastic-ity theory the methods of investigation of the deected mode of a stripe made ofanisotropic materials with a local distortion layers are developed.The methods of �nding quantities of each approximation in the analogical formare stated.
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