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ON THE APPROXIMATION ORDER OF SOME
INTEGRAL EXPRESSIONS

Abstract
In the work we research the approximation order of the integral expressions ofform (1) in the mixed norm by means of the special interpolational polynomials(4), constructed with respect to the roots of Hermite polynomials.

Let's consider the integral expression of the form:
�(x; y) = 1Z

�1f(t; y)g(x; t)e
�t2dt; (1)

where f(t; y) is continuous on all plane R2, such, that at 0 < c < 12
limt2+y2!1f(t; y)e�c(t2 + y2) = 0 (2)

and suppose that
sup�1<x<1

1Z
�1e

�t2 jg(x; t)j2 dt �M = const: (3)
We'll approximate integral expression (1) by means of the function

�nm(x; y) = nX
�=1

mX
�=1

f(x�n; x�m)	(n;m)�;� (x; y); (4)
where

	(n;m)�;� (x; y) = l�m(y)
1Z
�1l�n(t)g(x; t)e

�t2dt; (5)
and

ljk(x) = Hk(x)H 0k(xjk)(x� xjk)
are fundamental polynomials at interpolating by Lagrange method, the nodes xjk(j =1; 2; :::; k) are the roots of Hermite polynomials Hk(x) of degree k, de�ned by theformula

Hk(x) = (�1)kp2kk!p�ex2(e�x2)(k): (6)
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The functions 	(n;m)�;� (x; y), de�ned by integral (5) will be calculated as shownbelow:It is known that ([1], page 115)

n�1X
s=0

Hs(x)Hs(y) =rn2 Hn(x)Hn�1(y)�Hn�1(x)Hn(y)x� y (7)
and

H 0n(y) = p2nHn�1(y): (8)
Let's remark that formulae (7) and (8) in the book [1] have some other formbecause of other normalization of Hermite polynomials.Allowing for y = x�n in the equations (7) and (8), we found

l�n(x) = 2[H 0n(x�n)]�2m�1X
s=0

Hs(y)Hs(x�n):
Hence, from (5), allowing for (6) we have

	(n;m)�;� (x; y) = 4[H 0n(�n)H 0m(x�m)]�2m�1Ps=0Hs(y)Hs(x�n)�

�
n�1P
k=0

(�1)k(2kk!p�)� 12Hk(x�n) 1R�1
�e�t2�(k) g(x; t)dt:

(9)

In particular, if g(x; t) = e�ixt then from (1) it follows that the function �(x; t)at every �xed y is a Fourier transformation of the function
'(t) = p2�f(t; y)e�t2 :

In this case (9) it is necessary to take into account
1Z
�1g(x; t)

�e�t2�(k) dt = 1Z
�1e

ixt �e�t2�(k) dt = p�(ix)ke� 14x2 :
Theorem. If f(t; y) is continuous on all plane R2 and satis�es condition (2),

then

sup�1<x<1
1Z
�1[�nm(x; y)� �(x; y)]2e�y2dy � AE2nm(f); (10)

where A = const;
Enm(f) = inffPnmg

� max(x;y)2R2 jf(x; y)� Pnm(x; y)j e�c(x2+y2)� ;�0 < c < 12
� :
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Pnm(x; y) is an arbitrary algebraic polynomial of a degree no higher than n and

m respectively by x and y.Proof. From (1), (4) and (5) it follows, that
�nm(x; y)� �(x; y) = 1Z

�1[Lnm(t; y)� f(t; y)]e�t2g(x; t)dt; (11)
where

Lnm(t; y) = nX
�=1

mX
�=1

f(x�n; x�m)l�n(t)l�m(y):
Applying Bunyakovskii inequality to integral (11) and allowing for (3) we have

j�nm(x; y)� �(x; y)j2 �M
1Z
�1[Lnm(t; y)� f(t; y)]e�t2dtdy:

Hence,
sup�1<x<1

1R
�1 j�nm(x; y)� �(x; y)j2 e�y2dy �

�M 1R
�1[Lnm(t; y)� f(t; y)]2e�t2�y2dtdy:

Allowing for theorem 1 from the work [3] in the last inequality, we'll obtain (10).Applying result [2] on relation of a best approximation Enm(f) with the moduleof a continuity of the given function f(t; y) we'll obtain the approximation order onall plane in the mixed norm of integral expressions (1) by means of function (4),depending on the structural properties of f(t; y).
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