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ON SOLVABILITY OF ONE CLASS OF PARTIALOPERATOR-DIFFERENTIAL EQUATION
AbstractIn the paper the su�cient conditions on correct and one-valued solvabilityof partial operator-di�erential equations on the whole of space are obtained.

LetH be a separable Hilbert space, A be a normal invertible operator. Denote byR2 = f(x; y) ; x; y 2 R; R = (�1;1)g and by L2 �R2;H� a Hilbert space of vector-functions f (x; y) with the values from the space H measurable and quadraticallyintegrable vector-functions for which
kfkL2 =

0@Z Z
R2

kf (x; y)k2 dxdy
1A

1
2 <1:

Let D �R2;H �A2�� be a set of in�nitely di�erentiable vector-functions u (x; y)with the values from D �A2� with the compact supports in R2. In this linear set wedetermine the norm
kukW 22

=  @2u@x2
2
L2

+ @2u@y2
2
L2

+ A2u2L2
! 1

2 :
It is evident that D �R2;H �A2�� is a pre-Hilbert space which completion wedenote by W 22 �R2;H �A2��.Consider the following di�erential equation in the space H

�@2u@x2 � @2u@y2 +A2u+A1;0@u@u +A01@u@y +A00u = f; (x; y) 2 R2; (1)
where f (x; y) 2 L2 �R2;H� ; u (x; y) 2 W 22 �R2;H �A2�� ; A is a normal invertibleoperator, A00; A01; A1;0 are linear, generally speaking unbounded operators in H:De�nition 1. If at f (x; y) 2 L2 (R;H) there exists the vector-function u (x; y) 2W 22 �R2;H �A2�� which satis�es equation (1) almost everywhere in R2 then we'll call

it a regular solution of equation (1).De�nition 2. If at any f (x; y) 2 L2 (R;H) there exists a regular solution of

equation (1) which satis�es the inequality

kukW 22
� const kfkL2 :

then we'll call equation (1) regularly solvable.The aim of the present paper is �nding su�cient conditions expressed only by thecoe�cients of an operator-di�erential equation which provide regular solvability ofequation (1). Note that in one-dimensional case such type equations were consideredby many authors (see for ex. [1,2]).
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In many-dimensional case such equations are considered in [3] for a higher order,but the conditions of solvability are expressed in terms of growth of resolvent ofcorresponding operator bundle. In [4] the analogous conditions of solvability areobtained in case when A is a self-adjoint operator.Introduce the following notation:

P0u = �@2u@x2 � @2u@y2 +A2u; u 2W 22 �R2;H �A2�� ;
P1u = A1;0@u@x +A01@u@y +A00u; u 2W 22 �R2;H �A2��

Theorem 1. Let A be a normal invertible operator with the spectrum in an

angular sector S" = f� : jarg �j � "g ; 0 � " � �4
Then the operator P0 maps the space W 22 �R2;H �A2�� on the space L2 �R2;H�
isomorphically.Proof. Consider the equation

P0u = f: (2)
Since f (x; y) 2 L2 �R2;H� then the Fourier transformation of the vector-functionf (x; y) has the form:

f̂ (�; �) = 12�
Z Z
R2

f (x; y) e�i�x�i�ydxdy:
Assume û (�; �) = ��2E + �2E +A2��1 f̂ (�; �)

and show that the vector-function
u (�; �) = 1(2�)2

Z Z
R2

û (�; �) ei�x+i�yd�d�:
is a regular solution of equation (2)It is evident that the vector-function u (x; y) satis�es equation (2) almost every-where in R2. Therefore it is su�cient to show that u (x; y) 2 W 22 �R2;H �A2��. ByPlancarel theorem it is su�cient to prove that A2û (�; �) ; �2û (�; �) ; �2û (�; �) 2L2 �R2;H� :Since A2û (�; �)L2 = A2 ��2E + �2E +A2��1 f̂ (�; �)

L2
�

� sup(�;�)2R2

A2 ��2E + �2E +A2��1 � f̂ (�; �)
L2
; (3)

then it is su�cient to estimate the operator norm in inequality (3).



Proceedings of IMM of NAS of Azerbaijan
[On solvab. of part. oper.-di�er. equat.]

59
From the spectral expansion of the operator A it follows that at (�; �) 2 R2 and� = rei' 2 � (A) (� (A) is a spectrum of the operator A) it holds the inequalityA2 ��2E + �2E +A2��1 = sup

�2�(A)
����2 ��2 + �2 + �2��1��� =

= sup
�2�(A)

���r2 ��2 + �2 + r2e2i'��1��� =
= sup

�2�(A)
����r2 h��2 + �2�2 + r4 + 2r2 ��2 + �2� cos 2'i� 1

2
���� �

� sup
r>0r2

h��2 + �2�2 + r4 + 2r2 ��2 + �2� cos 2"i� 1
2 : (4)

Note that at 0 � " � �4 cos 2" � 0. Then from inequality (4) it follows that
A2 ��2E + �2E +A2��1 � r2 ���2 + �2�2 + r4�� 1

2 � 1: (5)
Allowing for inequality (5) in (3) we obtain that A2û (�; �) 2 L2 �R2;H� :Since �2û (�; �)L2 = �2 ��2E + �2E +A2��1 f̂ (�; �)

L2
�

� sup(�;�)2R2

�2 ��2E + �2E +A2��1 � f̂ (�; �)
L2
;

then we have to estimate the operator norm in the last inequality.Using spectral expansion of the operatorA and acting analogously to the previouscase we obtain the estimation
sup(�;�)2R2

�2 ��2E + �2E +A2��1 � 1: (6)
Consequently �2û (�; �) 2 L2 �R2;H�. It is analogously proved that �2û (�; �) 2L2 �R2;H�. Thus u (x; y) 2W 22 �R2;H� is a regular solution of equation (7), conse-quently.Since the equation P0u = 0 has only a zero solution then to complete theproof of the theorem it is su�cient to show the boundedness of the operator P0 :W 22 �R2;H �A2�� ! L2 �R2;H� ; since the assertion of the theorem in this casefollows from the Banach theorem on the inverse operator.But the continuity of the operator P0 follows from the inequality

kP0ukL2 = �@2u@x2 � @2u@y2 +A2u2
L2
�

�  @2u@x2

L2

+ @2u@y2

L2

+ A2uL2
!2 � 3 kuk2W 22

:
The theorem is proved.
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Lemma 1. Let A be a normal invertible operator which spectrum is con-

tained in an angular sector S" = f� : jarg �j � "g ; 0 � " � �4 . Then for allu 2W 22 �R2;H �A2�� it holds the inequality

kP0uk2L2 = @2u@x2
2
L2

+ @2u@y2
2
L2

+ A2u2L2 + 2 cos 2"A@u@x
2
L2

+
+2 cos 2"A@u@y

2
L2

+  @2u@x@y
2
L2
: (7)

Proof. Let u 2 D �R2;H�. Then
kP0uk2L2 = �@2u@x2 � @2u@y2 �A2u2

L2
= @2u@x2

2
L2

+ @2u@y2
2
L2

+ A2u2L2 �
�2Re�@2u@x2 ; A2u�

L2
� 2Re�@2u@y2 ; A2u�

L2
+ 2Re�@2u@x2 ; @2u@y2

�
L2
: (8)

Using the Fourier transformation we obtain the following inequality
��@2u@x2 ; A2u�

L2
= �A�@u@x;A@u@x

�
L2

=
= �A�A�1A@u@x;A@u@x

�
L2
� cos 2" A@u@x

2
L2
; (9)

��@2u@y2 ; A2u�
L2
� cos 2"A@u@y

2
L2
; (10)

and �@2u@x2 ; @2u@y2
� =  @2u@x@y

2
L2
: (11)

Allowing for the inequality (9)-(10) in (8) we complete the proof of the lemmasince the set D �R2;H� is dense in W 22 �R2;H �A2��.Lemma 2. At ful�llment of conditions of lemma 1 and for all u 2W 22 �R2;H �A2��
it hold the following inequalities

1) A2uL2 � kP0ukL2 ; (12)
2) A@u@x


L2
� C (") kP0ukL2 ; (13)

3) A@u@y

L2
� C (") kP0ukL2 ; (14)

where C (") = 12 cos " :Proof. The inequality (12) follows from inequality (3) subject to inequality (5).Let's prove the inequality (13) and (14)
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Since at u 2 D �R2;H�A@u@x

2
L2

= �A@u@x;A@u@x
�
L2

= ��@2u@x2 ; A�Au
�
L2
�

� @2u@x2

L2
� A2uL2 � 12

 @2u@x2
2
L2

+ A2u2L2
! :

Allowing for inequality (7) we haveA@u@x
2
L2
� 12

 kP0uk2L2 � 2 cos 2" � A@u@x
2
L2
�

�2 cos 2" � A@u@y
2 �  @2u@x@y

2
! � 12

 kP0uk2L2 � 2 cos 2"A@u@x
2
L2

! :
Hence we have (1 + cos 2")A@u@x

2
L2
� 12 kP0uk2L2or A@u@x


L2
� 12 cos " kP0ukL2 :

Thus inequality (13) is proved.Inequality (14) is proved analogously.The lemma is proved.Lemma 3. Let the operator B01 = A01A�1; B1;0 = A1;0A�1 and B00 = A00A�2
be bounded in H. Then the operator P1 :W 22 �R2;H �A2��! L2 �R2;H� is contin-
uous.

The proof follows from the inequality

kP1ukL2 � kB1;0k A@u@x

L2

+ kB01k A@u@y

L2

+ kB00k A2uL2
and from the inequality (7) subject to theorem 1.Let's prove now the main theorem on a regular solvability of equation (1).Theorem 2. Let A be a normal inverse operator with the spectrum in angular

sector S" = f� : jarg �j � "g ; 0 � " < �4 the operator B00 = A00A�1 be bounded inH and the inequality

� (") = kB00k+ C (") kB1;0k+ C (") kB01k < 1:
be ful�lled.Then equation (1) is regularly solvable.Proof. By theorem 1 the operator P0 is invertible. We'll write equation (1) inthe form P0u+ P1u = f;f 2 L2 �R2;H� ; u 2W 22 �R2;H (A)�. After the substitution P0u = ! we obtain theequation ! + P1P�10 ! = f
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in the space L2 �R2;H�. Since from lemma 2 it follows thatP1P�10 !L2 = kP1ukL2 �

� kB1;0k A@u@x

L2

+ kB01kA@u@y

L2

+ kB00k A2uL2 �
� (kB00k+ C (") kB1;0k+ C (") kB01k) kP0ukL2 � � (") kP0ukL2 = � (") k!k ;

then by the condition of the theorem the norm of the operator P1P�10 is less thanunity. Therefore the operator E + P1P�10 is invertible in L2 �R2;H�. Consequently
! = �E + P1P�10 � f

and u = P�10 �E + P1P�10 ��1 f:Hence it follows that kukW 22
� const kfkL2 . The theorem is proved.
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