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VARIETIES

Abstract
It is proved that if there exists a non-modular variety, satisfying some speci�cidentities then the �lter of the congruence-modularity in the lattice of interpre-tations isn't prime. If the variety doesn't exist, then these speci�c identities areequivalent to Gumm's identities.

One of the metamathematical doctrines considers algebra as applied logic. The
concept of lattice of interpretations of the varieties (in abbreviated form, LIV) can
be considered as some realization of this doctrine in the special case. The well-
known formalization of theories in the �rst order logic inevitably introduces some
unwanted moments, related with dependence of this formalization on language (or
choice of initial operations/relations. At the same time, slightly more deep look
forces to be accepted with necessity to equalize "in rights" the theories, which are
mutually-interpretable. The concept of interpretation is turned out to be important
in some results about relative consistency and in the decidablity/undecidability of
the theories. Initial formulation and study of this concept were realized in the
monograph [1]. Then di�erent variants of this concept appeared (local, global, with
parameters and etc. interpretation). The formal de�nition of interpretability can
be found in chapter IV of Shoen�eld's monograph [2]; however, he doesn't give
a model-theoretical "workmate" to the syntactic transformation I. The Monk's
exposition [3] page 216 is deprived of this lack. Note also that there exists a theoretic-
categorical point of view on these concepts, good exposition is in the review of Kock
and Reyes [4], however, it is di�cult to recognize "uncontrollable" (see [4, page 290])
the concept of clone of the operations (but the authors, apparently, had in view their
own approach).

In concerned here interpretability the symbol of equality isn't being reinter-
preted. Obtained at that lattice LIV has as a carrier (own) a class. LIV can be
recognized with much successful attempt of the classi�cation of varieties; �rst stage
of the research in this direction was summed in the monograph [5]. In the following
works [6,7,8,9] these results were deepened and extended.

By studying the lattices the problem of clari�cation of the construction of ideals
and �lters is natural. Many important classes of the varieties form the �lters in
the LIV. In particular, Malcev-de�ned classes of the manifolds are like that (other-
wise - Malcev's �lters in the LIV). We'll remind that a class K of varieties is called
Malcev-de�ned, if there exit the varieties V1; V2; :::; Vn; :::; such that all of them are
�nitely-based, �nite types, in LIV V1 � V2 � :::; and for any W 2 K there exists
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n such that W � Vn. The �lter in LIV, formed by all such W is called a Mal-
cev's �lter. The phrase \Malcev's condition" means the sequence (P1;P2; ::) of the�nite sets of identities, which de�ne, correspondingly, V1; V2::: (it admits a formal-
ization in some in�nitary language of the second step); it is said, for example, so:
congruence-modularity is a Malcev's condition. Malcev-de�ned classes of varieties
are very important, since they often correspond to natural properties of varieties;
such as modularity, distributivity, permutability, regularity etc. of congruences of
algebras in varieties, further, to important properties of spectrum of varieties (see,
for example, [10,11]). It seems true, that these natural examples have to represent
indecomposable �lters; really, the series of the examples con�rm this supposition.
However, popular �lter of the congruence{distributive varieties is decomposable (see
[5], page 59). In [12] it is given a principal new type of Malcev's �lters: it turns
out that class (BDL] := fW j BDL < W g where BDL is the variety of bounded
distributive lattices, is a Malcev's class, but it is not a strong class of Malcev, i.e.
(BDL] di�ers from any (principal) �lter in LIV, generated by a �nitely-based variety
of a �nite type. One of the questions in [1] is (negatively) solved by this. The ques-
tion about decomposability in LIV the Malcev's �lter of congruence-modularity [5,
page 3] is important. Here we'll show that this question is being solved negatively in
the presence of a non-congruence-modular variety, satisfying identities of a speci�c
view. If however, such variety doesn't exist, then we get a new (but more di�cult
than of Gumm's) characterization of the congruence-modular varieties.

Let's remind that �lter F of the lattice L is called prime, if x + y 2 F implies
x 2 F or y 2 F . Obviously, that F is a prime �lter of the lattice L if and only if
L � F is a prime ideal. Filter is called indecomposible, if it is not intersection of
two large �lters. It is easy to see that any prime �lter is indecomposibble, but the
inverse, generally speaking, is not true.

Let n be a positive odd number. Let's consider the variety Pn, given by the
system of identities:

(�)

8>>>>>>>><
>>>>>>>>:

x = p(x; z; z)
p(x; x; z) = q1(x; x; z; x; w;w);q1(x; z; z; u; u; w) = q2(x; z; z; �; �; w);q2(x; x; z; u; �; �) = q3(x; x; z; u; w;w); :::;qn(x; z; z; u; u; z) = z; q1(x; y; x; w; t; w) = x;
qi(x; y; x; w; x; w) = x; i = 2; 3; :::; n;

on one three-ary operation p and six-ary operations q1; :::; qn.Theorem. If there exists a variety, which isn't congruence-modular and satisfy

the identities (�) for some odd n, then the �lter of the congruence-modular varieties

in LIV isn't prime.

Proof. We'll prove more strong statement; viz, by suppositions of the theorem,
the �lter of congruence-modular varieties is an intersection of two another Malcev's
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�lters in LIV.

For this reason, we'll construct two countable chains in LIV:
A1 � A2 � A3 � ::: and B1 � B2 � B3 � :::

such that each of these varieties is �nitely-based and �nite type, Ai; Bi 6= Mi andAi +Bi =Mi, where Mi is a Gumm's variety; at that, it is enough to be restricted
just with odd indices. Let's remind that Gumm's varieties fMn j n is oddg which
generate the �lter of congruence-modular varieties, are given by identities:

x = p(x; z; z);
p(x; x; z) = q1(x; x; z);q1(x; z; z) = q2(x; z; z);q2(x; x; z) = q3(x; x; z); :::;qn(x; z; z) = z; qi(x; y; x) = x; i = 1; :::; n:

We can interpret Pn+2 in Pn, supposing that �rst n operations from Pn+2 are
equal to q1; :::; qn but (n + 1)-th and (n + 2)-th operations we suppose identical
to the n-th operation qn. So, in LIV we obtain the chain: P1 � P3 � P5 �
:::. Further we check that Pn is interpreted in Mn. For this reason we suppose
p := p; qi(x; y; z; t; u; �) := qi(x; y; z) for all i = 1; :::; n; these equalities guaratee a
necessary interpretation. So, for all odd n we have: Pn �M . The conditions of the
theorem (about existence of non-congruence-modular variety) imply that at some
n Pn < M .

Let's consider now the other series of varieties Qn. Let every Qn has ternary
operations �i; �i; i for i = 1; :::; n (n is odd) and is being de�ned by identities

�i(x; y; x) = i(x; y; x);�i(x; z; z) = �i(x; z; z);�i(x; x; z) = i(x; x; z) for all i = 1; :::; n; and
�i(x; y; x) = x for all i = 2; :::; n; and

�1(x; x; z) = x;
i(x; z; z) = i+1(x; z; z); i is odd,
�i(x; x; z) = �i+1(x; x; z); i is even,

n(x; z; z) = z:
We'll interpretate Qn+2 in Qn for n � 3; supposing the �rst 3n operations from

Qn+2 equal to �1; :::; �n; �1; :::; �n; 1; :::; n but operations �n+1; �n+2; �n+1; �n+2;n+1; n+2 we suppose correspondingly identical to the operations �n; �n; n. We
obtain Q3 � Q5 � Q7 � :::

Now let's check that Qn is interpretable in Mn(n � 3). For this we'll suppose:
�1 := �31; �1 := �p; 1 := q1; �2 = �2 = 2 := q2; ::: ; �n = �n = n := qn;
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where �31 is the projection �31(x; y; z) = x; which is, by de�nition, a term in any
signature. Then the identities of the variety Mn became the corollaries of the
variety Qn and we obtain required interpretation Qn �Mn.We'll prove in the last inequality there can not be equality. It is well known
that the variety of semilattices SL is not congruence-modular. If we can interpret
the variety Q1 in SL then Q1 (and consequently any Qn) can not be congruence-
modular.

Indeed suppose that
�1 := x+ y; �1 := x+ z; 1 := y + z

we'll get the required inequality Q1 � SL. So, Q1 <Mn: Thus as the given above
proof of the variety Ai we can take Pi and as Bi - variety Qi and now to complete
the proof it remains to show that in LIV

Pn +Qn =Mn:
Since Pn � Mn and Qn � Mn then Pn + Qn � Mn. We need to prove the

converse inequality; for this reason we should interpret Mn in Pn +Qn.To this end we suppose:
p(x; y; z) := p(x; y; z) and

qi(x; y; z) := qi(x; y; z; �i(x; y; z); �i(x; y; z); i(x; y; z)); i = 1; :::; n:
Now it remains to check Gumm's identities:

p(x; z; z) = p(x; z; z) = x;
p(x; x; z) = p(x; x; z) = q1(x; x; z; x; w;w) = q1(x; x; z; x; t; t) == q1(x; x; z; �1(x; x; z); �1(x; x; z); 1(x; x; z)) = q1(x; x; z);q1(x; z; z) = q1(x; z; z; �1(x; z; z); �1(x; z; z); 1(x; z; z)) == q1(x; z; z; u; u; 1(x; z; z)) = q2(x; z; z; �; �; 2(x; z; z)) == q2(x; z; z; �2(x; z; z); �2(x; z; z); 2(x; z; z)) = q2(x; z; z); ::: ;
qn(x; z; z) = qn(x; z; z; �n(x; z; z); �n(x; z; z); n(x; z; z)) == qn(x; z; z; u; u; z) = z;
q1(x; y; x) = q1(x; y; x; �n(x; y; x); �1(x; y; x); 1(x; y; x)) == q1(x; y; x; w; t; w) = x;
qi(x; y; x) = qi(x; y; x; �i(x; y; x); �i(x; y; x); i(x; y; x)) == qi(x; y; x; w; x; w) = x for i = 2; 3; :::; n:

So, equality Pn + Q = Mn has been proved and the proof of the theorem
completed.

Remark. As is evident from the theorem, we can state in LIV nonprimality
of the Malcev's �lter of congruence-modularity, just at existence of a congruence
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modular variety V , satisfying the identity (�) for some (odd) n. For example, at
n = 1 these identities (�) take a view

x = p(x; z; z);
p(x; x; z) = q(x; x; z; x; t; t);

q(x; z; z; t; t; z) = z;
q(x; y; x; t; u; t) = x;

for two terms p(x; y; z) and q(x; y; z; t; u; �). It is easy to see, that if there exists such
a variety V , then corresponding terms q1; :::; qn must essentially depend at least on
one of the there last of six arguments.

On the other hand, since
Pn +Qn =Mn&Qn <Mn;

then it may happens that at any n an equality Pn =Mn is ful�lled.
It may happens, if it turns out that for any variety V , satisfying the identities

(�) (at some odd n), V is congruence-modular. This equality Pn =Mn for all n will
means that Gumm's identities and our identities (�) are equivalent, i.e. we obtain
in this case an alternative description (�) for the congruence-modular varieties (of
course, at this the question about primality of the �lter of congruence-modularity
would remain open).
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