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Abstract

In the paper we prove the uniqueness theorem of solution of the inverseproblem for quadratic bundle of the Sturm-Liouville operators with regular non-separated boundary conditions.
Denote by L (h) a boundary value problem generated on the segment [0; �] bythe di�erential equation

y00 + ��2 � 2�p (x)� q (x)� y = 0 (1)
and nonseparated boundary conditions of the form

y0 (0)� hy (0) + by (�) = 0;
y0 (�) +Hy (�)� by (0) = 0; (2)

where p (x) and q (x) are real functions belonging to the spaceW 1
2 [0; �] and L2 [0; �],respectively, h; H and b are real numbers. A lot of papers were devoted to the directand inverse problems for equation (1) at p (x) � 0 in di�erent statements (see thebooks [1-3] and the references noted in them). Some inverse spectral problems inthe case p (x) 6� 0 were investigated in [4-7].In the present paper we prove the uniqueness theorems of solution of the inversereconstruction problem for the coe�cients of equation (1) and boundary conditions(2).We de�ne the linear operator L0 acting in the Hilbert space W 0

2 [0; �] = L2 [0; �]in the following form: The domain of de�nition D (L0) of this operator consists of allsuch functions y (x) 2W 2
2 [0; �] which satisfy boundary conditions (2). If y 2 D (L0)then by de�nition we assume L0y = �y00 + q (x) y. Later on we assume that L0 isa positive operator, i.e., for any function y 2 D (L0) ; y (x) 6� 0 the inequality(L0y; y) > 0 is satis�ed. By ful�lling this condition, the eigen values of boundaryvalue problem are real and nonzero (see [8]).

1.The uniqueness of reconstruction of the problem L (h).Let the functions c (�; x) ; s (�; x) be solutions of equation (1) under the initialconditions c (�; 0) = s0 (�; 0) = 1; c0 (�; 0) = s (�; 0) = 0:
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Assume u+ (�) = b2s (�; �)� c0 (�; �)�Hc (�; �) ; (3)

� (�) = s0 (�; �) +Hs (�; �) ;
�(�) = u+ (�)� h� (�) + 2b: (4)

The eigen values k; k = �0;�1;�2; ::: of the problem L (h) coincide with zerosof the functions � (�). According to the paper [7]
k = k + a+ Akk� + rkk ; (5)

where a = 1�
�Z
0

p (x) dx; Ak = 2b (�1)k+1 + h+H + a1;
a1 = 12

�Z
0

�q (x) + p2 (x)� dx; frkg 2 l2:
Let zk; k = �1;�2; ::: be eigen values of the boundary value problem L1 gener-ated by equation (1) and boundary conditions

y (0) = y0 (�) +Hy (�) = 0:
It is clear that fzkg is a sequence of zeros of the function � (�). For zk thefollowing asymptotic formula holds

zk = k � 12signk + a+ a1 +Hk� + pkk ; fpkg 2 l2: (6)
Assume �k = sign [1� jbs (zk; �)j].Theorem 1. The assignment of quantities k; (k = �0;�1;�2; :::) ; zk; �k(k = �1;�2; :::) uniquely determines the functions p (x) ; q (x) and coe�cientsh; H; b of boundary conditions (2).Proof. By the sequences fkg and fzkg we can uniquely reconstruct the func-tions � (�) and � (�) by the formulae

� (�) = � ��0 � �� 1Y
k=�1; k 6=0

k � �k ;

� (�) = 1Y
k=�1; k 6=0

zk � �
k � 12sign k :

From asymptotic formula (5) it follows that
b = �2 lim

m!1m �2m+1 � 2m � 1� :
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Besides, knowing fkg and fzkg we can reconstruct the parameter h, since accordingto (5),(6)

h = �2b+ � lim
m!1 (2m+ 1)�2m+1 � z2m+1 � 12

� :
We �nd the function u+ (�) from (4)

u+ (�) = � (�) + h� (�)� 2b:
Consider the function

u� (�) = �c0 (�; �)�Hc (�; �)� b2s (�; �) : (7)
Subject to the identity

c (�; �) � (�)� s (�; �) �c0 (�; �) +Hc (�; �)� = 1; (8)
from (3),(7) it is easily obtained that

u2� (zk) + u2+ (zk) = �4b2
and therefore u� (zk) = sign u� (zk)qu2+ (zk)� 4b2: (9)
According to (7),(8)

u� (zk) = 1s (zk; �) � b2s (zk; �) = 1� b2s2 (zk; �)s (zk; �) : (10)
Using the positional relationship of zeros of the functions s (�; �) and � (�), it iseasily proved that sign s (zk; �) = (�1)k+1 . Then by virtue of (9) and (10) we have

u� (zk) = (�1)k+1 �kqu2+ (zk)� 4b2:
Taking into account (3),(6),(7) and the asymptotics of functions c (�; �) ; c0 (�; �)

and s (�; �), we �nd that 1X
k=�1
k 6=0

jg (zk)j2 <1, where

g (�) = u+ (�)� u� (�)� 2b2 sin� (�� a)� : (11)
Then according to theorem 28 of the book [9] for the function g (�) the followinginterpolation formula is valid

g (�) = � (�) 1X
k=�1
k 6=0

g (zk)(�� zk) �0 (zk) ; (12)
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where

g (zk) = u+ (zk) + (�1)k �kqu2+ (zk)� 4b2 � 2b2 sin (zk � a)zk : (13)
Consequently, as is obvious from equalities (12) and (13) besides spectra fkg, fzkg(by which as was shown above, � (�) ; u+ (�) ; b are uniquely reconstructed) it issu�cient to give the sequence f�kg in order to determine the function u� (�) from(11).Now we can reconstruct the function s (�; �) by the formula

s (�; �) = 12b2 [u+ (�)� u� (�)] :
The zeros �k (k = �1;�2; :::) of this function are eigen values of the boundary valueproblem deenrated by equation (1) and by the boundary conditions y (0) = y (�) = 0.They satisfy the asymptotic formula (see [5])

�k = k + a+ a1k� + �kk ; f�kg 2 l2:
From this formula and (6) it follows that

H = � lim
k!1k

�zk � �k + 12
� :

Finaly, with the help of � (�) ; s (�; �) and H, the characteristic function s0 (�; �)of boundary value problem generated by equation (1) and by the conditions y (0) =y0 (�) = 0 is reconstructed
s0 (�; �) = � (�)�Hs (�; �) :

By zeros of this function and sequence f�kg, the functions p (x) and q (x) are uniquelydetermined (see [5]).Thus, by the spectra fkg, fzkg of the boundary value problems L (h) ; L1 andsequence f�kg both coe�cients of the functions p (x) and q (x), and parameters ofboundary conditions h;H; b are uniquely reconstructed.The theorem is proved.
2.On reconstruction of boundary value problems L (h1) ; L (h2) ; h1 6= h2.Let j;k; k = �0;�1;�2; :::; j = 1; 2 be eigen values of the boundary value problemL (hj). According to formula (4) the characteristic function �j (�) of this problemhas the following form

�j (�) = u+ (�)� hj� (�) + 2b: (14)
Theorem 2. The boundary value problems L (h1) ; L (h2) are uniquely recon-

structed, if their spectra and sequence f�kg are known.
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Proof. By the spectra �1;k	, �2;k	 of the boundary value problems L (h1),L (h2) we can reconstruct the functions �1 (�) and �2 (�) in the form of in�niteproduct. According to asymptotic formula for these spectra

h1 � h2 = � lim
k!1k �1;k � 2;k� (15)

holds. After this with the help of (14) we can reconstruct the function � (�) in thefollowing form:
� (�) = �2 (�)��1 (�)h1 � h2 :

By virtue of theorem 1 on zeros of this function and sequences �1;k	 ; f�kg, thefunctions p (x) ; q (x) and the numbers h1; H; b are uniquely determined. We candetermine the number h2 from (15). Thus, the boundary value problems L (h1) andL (h2) are completely reconstructed by their own spectra and sequence of signs f�kg.The theorem is proved.
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