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ON THE BEST APPROXIMATION OF COMPLEX
VARIABLE FUNCTION IN INFINITE DOMAINS

Abstract

In the present paper the best approximation of the complex variable function
f (2) is studied depending on the constructive character of function.

Let {\;} be some increasing sequence of positive numbers, and f (z) be analytic
in the half-plane Re z > a.

Assume that f(z) in this half-plane is representable by the Dirichlet series in
the form

f(z) =) are™, (1)
k=1

where

T
1 .
ape % = lim /f (z +iy) eMVdy, x> a. (2)
T—ooT
to
We’ll denote by H ();) the class of function f (z) representableby the Dirichlet
series in form (1) on some half-plane.

As is well known at lim li\l—k = 0 the abcissa of simple and absolute convergence

k—o0
of series (1) coincide and is calculated by the formula

— 1
u— T laxl _

k—oo  Ag 0 (3)

(see [1]).

Denote by @, (z) a polynomial of the form
n
Qu () = S ere M. (4)
k=1

Denote by D,, the set of polynomials of form (4) at the fixed n.

Assume that the function f (z) is analytical in half-plane Re z > 0, is continuous
and bounded on Re z > 0.

Denote by G the domain Re z > 0, and by G theRe z > 0.

We'll call the value

By (f:Go) = inf {maXIf(Z)—Qn(Z)I}- (5)

Qn€Dn 26,

the best polynomial approximation of the function f (z) on Gy.
Theorem 1. If f(z) is analytical in Gy, and f P (z) it exists on Go and bounded

then M
B, (:Go) < 2.
n
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Proof.
[oe)
1 _
f Go < Z lak] ax 1€ Z A—p|ak|)\pmax‘ M| <
k—=n+1 k—n+1 k 2€Go
1 &« M,
< 3 | N e 4] = 5 D7 e X < 5
" p=n+1 " k=n+1 n

The theorem is proved.
Now let’s prove the following lemma.
z

Lemma. If f (z) € H (\g) then the function f (z) =

to this class where h > 0.

Proof.
z+h
/ f(t /f (z +t)dt.
But -
(z+1) =) e =), (6)

k=1

Series (6) converges uniformly in Gj.
Therefore we can integrate it term by term:

h

o h
k=1

0 0

. _kzl ( (2 11) —)\kz> _ _}lbkilize—/\kz (G—Akt _ 1) ' (7)

The last series is convergent since

(8)

— Az

2
%Zef)\kz (efkkt o 1)‘ < )\71 ae

Proceeding from inequality (8) series (7) is convergent in G, and this means

that fj, (z) € H (Ag).
Consider the difference f (z) — fy, (2):

h h h
f(z)—fh(z):}lb/f(z)dt—;/f (2 +1)d 111/ 2Vt — f (2 + )] dt.
0 0 0
Then
max | ()~ fu (2)] < a1 ()~ £ G+ 0] = (759), )

2€Gg

where w (f; h) is module of continuity of the function f (2).
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Prove the following theorem. B
Theorem 2. If f(z) is continuous and bounded on Gy then

B, (f:Go) < Cw (f:1/An)

Proof. By the lemma f; () € H (\). For given h > 0 we take such a polyno-
mial @, (2) that at sufficiently large n the

max | fp (2) — Qn (2)| < Mw (f;h).
2€Gy
be fulfilled.
For this as @, (z) we can take n-th partial sum of the Dirichlet series correspond-
ing to the function fj (z). Then

max |f (z) — Qn (2)| < max|[f (z) = fn (2)] +£r€1%7§|fh (2) = Qn (2)| < Cw(f;h).

2€Go 2€Go
Taking b = ;' we’ll obtain

max |f (z) - Qn (z)| <Cw (fa 1/>‘n)

2€Gy

or

By (f;Go) < Cw(f;1/Mn).

Theorem 3. If f(z) is analytical in Gy and there exists the continuous and
bounded on Gy derivative f® (z) then

B, (11G0) < C- 55 (17:1/0).

where C' is a constant.

In particular, the next theorem will be obtained from this theorem.

Theorem 4. If f(z) is analytical in Gy and there exists continuous and bounded
on Gy derivative f®) (z) belonging to the Lipchitz class a, 0 < a <1 then

C
E, (f;Go) < W-
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