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Irina V. MAYO OVA

TO ESTIMATES OF L,-TRACES OF FUNCTIONS
AND THEIR DERIVATIVES ON BOUNDARY
m-DIMENSIONAL SURFACE

Abstract

In this paper we investigate the properties of L, (') — traces of functions
from new spaces

Wi (Gss)

on boundary m -dimensional surface T, € II'. The integral inequality of the
embedding theorem type

DY Wi (G;s) = Ly (I'n,)
is proved.

We consider the space
WS (G s) (0.1)

of the functions f = f (x) of the points z = (x1;...;25) € E, (1 < s <n) of many
variables zy = (21, ..., Tk pn,) € En, (K=1,2,..., s), defined in the domain G C
E,=E, x..xE,, (n=n1+ .. +ns) satisfying the condition of “o - semi-horn”

Space (0.1) is determined as a closure of set of sufficient smooth and finite func-
tions in K, by the norm

1o = > [277]

3=(i1 40 0y85 ) EQ

00, (0.2)

<
Ly(G)

where the sum is taken in all possible vectors i = (i1, ...,15) € @ with the coordinates
ir€{0,1,....,np}.(k=1,2,...,8).

It is assumed that the vector r = (ry;...;rs) with coordinates-vectors rp =
(Tkas s Thony) (B =1,2,...,5) is “integer and positive”, ie.,r;; >0 (j =1,2,...,n%)
are integer at all k = 1,2,...,s, and for each i = (i1,...,i5) € Q the vector 7’ =

<ril; e 7“25) has coordinates and vectors
0,...,0,7%4,,0,...,0) at ix #0,

(0,...,0) at ’ik =0

atall k=1,2,...s..
Space (0.1) in case of s = 1 coincides with the known S.L.Sobolev space WI§T> (@),

and the case s = n with the known S.M.Nikolskii space SI<,7">W (G) of differentiable
functions with dominant mixed derivative.
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In this paper we define a class of surfaces 'y, (1 <m <n—1) and find the
conditions for which there exist L,-traces of functions and their derivatives on I'y,.
At that it is proved that

D" fly,, € Ly (Twm) , (0.3)

and the integral inequalities
14
107 Fle ey S 10 6 (0.4)
are valid, where it is assumed that 1 < < g < cc.

1. Basic definitions and necessary notation.

1.1. Let H=(Hy,...Hs), H, >0 (k=1,2,...,s8), and the vector
0= (01;..;95) (1.1)
with the coordinate-vectors oy = (0p.1,...,0%n,) (k=1,2,...,5) be such that
Skj=+lor p;=—1 (j=1,2,.,m) (1.2)

atall k=1,2,...,s..
Let the vector
o= (01;...;0%) (1.3)

with the coordinate-vectors

Ok = (Ok sy Okp,) (K=1,2,..,5) (1.4)
be “positive”, i.e.
op; >0 (1=1,2,...,n) (k=1,2,...,8). (1.5)
Denote by
Rs(o;H) =
- U {y € B Cp < V5 < Cf (j= 1,2,...,nk)}, (1.6)
0< vy <Hj, k

(k=12,..,5)

where Cj, C} (k=1,2,...s) are fixed positive constants, it is denoted a “o-semi-
horn” with vertex in origin of coordinates. Then

x4+ Rs(o;H) (1.7)

is “o-semi-horn” with vertex at the point z € E,,.
Definition 1. The subdomain Q@ C G is called a subdomain satisfying the
condition of “o - semi-horn” if

r+Rs(o;H) CG (1.8)
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at all x € Q.
Definition 2. The domain
G CE, (1.9)

is called a domain satisfying the condition of “o - semi-horn” if there exists a set

of subdomains
G1,Gy,....Gg C G (1.10)

satisfying the condition of “o - semi-horn” and covering the domain G, i.e. such
that

K
G=|]JGu (1.11)
pn=1

The class of domains G C E, satisfying the condition of “o - semi-horn” is
denoted by

C(o;H). (1.12)
1.2. Let
m=mi+..+t+mg<n=ni+..+n; (1<a<s<n), (1.13)
at that

my < ng (kz 1,2,...,@). (1.14)

Let at each k € {1,2,...,a}

xk,l = mk,l; a -'L'k,mk = -'L'k,mka

(1.15)

xk,ﬁ = ()Dk,ﬁ (xk,h "'7xk,mk) (/6 = mg + ]-7 7n/€)

at that we assume that the functions

ks = Pra (Th,1y ooes Thoymy ) (B=myg +1,...,n4) (1.16)

have continuous partial derivatives in some mj-dimensional domain €2,,, C E,,,
moreover we assume that

0

8T]w90k7ﬂ ($k71,...,$k7mk) S Mk (].].7)

atall j =1,2,...,m, and B =my +1,...,ng.
Let

xy = (mk,l, s Theomg s Phmp+1 (Th Ly oo Thomy,) 5 s Phomg (Th,1 ...,xk,mk)) (1.18)

atallk=1,2,...,a..
Let further

Ty =Ty,
x) =z,
¢ e @ 1.19
Lo = Yagr (25-523) ( )
. g =1, (2755 73)
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where the vector-functions

Y = (275 ..52)) (Bk=a+1,...,38) (1.20)
with the coordinate functions
Vrj = Yy (@15 525) (1=1,2,...,mp) (1.21)
and having continuous partial derivatives such that
O (@t iat)| < M, (1.22)
— P (2] 25)] < j .
6.1)%5 kg (L1 « kg
in some domain
Q= Qp, X oo XQp, CEy=Ep, X ... XxEy, (1.23)
atall vy=1,2,...,a; B=1,2,...,my; =120 k=a+1,..s.
It follows from the cited reasons that the set of the points
Tt = (:13’1‘, s Ty You (], s xh) 5 o Py (27 ,x(’;)) =
=P (zf,...,25) =T (2
at
(.CC171, oy Tlmys -5 Tl ...,$a7ma) = (a:'l, ...,3?21) = .II S Qm C Em (]_24)
it is defined the surface
I'm CG. (1.25)
The class of surfaces T, from (1.13)-(1.26) is denoted by II.
2. Basic result.
The basic result is given in the form of the following theorem.
Theorem. 1) Let f € WI@ (G;s), where 1 < < g < oo..
2) Let the domain G € C (o; H).
8) Let Ty, € 11! at Ty, C G.
4) Let the “positive nonnegative” vector v = (v1;...;vs) with the coordinates-

vectors vy = (Vg 1, Vi) (K=1,2,...,8) be such that
1 1,
Mii, = ThyipOkyir — (Vis0k) — = |og] + 5 ‘01@‘ >0
(g =1,2,...,mg) at all k=1,2,...,

1 )
iy = ThipOhki, — Vk,0k) — = |og| >0 (i =1,2,...,np)

at all k = a+1,...,s, where |og| = op1 + .. + Oknys 0] = k1 + oo + Ohymys

ny
(Vk: Ok) = ) VO
j=1
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Then the function D f (z) on the surface Iy, has Lg-traces
DVf|Fm € Lq (Fm) )
at that the inequalities
are valid, the constant C' is independent of the function f = f (z).

3. Scheme of proof of the theorem.
The proof of the theorem is conducted by the method of integral representations
on the basis of a new integral representation of functions led in [1].

3.1. We can take the function
fe Wi (G;s) (3.1)
sufficiently smooth in F,, consequently at each point z € E, the identity

D'f(x)= > Aisf(2) (3.2)

i=(i1,...is)EQ

holds.
Here the integral operators

H
B, dvyg
aute)=e | T1 m" ) [T 5
keeg\el g keei  Up
(3.3)
x/D“f (z 4+ y) Bi5(...) dy
Ey
at each i = (i1,...,i5) € Q, at that e’ = s u 4, e; = {1,2,...,5} ..
In integral operators (3.3) the numbers

Bro = loul + (ve,08) k€ es\e, (3.4)
Bri, = ok + Vi, 0k) = Thif, Ok, (3.5)

at each k € €', and at i = (iy,...,45) € Q.
The kernels in integral operators (3.3) are sufficiently smooth and finite functions,
and are defined by the equalities

i () = [ ®ronin <£/fk> [T @ron0 <}ZI/<]§,C> (3.6)
k k

kEei kEes/ei
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and the vectors

’
Ys [ Yk Yk,ny,
oL op,1 7" Ok ’
Uk Uy, U,

(3.7)
Ye Yk,1 Yk,ny,
\ nglc - H}jk,l""’ H}gk,nk
for corresponding k € e, at that the support
su Py s, (Uk) (3.8)
belongs to the set
{yk € Eny; 0 <ypjdr; <1 (5 =1,2,...,n%)} (3.9)
for corresponding k € e;.
3.2. Let “nonnegative vector”
h = (hi;...; hs) (3.10)

with the coordinates-vectors hy = (hg1, ..., b p,) (B =1,2,...,5) define the surface
Iy+h={a"+h; 2" €Dy}, (3.11)

i.e., this set of the points
*+h=T(z")+h

at all ' = (25 ...;2)) € Q C By, at that we choose a system of coordinates and
vector (3.10) such that
I'ym+hCG. (3.13)

Note that

1
q

1D Flpanll iy < €3 [ 1078 (0 () 4 ) (3.14)
Qm

at 1 < g < oo.

3.3.
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coincides with surface (3.11).

We define a set of auxiliary functions coincident on corresponding parts of the
surface 'y, + h, with contraction D"f|Fm+h on this part of surface.

This set of auxiliary functions is defined by the equalities

forman (T () +h) = > Alguf (T («) +h) (3.18)
i=(i1,..15)EQ
atall p=1,2,..., K.

Here
" d
=By 3
At @y em = | L #7) [TT
kees\e? i keei Uy k (3.19)

x/x (G + Rew) D f (T (') + h) igw (.0) dy,

En

at that all the notation from (3.3) are remained, and the function
x = X (G + Rsw) (3.20)

is a characteristic function of the set G, + Rs» for corresponding p = 1,2, ..., K.
It follows from inequality (3.14) and equality (3.18) that

HDVf|Fm+hHLq(Fm+h) <

K (3.21)
SCZ Z HA g f (T1) + )‘L E
p=1i=(i1,...is)€Q a(Bm)
consequently, the proof of the theorem is led to the estimations
oM ) s |
145508 @ )+ D), 5y S C (HH ) DA (3.22)

of integral operators (3.3) uniformly with respect to vector (3.10).
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