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ON QUADRATURE FORMULAE

AbstractIn the present paper for a class of solutions of a boundary value problem itis proved the existence of an optimal quadrature formula by the order amongquadrature formula containing also the derivatives of approximate solutions ofthe given boundary value problem. The optimal quadrature formula with weightfunction  (x) = x is also found.In 1950 academician S.M. Nikolskii [1] suggested a method for solving extremalproblems of quadrature formulae theory. He applied this method to the constructionof optimal quadrature formulae for some class of di�erentiable functions. After S.M.Nikolskii's paper many works were devoted to extermal problems of quadratureformulae theory and these problems especially were studied in di�erent classes ofdi�erentiable functions. The results of these works are in the book [2].In the present paper for a class of solutions of a boundary value problem it isproved the existence of an optimal quadrature formula by the order among quadra-ture formulae containing also the values of derivatives of approximate solutions ofthe given boundary value problem. In the paper it is also found an optimal quadra-ture formula with weight function  (x) = x, given on the segment [0,1], for a classof functions summable with power p on [0,1].1. Let's consider the boundary value problem
y(2r) � �Ty = f (x) ; (1:1)

y(mi) (0) = y(ni) (1) = 0 (i = 1; 2; :::; r) ; (1:2)
where Ty = 2r�2Pk=0 ak (x) y(k) (x) ; ak (x) 2 C (0; 1) (k = 0; 1; :::; 2r � 2) ; f (x) 2 C (0; 1) ;
mi < mi+1; ni < ni+1 (i = 1; 2; :::; r � 1) ; mi; ni 2 f0; 1; :::; 2r � 1g (i = 1; 2; :::; r).Assume that the di�erential expression y(2r) (x) under the condition (1.2) hasGreen function G (x; t), and boundary conditions (1.2) are self-adjoint.By A(2r)GT L;p (p � 1) denote a class of functions from the set of solutions ofboundary-value problem (1.1), (1.2) with norm

y(2r)L ;p =
0@ 1Z

0  (x)
���y(2r) (x)���p dx

1A1=p �M2r; (1:3)
where the weight function is such that  (x), and for (1= (x))q=p �M (0 � x � 1)and at p =1 y(2r)L ;1 = sup0�x�1�rai

��� (x) y(2r) (x)��� �M2r:
Take the following quadrature formulae:1Z

0y (x)dx=
1Z
0 yn (x) dx+

N�1X
k=0

2r�2X
l=0 A(l)k hy(l) (xk)� y(l)n (xk)i+RnN �y;A(l)k ; xk� ; (1:4)
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1Z
0 y (x) dx = N�1X

k=0
2r�2X
l=0 A(l)k y(l) (xk) +RN �y;A(l)k ; xk� ; (1:5)

where 0 � x0 < x1 < ::: < xN�1 � 1; n;N; r are given natural numbers, y (x) isthe precise solution of boundary value problem (1.1), (1.2), yn (x) are approximatesolutions of the given boundary problem and for any y (x) 2 A(2r)GT L;p (p � 1)y(2r) (x)� y(2r)n (x)L ;p ! 0 at n!1:
Consider the quantity

"nN hA(2r)GT L;pi = infA(l)k ;xk supy2A(2r)GT L;p
���RnN �y;A(l)k ; xk���� : (1:6)

De�nition. The quadrature formulae of the form (1.4) de�ned by the coe�cientsB�(l)k and nodes x�k; is said to be optimal by order for the class A(2r)GT L;p, if
"nN hA(2r)GT L;pi � supy2A(2r)GT L;p

���RnN �y;B�(l)k ; x�k���� :
Note that in the paper [3] it is constructed the optimal by order quadratureformula on the set of solutions of boundary value problem (1.1), (1.2) in metricL;2. An optimal quadrature formula on the set of solutions of the given boundaryvalue problem in the metric L;2 is found in [4].The present paper is devoted to the existence of the optimal by order quadratureformula on the set of solutions of boundary-value problem (1.1), (1.2) in metric L;pand to �nding an optimal quadrature formula with weight  (x) = x given on thesegment [0; 1], for some class of functions summable with power p on [0; 1]. Thefollowing theorem holds.Theorem 1. If there exists an optimal quadrature formula with the coe�cientsA(l)k = B�(l)k with the nodes xk = x�k and with greatest lower bound

"N hA(2r)GT L;pi = infA(l)k ;xk supy2A(2r)GT L;p
���RN �y;A(l)k ; xk���� = supy2A(2r)GT L;p

���RN �y;B�(l)k ; x�k���� ;
among quadrature formulae of the form (1.5) for the class A(2r)GT L;p (1 � p � 1)
then a quadrature formula of the form (1.4) de�ned by the coe�cients A(l)k = B�(l)k
and nodes xk = x�k is an optimal quadrature formula by order for the class A(2r)GT L;p.Proof. It is known that [5] by means of the Green function the solution ofboundary value problem (1.1), (1,2) is given by the formula

y (x) = 1Z
0 G (x; t) y(2r) (t) dt; (1:7)

where y(2r) (x) is the solution of the integral equation
y(2r) (x)� � 1Z

0 Q (x; t) y(2r) (t) dt = f (x) ;
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Q (x; t) = 2r�2X

k=0 ak (x) @
kG (x; t)@xk :

Since the Green function G (x; t) of the di�erential expression y(2r) (t) underboundary conditions (1.2) is self-adjoint, we can represents the formula (1,7) in thefollowing form:
y (x) = 1Z

0 [G (t; x)E (x� t) +G (x; t)E (t� x)] y(2r) (t) dt;

where E (u) =
8<:

1 for u � 0;
0 for u < 0:Then we can represent the remainder term of quadrature formula (1.5) for anarbitrary function y (x) 2 A(2r)GT L;p in the form:

RN �y;A(l)k ; xk� = 1Z
0 F2r (t) y(2r) (t) dt; (1:8)

where
F2r (t) = tZ

0 G (x; t) dx+ 1Z
t G (t; x) dx�

�N�1X
k=0

2r�2X
l=0 A(l)k �E (xk � t) @lG (t; xk)@xl + E (t� xk) @lG (xk; t)@xl

� : (1:9)
Since the approximate solution yn (x) satis�es the boundary conditions (1.2) andG (x; t) is a Green function of the di�erential expression y(2r)n (x) under boundaryconditions (1.2), then

yn (x) = 1Z
0 G (x; t) y(2r)n (t) dt: (1:10)

From formulae (1.7) and (1.10) we �nd the equality
y (x)� yn (x) = 1Z

0 G (x; t) hy(2r) (t)� y(2r)n (t)i dt: (1:11)
From equality (1.11) we get the equality

y(l) (x)� y(l)n (x) = 1Z
0
@lG (x; t)@xl hy(2r) (t)� y(2r)n (t)i dt; (l = 0; 1; :::; 2r � 2) : (1:12)
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Then by equality (1.12) we can represent the remainder term RnN �y;A(l)k ; xk�of a quadrature formula of the form (1.4) for any function y (x) 2 A(2r)GT L;p in thefollowing form

RnN �y;A(l)k ; xk� = 1Z
0 F2r (t)

hy(2r) (t)� y(2r)n (t)i dt; (1:13)
where F2r (t) is de�ned by equality (1.9).Applying the H�older inequality to equalities (1.8) and (1.13) and considering theinequality (1= (x))q=p �M we get the inequalities

���RN �y;A(l)k ; xk���� =
������
1Z
0
F2r (t)pp (t) pp (t)y(2r) (t) dt

������ �

� qpM
0@ 1Z

0 jF2r (t)j
q dt
1A1=q y(2r)L;p ; (1:14)

���RnN �y;A(l)k ; xk���� � qpM
0@ 1Z

0 jF2r (t)j
q dt
1A1=q y(2r) (t)� y(2r)n (t)L;p ;

(1=p+ 1=q = 1) : (1:15)Thus, by inequalities (1.14) and (1.15) the �nding of optimal quadrature formulaof the form (1.5) for the class A(2r)GT L;p, and also the construction of an optimal byorder quadrature formula of the form (1.4) for the same class was reduced to theminimization of the integral 1Z
0 jF2r (t)j

q dt: (1:16)
By the condition of the theorem for the class A(2r)GT L;p an optimal quadratureformula of the form (1.5) exists. Then for the coe�cients A(l)k = B�(l)k and nodes x�kintegral (1.16) gets the least value.In the class A(2r)GT L;p there is no function y (x) for which inequality (1.15) turnsinto equality.Consequently, supy2A(2r)GT L;p

���RnN �y;A(l)k ; xk���� in the class A(2r)GT L;p is not achieved.
Since quality (1.16) is the precise lower bound of the monotone decreasing con-sequence supy2A(2r)GT L;p

���RnN �y;A(l)k ; xk���� ;
then for any " > 0 there exists such a number N" that at N > N"

supy2A(2r)GT L;p
���RnN �y;B�(l)k ; x�k���� < supy2A(2r)GT L;p

���RnN" �y;B�(l)k ; x�k���� <
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< infA(l)k ;xk supy2A(2r)GT L;p

���RnN �y;A(l)k ; xk����+ ": (1:17)
On the order hand, at all values of N the inequality
supy2A(2r)GT L;p

���RnN �y;B�(l)k ; x�k���� > infA(l)k ;xk supy2A(2r)GT L;p
���RnN �y;A(l)k ; xk����� " (1:18)

is valid for any " > 0.It follows from inequalities (1.17) and (1.18) that for all the numbers N > N"the inequality
supy2A(2r)GT L;p

���RnN �y;B�(l)k ; x�k����� " < infA(l)k ;xk supy2A(2r)GT L;p
���RnN �y;A(l)k ; xk���� <

< supy2A(2r)GT L;p
���RnN �y;B�(l)k ; x�k����+ " (1:19)

is valid.From inequality (1.19) for all N > N " we get the inequality
1� "1 < "nN [A(2r)GT L;p]supy2A(2r)GT L;p

���RnN �y;B�(l)k ; x�k���� < 1 + "1;
where " = "1 � supy2A(2r)GT L;p

���RnN �y;B�(l)k ; x�k����.
Consequently, the relation

"nN [A(2r)GT L;p] � supy2A(2r)GT L;p
���RnN �y;B�(l)k ; x�k����

is true.The theorem is proved.2. By WLp (p > 1) we denote a class of given on the segment [0,1] absolutelycontinuous functions  (x) > 0 satisfying the condition
k (x)kLp =

0@ 1Z
0  

p (x) dx
1A1=p �M�:

By the class HLp (p > 1) we denote a set of functions
' (x) = 1x

xZ
0  (t) dt;

for which  (x) 2WLp.Consider the quadrature function with weight function  (x) = x :1Z
0 x' (x) dx = N�1X

k=0Ak' (xk) + rN (') ; (2:1)
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where 0 < x0 < x1 < ::: < xN�1 � 1:Theorem 2. Among quadrature formula of the form (2.1) the unigue quadrature

formula determined by the nodes

xk = 2k + 12N (k = 0; 1; :::; N � 1)
and coe�cients Ak = 2k + 12N2 (k = 0; 1; :::; N � 1)
is the optimal formula for the class HLp (p > 1). The following relation is true

"N [HLp] = infAk;xk sup'2HLp jrN (';Ak; xk)j = M�p2 (p� 1) qpq + 1N ;
�p > 1; 1p + 1q = 1� :

Proof. We can represent the residual rN (') for ' (x) 2 HLp in the form
rN (') = 1Z

0 x' (x) dx�
N�1X
k=0Ak' (xk) = 1Z

0
0@ 1Z

0 E (x� t)' (t) dt
1A dx�

�N�1X
k=0

Akxk
1Z
0 E (xk � t)' (t) dt = 1Z

0 K (t)' (t) dt; (2:2)
where

K (t) = 1Z
0 E (x� t) dx� N�1X

k=0
Akxk E (xk � t) = 1� t� N�1X

k=0
Akxk E (xk � t) : (2:3)

Using the H�older inequality, from equality (2.2) for the class HLp we get theestimation of the residue
jrN (')j �

0@ 1Z
0 jK (t)jq dt

1A1=q0@ 1Z
0 j' (t)j

p dt
1A1=p : (2:4)

From inequality (2.4) according to H�older inequality [6, p.292]
k'kpLp =

1Z
0
241x

xZ
0 ' (t) dt

35p dx � � pp� 1
�p 1Z

0 [' (x)]p dx
for the residue rN (') in the class HLp (p > 1) it holds the estimation

jrN (')j �M� pp� 1
0@ 1Z

0 jK (t)jq dt
1A1=q ; (2:5)
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which is precise in this class.Thus, the solution of the extermal problem in the class HLp is reduced to theminimization of the integral 1Z

0 jK (t)jq dt; (2:6)
i.e. to construction of quadratic formula (2.1) with the least norm of residue.In equality (2.3) replace Akxk by Bk. Then

K (t) = 1� t� N�1X
k=0BkE (xk � t) : (2:7)

If we divide the segment [0,1] into partial intervals by means of the grid 0 <x0 < x1 < ::: < xN�1 � 1; then it follows from equality (2.7)
K (t) =

8>>>>><>>>>>:
1� t� N�1Pk=0Bk = �t for t 2 [0; x0];

1� t� N�1Pk=i+1Bk for t 2 [xi; xi+1] �i = 0; N � 2� ;
1� t for t 2 [xN�1; 1]:

(2:8)
Hence, we deduce that K (t) is a piecewise-linear function with a leading coe�-cient equal to �1 for which xk are the discontinuity points.The polynomial of the form [�1; 1], where Lq is the unknown constant, is sucha function least deviating from zero on the segment [�1; 1] in metric Lq where

Q1 (t) = �t + A; A is an unknown constant, i.e. the integral 1R�1 jQ1 (x)jq dx gets
the least value. It is easy to observe that in such a polynomial Q1 (t) the coe�cientA = 0. Indeed, if in the integral we substitute x by �x we get that the polynomialQ1 (�x) is also the least deviating from zero in metric Lq. Then it follows from thecondition Q1 (�x) = �Q1 (x) that A = 0.We can write polynomial of the �rst degree with leading coe�cient �1 leastdeviating from zero in metric Lq on the segment [xi; xi+1] (i = 0; 1; :::; N � 2) ; inthe form K (t) = �hiQ1� t� tihi

� = �hi t� tihi = �t+ ti;
where ti = xi + xi+12 ; hi = xi+1 � xi2 (i = 0; 1; :::; N � 2).At the point t = xi + 0 = ti � hi + 0 the function K (t) gets the value

K (xi + 0) = � (ti � hi + 0) + ti = hi (i = 0; 1; :::; N � 2) : (2:9)
Similarly, if we consider K (t) on the segment [xi�1; xi]; we �nd

K (t) = �t+ ti�1:Then
K (xi � 0) = K (ti�1 + hi�1 � 0) = � (ti�1 + hi�1 � 0) + ti�1 = �hi�1 (2:10)
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(i = 1; 2; :::; N � 2) :We get from the inequalities (2.9) and (2.10)

K (xi + 0)�K (xi � 0) = hi + hi�1 (i = 1; 2; :::; N � 2) ; (2:11)
on the other, we �nd from (2.8)
K (xi + 0)�K (xi � 0) = � N�1X

k=i+1Bk + N�1X
k=iBk = Bi (i = 0; 1; :::; N � 1) : (2:12)

It follows from inequalities (2.11) and (2.12) that
Bi = hi + hi�1 (i = 1; 2; :::; N � 2) : (2:13)

We carry out similar calculations at the nodes x0 and xN�1. By (2.8) we �nd
K (x0 + 0) = �h0Q1� t0 � h0 + 0h0

� = � (t0 � h0 + 0) + t0 = h0;
K (x0 � 0) = �x0; K (xN�1 + 0) = 1� xN�1;

K (xN�1 � 0) = �hN�2Q1� tN�2 + hN�2 � 0hN�2
� =

= � (tN�2 + hN�2 � 0) + tN�2 = �hN�2:We �nd from these equalities that
K (x0 + 0)�K (x0 � 0) = x0 + h0; (2:14)

K (xN�1 + 0)�K (xN�1 � 0) = 1� xN�1 + hN�2: (2:15)It follows from equalities (2.14) and (2.12) at i = 0 that
B0 = h0 + x0: (2:16)

Similarly, we �nd from (2.15) and (2.12) for i = N � 1, that
BN�1 = 1� xN�1 + hN�2: (2:17)

Allowing for equalities (2.16), (2.17) and (2.13) we getN�1X
i=0Bi = B0 + N�2X

i=1Bi +BN�1 = h0 + x0 + N�2X
i=1 (hi + hi�1) + 1� xN�1+

+hN�2 = x0 + N�1X
i=0 2hi � xN�1 + 1: (2:18)

Now we �nd the value of the integral 1R0 jK (t)jq dt: We have
1Z
0 jK (t)jq dt = x0Z

0 jK (t)jq dt+ N�2X
i=0

xi+1Z
xi jK (t)jq dt+ 1Z

xN�1 jK (t)jq dt =
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= x0Z

0 j(�t)j
q dt+ N�2X

i=0
ti+hiZ
ti�hi

�����hiQ1� t� tihi
�����q dt+ 1Z

xN�1 (1� t)q dt =
= xq+10q + 1 + N�2X

i=0 hq+1i
1Z
�1 jQ1 (t)jq dt+ (1� xN�1)q+1q + 1 =

= xq+10q + 1 + N�2X
i=0 hq+1i

1Z
�1 j�tj

q dt+ (1� xN�1)q+1q + 1 =
= xq+10q + 1 + 1q + 1

N�2X
i=0 2hq+1i + (1� xN�1)q+1q + 1 : (2:19)

In order to �nd the minimal value of (2.19) provided N�1Pi=0Bi = 1 we apply theLagrange multipliers principle. Compose the auxiliary function
u = xq+10q + 1 + N�2X

i=0
2hq+1iq + 1 + (1� xN�1)q+1q + 1 + � x0 + N�2X

i=0 2hi � xN�1
! (2:20)

and calculate ten partial derivatives with respect to x0; hi and xN�1 from expression(2.20).Then, equaling them to zero we get
@u@x0 = xq0 + � = 0;

@u@hi = 2hqi + 2� = 0 (i = 0; 1; :::; N � 2) ;
@u@xN�1 = (1� xN�1)q + � = 0:

We �nd from these equations
hi = x0 = 1� xN�1 = h; (i = 0; 1; :::; N � 2) : (2:21)

Allowing for equality (2.21) it follows from the equality x0 + (N � 1)� 2h+ 1��xN�1 = 1 that h+ (N � 1) 2h+ h = 1:Hence h = 12N : (2:22)
Then xN�1 = 1� h = 2N � 12N : (2:23)

By equalities (2.22) and (2.23) we �nd
xk = x0 + k � 2h = h+ 2kh = 2k + 12N ;
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B0 = x0 + h = 2h; B0 = A0x0 ; A0 = B0x0 = 12N2 ;

Bk = Akxk = 2h; Ak = Bk � xk = 2h � xk = 2k + 12N2 ; (k = 1; 2; :::; N � 1) :
We'll have from (2.6)

infxk;Ak
1Z
0 jK (t)jq dt = 1q + 1

 hq+1q + 1 + N�2X
i=0

2hq+1q + 1 + hq+1q + 1
! =

= 2hq+1q + 1 �N = hqq + 1 = � 12N
�q � 1q + 1 :Then we get from inequality (2.15)

"N [HLp] = M�p2 (p� 1) qpq + 1N :
The theorem is proved.
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