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APPLIED PROBLEMS OF MATHEMATICS AND MECHANICS

Telman K. MELIKOV
ON CONDITIONS OF KELLEY TYPE OPTIMALITY

IN GOURSAT-DAUBOUX SYSTEMS
AbstractThe present paper is devoted to the investigation of optimality of singularcontrols in classical meaning and it is a continuation of the papers [1,2]. Hereconsidering the general case of degeneration (an arbitrary rank of Legandre-Clebsh matrix) by means of modi�ed variance of variation transformation method[3] the new proof of Kelley type condition is shown. The Legandre [5] polynomialis used as variation of controls at proving.

1. The construction of problem and some necessary informations.Let Ek be k dimensional Euclidean space J1 = [t0; t1]; J2 = [x0; x1] be interval ofnumerical axis, D = J1 � J2 be rectangle.Consider the following optimal control problem
ztx = f (z; zt; zx; u; t; x) ; (t; x) 2 D; (1)

z (t; x0) = '1 (t) ; t 2 J1; z (t0; x) = '2 (x) ;x 2 J2; '1 (t0) = '2 (x0) ; (2)
u = u (t; x) 2 U � Er; (t; x) 2 D; (3)
S (u) = � (z (t1; x1))! minu : (4)

Here z = (z1; :::; zn)0 is n vector of phase coordinates, u = (u1; :::; ur)0 is rvector of control actions, U is an open set, n is f (z; zt; zx; u; t; x) dimensional vector-function n is triply continuously di�erentiable on En � En � En � U � J1 � J2;'1 (t) ; t 2 J1; '2 (x) ; x 2 J2, n dimensional vector-functions are continuouslydi�erentiable, and � (z) ; z 2 En determining the functional (4) is assumed to becontinuous together with its partial derivatives till the second order inclusively.As a class of admissible controls we chose the piecewise continuous functionsu (t; x) at condition (3).In these conditions according to known existence theorems [6], every admissi-ble control u (t; x) generates a unique absolutely continuous solution z (t; x) of theproblem (1), (2) which we'll assume as determined on the whole rectangle D.
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The admissible control u (t; x) being a solution of the problem (1)-(4) we'll calloptimal control, and process (u (t; x) ; z (t; x)) is said to be optimal process.At investigation of problem (1)-(4) we need to consider the following matrixsystem:

�tx = fz (t; x)�+ fzt (t; x)�t + fzx (t; x)�x; (t; x) 2 D; (5)
�t = fzx (t; �)�; �x = fzt (�; �)�; �(�; �; ��) = E; (6)

where f� (t; x) = f� (z (t; x) ; zt (t; x) ; zx (t; x) ; u (t; x) ; t; x) ; � 2 fz; zt; zx; ug is aunique E n� n matrix.It is known [2,7] if there exists the optimal control u (t; x) in the problem(1)-(4), then it is necessarily satis�es the conditionsHu (t; x) = 0 (Euler's equation analogy)
u0Hu (t; x)u � 0; a:e: (t; x) 2 D; 8u 2 Er (Lejandre� Clebsh condition) (7)

M (1) (u; �; �u) � 0; 8�u (t) 2 ~C (J2; Er) ; (8)
M (2) (u;�; �u) � 0; 8�u (t) 2 ~C (J1; Er) : (9)

Here (�; �) 2 D is a point of continuity of the control u (t; x) ; ~C (J;Er) is a class ofpiecewise continuous vector functions g : J ! Er:
M (1) (u; �; �u) = x1Z

x0
hY (1)0 (�; x0; �; x; �u)Hztzt (�; x)Y (1) (�; x0; �; x; �u)+

+2Y (1)0 (�; x0; �; x; �u)Hztu (�; x) �u (x) + �u0 (x)Huu (�; x) �u (x)i dx; (10)
Y (1) (�; x0; �; x; �u) = xZ

x0� (�; � ; �; x) fu (�; �) �u (�) d�; (11)
M (2) (u;�; �u) = t1Z

t0
hY (2)0 (t0; �; t; �; �u)Hzxzx (t; �)Y (2) (t0; �; t; �; �u)+

+2Y (2)0 (t0; �; t; �; �u)Hzxu (t; �) �u (t) + �u0 (t)Huu (t; �) �u (t)i dt; (12)
Y (2) (t0; �; t; �; �u) = tZ

t0 � (� ; �; t; �) fu (� ; �) �u (�) d�; (13)
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where � (�; �; t; x) ; (�; �) 2 D; (t; x) 2 D is a solution of the problem (8)-(9),H ( ; p; u; t; x) =  0f (p; u; t; x) ;  (�; �) = ��0 (�; �; t1; x1) �z (z (t1; x1)) ;p = (z; zt; zx)0.Note that the optimality condition (8), (9) at concrete count inconvenient sinceeach of them requires big calculations. Therefore appears a problem on obtainingfrom these conditions more simple conditions of optimality which is the main subjectfor studying the given paper.

2. Expansion of the functional M (1) (�) in Kelley type variations. Let(�; �) 2 int D be a point of smoothness of the admissible control u (t; x) and theadmissible control u (t; x) = (v (t; x) ; w (t; x))0 be such that near it the condition
Hvv((�; x) = 0; x 2 J2; (14)

be ful�lled, where v (t; x) 2 Er0 ; w (t; x) 2 Er1 ; (t; x) 2 D; r0 + r1 = r; r1 < r:We'll consider only such functions �u (x) = ~u (x) = (~v0 (x) ; ~w (x))0 ; x 2 J2which di�erent from zero only on [�; � + ") � J2. At this it is easy to represent theformula (11) and the functional (10) in the form
dY (1)dx = fzt (�; x)Y (1) + fv (�; x) ~v0 (x) + fw (�; x) ~w (x) ; x 2 J2; (15)

Y (1) (�; x0;x0; ~u (�)) = 0;
M (1) (u; �; ~u (�)) = x1Z

x0Y
(1)0 (�; x0; x; ~u (�))Hztzt (�; x)Y (1) (�; x0; �; x; ~u (�)) dx+

+2�+"Z
� Y (1)0 (�; x0; �; x; ~u (�))Hztw (�; x) ~w (x) dx+ 2�+"Z

� v00 (x)Hvw (�; x) ~w (x) dx+

+�+"Z
� ~w0 (x)Hww(�; x) ~w (x) dx+2�+"Z

� Y (1)0 (�; x0; �; x; ~u (�))Hztv (�; x) ~v0 (x) dx: (16)
Let's begin to apply the variation transformation method [3]. Require that thefunction ~u (x) = (~v0 (x) ; ~w (x))0 ; x 2 J2 answer in addition the following conditions
�+"Z
� ~v0 (x) dx = 0; ~v0 (x) = 0 2 Er0 ; w (x) = 0 2 Er1 ; x 2 J2n [�; � + ") : (17)
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From the function ~u (x) = (~v0 (x) ; ~w (x))0, x 2 J2, satisfying (17) pass to a new~u1 (x) = (~v1 (x) ; ~w (x))0, x 2 J2 by means of relation

~v1 (x) = �+"Z
� ~v0 (�) d�; x0 � x � x1: (18)

Obviously that ~v1 (x) = 0; x 2 [x0; �] [ [� + "; x1] : (19)
Let's transform the function Y (1) (�; x0; �; x; ~u (�)) being the solution of the sys-tem (15), i.e., instead Y (1) (�; x0; �; x; ~u (�)) ; x 2 J2 consider the functionY (1)1 (�; x0; �; x; ~u1 (�)) ; x 2 J2 :

Y (1)1 (�; x0; �; x; ~u1 (�)) = ( Y (1) (�; x0; �; x; ~u (�))� g(1)0 (�; x) ~v1 (x) ; x 2 (�; x1] ;0; x0 � x � �; (20)where g(1)0 (�; x) = fv (�; x) ; x 2 J2: (21)
By the immediate di�erentiation it is proved that Y (1)1 (�; x0; �; x; ~u1 (�)) is asolution of ordinary di�erential system

dY (1)1dx = fzt (�; x)Y (1)1 + g(1)1 (�; x) ~v1 (x) + fw (�; x) ~w (x) ;
x 2 (�; x1] ; Y (1)1 (�; x0; �; x0; ~u1 (�)) = 0; (22)

where g(1)1 (�; x) = fzt (�; x) g(1)0 (�; x)� ddxg(1)0 (�; x) ; x 2 J2: (23)
Now write the functional M (1) (u; �; ~u (�)) subject to new variables. By virtueof (19) from (20) we have Y (1)1 (�; x0; �; x; ~u1 (�)) = Y (1) (�; x0; �; x; ~u (�)) at x 2[� + "; x1]. According to this property and representation (20) the functional (16)subject to (17), (18), (22) after elementary transformations takes the form

M (1) (u; �; ~u (�)) = �21M (1) �u; �; ~v1 (�) ; ~w (�) ; Y (1)1 (�)�+
+�22M (1) (u; �; ~v0 (�) ; ~v1 (�) ; ~w (�)) ; (24)

where �21M (1) �u; �; ~v1 (�) ; ~w (�) ; Y (1)1 (�)� =
= x1Z

� Y
(1)01 (�; x0; �; x; ~u1 (�))Hztzt (�; x)Y (1)1 (�; x0; �; x; ~u1 (�)) dx+
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+2�+"Z
� Y (1)0 (�; x0; �; x; ~u1 (�)) hHztw (�; x) ~w (x) +G(1)1 (�; x) ~v1 (x)i dx; (25)

�22M (1) (u; �; ~v0 (�) ; ~v1 (�) ~w (�)) =
= �+"Z

�
h ~w0 (x)Hww (�; x) ~w (x) + 2~v00 (x)P (1)0 (�; x) ~w (x)� ~v00 (x)Q(1)0 (�; x) ~v1 (x)�

�2~v01 (x)P (1)1 (�; x) ~w (x)� ~v01 (x)L(1)1 (�; x) ~v1 (x)i dx; (26)
G(1)1 (�; x) = Hztzt (�; x) g(1)0 (�; x)� f 0zt (�; x)G(1)0 (�; x)� ddxG(1)0 (�; x) ; (27)

G(1)0 (�; x) = Hztv (�; x) ;
Q(1)0 (�; x) = g(1)00 (�; x)G(1)0 (�; x)�G(1)00 (�; x) g(1)0 (�; x) ; (28)

P (1)
1 (�; x) = G(1)0

0 (�; x) fw (�; x)� g(1)
0

0 (�; x)Hztw (�; x) ; P (1)
0 (�; x) = H�w (�; x) ; (29)

L(1)1 (�; x) = �g(1)00 (�; x)Hztzt (�; x) g(1)0 (�; x) + 2g(1)01 (�; x)G(1)0 (�; x)+
+ ddx hg(1)00 (�; x)G(1)0 (�; x)i ; x 2 J2; (30)

g(1)0 (�; x) ; g(1)1 (�; x) ; x 2 J2 are determined by the formula (21), (23).Completely analogously the functional M (2) (�) determined by (12), (13) is in-vestigated.
3. Optimality conditions.De�nition 1. The admissible control u (t; x) ; (t; x) 2 D satisfying (7) we'll call

singular (in classical meaning) on the set ~D � D if rangHuu (t; x) = r1 < r; (t; x) 2~D � DNote that our method of investigation covers, for example, also the case whenthe set ~D consists only from the points of one or several intervals parallel to thecharacteristics of the system (1).Theorem 1. Let the matrix functions L(1)1 ; P (1)0 ; P (1)1 ; Q(1)0 be determined by

(30)-(27), (21), (23) and near the singular control ~D = f�g � J2 on the interval
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u (t; x) the condition (14) be ful�lled. Further, for the process (u (t; x) ; z (t; x)) the
inclusions

@u (t; x)@t 2 ~C (D;Er) ; @u (t; x)@x 2 ~C (D;Er) ; @2z (t; x)@t2 2 ~C (D;Er) ;
@2z (t; x)@x2 2 ~C (D;Er) ;

hold.Then for optimality of control u (t; x) ; t; x (2 D) it is necessary that the relations
P (1)0 (�; x) = 0; (31)
Q(1)0 (�; x) = 0; (32)

v0L(1)1 v + 2v0P (1)1 w � w0Hwww��(�;x) � 0; (33)
be ful�lled for all x 2 J2n ~J2; v 2 Er0 ; w 2 Er1 where r0 + r1 = r; ~J2 � J2 is some�nite set, t = � 2 [t0; t1) is not break line of the control u (t; x).Proof. Let u (t; x) ; (t; x) 2 D be an optimal control. The equality (31) by virtueof (14) is an immediate corollary of Legandre-Clebsh conditions (7).Now on the base of the formula (24) subject to (25), (26) and concrete choice ofthe function (variation) ~u (x) = (~v0 (x) ; ~w (x))0 ; x 2 J2 we prove (32), (33). At �rstwe prove (32). Assume that

~v0 (x) = (~v01 (x) ; :::; ~v0i (x) ; :::; ~v0j (x) ; :::; ~v0r0 (x))0
where

~v0l (x) = 0; x 2 J2; 8l 2 f1; 2; :::; r0g ; l 6= i; l 6= j; i 6= j; i; j 2 f1; 2; :::; r0g ;
~v0i (x) =

8<: �p1 �2(x��)" � 1� ; x 2 [�; � + ") � J2;0; x 2 J2n [�; � + ") ;
~v0j (x) =

8<: �p2 �2(x��)" � 1� ; x 2 [�; � + ") � J2;0; x 2 J2n [�; � + ") ; (34)
where p1 (s) = s; p2 (s) = 32s2 � 12 ; s 2 [�1; 1] is Legandre polynomial [5], �; � 2(�1;+1) ; � 2 J2n �J2; �J2 � J2 is some �nite set.It is easy to see that the function ~u (x) = (~v0 (x) ; ~w (x))0 ; x 2 J2 de�ned by(34) satis�es the condition (17) and according to (34) we are convinced that thefunction ~u1 (x) = (~v1 (x) ; ~w (x))0 ; x 2 J2 de�ned by (18) has the order " and the
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solution Y (1)1 (�; x0; �; x; ~u1 (�)), x 2 J2 of the system (22) has the order "2. At thistaking into account the inequality (8) and antisymmetric matrix Q(1)0 (�; x) ; x 2 J2(see (28)) along the singular optimal control satisfying the condition (14) from theformula (24) according to (25), (26), (28) we have

M (1) (u; �; ~u) = ��+"Z
� ~v00 (x)Q(1)0 (�; x) ~v1 (x) dx+ o �"2� =

= ��+"Z
�
hq(0)ij (�; x) ~v0i (x) ~v1j (x) + q(0)ji (�; x) ~v0j (x) ~v1j (x)i dx+

+o �"2� = �"24 �� hq(0)ij (�; �)� q(0)ji (�; �)i 1Z
�1p1 (s)�

� sZ
�1p1 (�) d�ds+ o �"2� = �"2��30 hq(0)ij (�; �)� q(0)ij (�; �)i+ o �"2� � 0;

where q(0)ij (�; �) ; q(0)ji (�; �) are the elements of the matrix Q(1)0 (�; x).Hence by virtue of arbitrariness of �; � 2 (�1;+1) ; � 2 J2n �J2 and i; j 2f1; 2; :::; r0g ; i 6= j we conclude that antisymmetric matrix Q(1)0 (�; x)�0; x 2 J2= �J2is also symmetric. Consequently, Q(1)0 (�; x) = 0; x 2 J2n �J2. So the proof of theoptimality condition (32) at k = 0 is �nished.For proving the assertion (33) at k = 0 keeping to (17) let's give the vectorcomponents of the function ~u (x) = (~v0 (x) ; ~w (x))0 ; x 2 J2 in the following form
~v0 (x) =

8<: vp1 �2(x��)" � 1� ; x 2 [�; � + ") � J2;0; x 2 J2n [�; � + ") ;
~w (x) =

8<: w xR�p1
�2(x��)" � 1� dx; x 2 [�; � + ") � J2;0; x 2 J2n [�; � + ") ;

(35)

where p1 (�) = � ; � 2 [�1; 1] is Legandre polynomial, v 2 Er0 ; w 2 Er1 ; � 2J2n �J2; �J2 � J2 is some �nite set.According to (18), (22) and (35) it is easy to show that
~v1 (x) � "; x 2 J2; Y (1)1 (�2; x0; �; x; ~u (�)) � "2; x 2 J2; ~w (x) � "; x 2 J2:
By virtue of last relations and proved above assertions (31), (32) from the formula(24) subject to (25), (26) along the singular optimal control u (t; x) ; (t; x) 2 J1 � J2satisfying the condition (14) and on the variations (35) we'll get
M (1) (u; �; ~u) = � �+"Z

� [~v01 (x)L(1)1 (�; x) ~v1 (x) + 2~v01 (x)P (1)1 (�; x) ~w (x)�
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� ~w0 (x)Hww (�; x) ~w (x)� dx+ o �"2� = �"38 hv0L(1)1 (�; �) v + 2v0P (1)1 (�; �)w�

�w0Hww (�; �)w� 1Z
�1
0@ xZ

�1p1 (�) d�
1A2 dx+ o �"3� � 0;

� 2 J2n �J2; v 2 Er0 ; w 2 Er1
Hence it follows the proof of the optimal control condition (33). The theorem isproved.Note that the optimality condition (33) is the analogy of Kelley condition forthe problems (1)-(4).
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