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MATHEMATICS

Adalat Ya. AKHUNDOV
THE INVERSE PROBLEMS FOR ONE
SYSTEM OF PARABOLIC EQUATIONS

Abstract
The questions of correctness and approximate solution of the inverse prob-lems of �nding unknown functions in the right hand side of the system ofparabolic equations are investigated in the work. For the considered problemsthe theorems on the uniqueness, existence and stability of solution have beenproved and examples, which show the exactness of the established theorems aregiven.Moreover, on the set of correctness the speed of convergence of the method ofsuccessive approximation, suggested for approximate solution of te given prob-lems has been estimated.

1. Statement of the problems.Let D0 � Rn�1; D � Rn; Q = D0 � (a; b) � Rn (a; b are some numbers) bebounded domains with boundaries @D0; @D; @Q 2 C2+�; x0 = (x1; :::; xn�1) ; x =(x0; xn) be arbitrary points of the domains D0 and D or Q respectively. The spacesC l+�; (1+�)=2 (�) ; l = 0; 1; 2; 0 < � < 1 and norms in these spaces have been de�ned
in [1, p.16], kvkkl = mX

k=1 kvkkCl ; 0 < T is a given number.
For simplicity, without loss of generality, the following system of parabolic equa-tions is taken as a model:

ukt ��uk = �k (x; t; u) ; k = 1;m; (x; t) 2 D � (0; T ] ((x; t) 2 Q� (0; T ]) ; (1)
where ukt = @uk (x; t)@t ; �� = nX

i=1
@2�@x2i is a Laplacian operator, u = (u1; :::; um).

Note, that the basic results, obtained for equation (1) are transferred also on themore general system of parabolic equations of the following form:
@uk@t � nX

i;j=1 a
ijk (x; t) @2uk@xi@xj +

nX
i=1 b

ik (x; t) @uk@xi + ck (x; t)uk = �k (x; t; u;rxu)
(rxu = (rxu1; :::;rxum) ; rx�, is a nabla operator).If the functions �k (�) ; k = 1;m are given, then adding to equations (1), forexample, the following initial and boundary conditions:

uk (x; 0) = 'k (x) ; x 2 �D = D [ @D �x 2 �Q = Q [ @Q� ; (2)
uk (x; t) =  k (x; t) ; (x; t) 2 @D � [0; T ] ((x; t) 2 @Q� [0; T ]) ; (3)

from system (1)-(3) under the approximate conditions on the input data, exactly orapproximately it is possible to de�ne the functions uk (x; t) ; k = 1;m. The questions
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of solvability of problem (1)-(3) in more general statement have been considered, forexample, in the works [1-4 and oth.].Let the right hand side of equation (1) contain unknown functions and have oneof the following forms:1) �k (�) = fk (x) gk (x; t; u) ;2) �k (�) = fk (t) gk (x; t; u) ;3) �k (�) = fk (x0; t) gk (x; t; u) ;4) �k (�) = fk (uk) gk (x; t; u) ;(gk (x; t; u) are the given functions).Then in system (1)-(3) it is necessary to join some additional conditions. Depend-ing on the structure of the right hand side of �k (�) the following inverse problemsare considered:Problem 1. It is required to de�ne the functions

�fk (x) ; uk (x; t) ; k = 1;m	
from conditions (1)-(3) and

TZ
0 uk (x; t) dt = rk (x) ; x 2 �D (4)

Problem 2. It is required to de�ne the functions
�fk (t) ; uk (x; t) ; k = 1;m	

from conditions (1)-(3) and

uk (x�; t) = pk (t) ; x� 2 D is fixed point; t 2 [0; T ] (5)
Problem 3. It is required to de�ne the functions

�fk (x0; t) ; uk (x; t) ; k = 1;m	
from conditions (1)-(3) and

uk �x0; c; t� = qk �x0; t� ; c 2 (a; b) is fixed point; �x0; t� 2 D0 � (0; T ] (6)
Problem 4. It is required to de�ne the functions

�fk (uk) ; uk (x; t) ; k = 1;m	
from conditions (1)-(3) and

uk (x�; t) = h (t) ; x� 2 D is fixed point; t 2 [0; T ] (7)
Relative to the input data of problems I-IV we'll suppose, that:10. gk (x; t; w) 2 Lip(loc)B; jgk (�)j � �1 > 0; (x; t; w) 2 B (in problems I, II, IV -B = �D � [0; T ]�R1, and in problem III - B = �Q� [0; T ]�R1).20. 'k (x) 2 C2+� � �D� ;  k (x; t) 2 C2+�;1+�=2 (@D � [0; T ]) ;

'k (x) =  k (x; 0) ; x 2 @D (in problem III - 'k (x) 2 C2+� � �Q� ;
 k (x; t) 2 C2+�;1+�=2 (@Q� [0; T ]) ; 'k (x) =  k (x; 0) ; x 2 @Q);30. [ kt (x; 0)��'k (x)] gk (x; T;  (x; T )) =[ kt (x; T )�� k (x; T )] gk (x; 0; ' (x)) ; x 2 @D;40. [ kt (x; 0)��'k (x)] gk (x�; 0; ' (x)) =[pkt (0)��'k (x) jx=x� ] gk (x; 0; ' (x)) ; x 2 @D;50. [ kt (x; 0)��'k (x)] gk (x; 0; ' (x)) jxn=c == [qkt (x0; 0)��'k (x) jxn=c] gk (x; 0; ' (x)) ; x 2 @Q;60. [ kt (x; 0)��'k (x)] gk (x�; 0; h (t)) =
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= [hkt (0)��'k (x) jx=x� ] gk (x; 0; ' (x)) ; x 2 @D;
70. rk (x) 2 C2+� � �D� ; TZ

0  k (x; t) dt = rk (x) ; x 2 @D;
80. pk (t) 2 C1+� [0; T ] ; pk (0) = 'k (x�);90. qk (x0; t) 2 C2+�;1+�=2 � �D0 � [0; T ]� ; qk (x0; 0) = 'k (x0; c) ; x0 2 �D0;100. hk (t) 2 C1+� [0; T ] ; hk (0) = 'k (x�) ; v2 � hk (t) � v3; t 2 [0; T ].De�nition 1.1. The functions

�fk (x) ; uk (x; t) ; k = 1;m	 we'll call the solu-

tion of problem I, if: 1) fk (x) 2 C � �D�, 2) uk (x; t) 2 C2;1 � �D � [0; T ]�, 3) correla-

tions (1)-(4) are satis�ed.De�nition 1.2. The functions
�fk (t) ; uk (x; t) ; k = 1;m	 we'll call the so-

lution of problem II, if: 1) fk (t) 2 C ([0; T ]), 2) uk (x; t) 2 C2;1 � �D � [0; T ]�, 3)

correlation (1)-(3), (5) are satis�ed.De�nition 1.3. The functions
�fk (x0; t) ; uk (x; t) ; k = 1;m	 we'll call the so-

lution of problem III, if: 1) fk (x0; t) 2 C � �D0 � [0; T ]�, 2) uk (x; t) 2 C2;1 � �Q� [0; T ]�,
3) correlation (1)-(3), (6) are satis�ed.De�nition 1.4. The functions

�fk (uk) ; uk (x; t) ; k = 1;m	 we'll call the so-

lution of problem IV, if: 1) fk (uk) 2 C �R1�, 2) uk (x; t) 2 C2;1 � �D � [0; T ]�, 3)
correlation (1)-(3), (7) are satis�ed.Problems I-IV are the class of incorrect Hadamard's problems. The solution ofthese problems doesn't exist always, and if it exists, then it can be non-unique andunstable.Let us show examples of violation of the correctness conditions of the solution.The example of non-uniqueness of the solution.Let in conditions (1)-(7) input data have the following form:

gk (x; t; u) = mX
i=1 (ui �Ai) ; 'k (x) = Ak;  k (x; t) = Ak; rk (x) = AkT;

pk (t) = Ak; qk �x0; t� = Ak; hk (t) = Ak; Ak = const; k = 1;m :
It is easy to check, that the pairs �fk (�) ; Ak; k = 1;m	 with any continuousfunctions fk (�) will be solutions of problems I-IV, in the sense of de�nitions 1.1-1.4,respectively. Hence, the solution of problems I-IV at these conditions is non-unique.The example of instability of the solution.Let g(s)k (�) = uk; '(s)k (x) = ck cosx; 0 � x � �2 ;  (s)k (0; t) = cke�st;

 (s)k ��2 ; t
� = 0; p(s)k (t) = cke�st cosx�; x� 2 �0; �2

� :
It is easy to check, that the functions f (s)k = 1 � s; u(s)k (x; t) = cke�st cosx(ck, k = 1;m are some numbers) are exact solution of problem II at above statedinput data. It is clear, that the choice of number s of the di�erence ���g(s+1)k � g(s)k ���,���'(s+1)k � '(s)k ���, ��� (s+1)k (0; t)�  (s)k (0; t)��� ; ��� (s+1)k ��2 ; t��  (s)k ��2 ; t���� ; ���p(s+1)k � p(s)k ���,i.e. perturbations of the input data can be done arbitrarily small in the norm of thespace C l for any l = 0; 1; :::
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However, at that ���f (s+1)k � f (s)k ��� = 1, that show the violation of stability of thesolution of problem II.The inverse problems of �nding the right hand side of the scalar equation ofparabolic type have been considered earlier in the works [5-17] (see also the bibliog-raphy in these works).Take a quick look at some works, which are connected with themes of the givenpaper.The inverse problems for linear parabolic equation with unknown function f (�)in the right hand side, which has the special structure:

� (x; t) = f (�) g1 (x; t) + g2 (x; t) (f (�) = f (x) or f (�) = f (t))
have been studied in the works [8-11], where the existence of a unique solution isestablished. In [12] one-valued solvability of the inverse problem of �nding the func-tion of source of the linear one-dimensional parabolic equation has been establishedin case, when the sought function has the form: � (x; t) = f (x) g (t) (both functionsare unknown). The questions of the existence, uniqueness and stability of solutionof the inverse problems for parabolic equation with more general right hand side:� (x; t; u) = f (�) g (u) (f (�) = f (x) or f (�) = f (x0; t) is sought fucntion) have beeninvestigated in [15, 16].The works [7, 13, 14, 17] are dedicated to getting non-linear fucntion in the righthand side of parabolic equation. The existence of solution of the inverse problem onde�nition of non-linear fucntion in the right hand side of one-dimensional parabolicequation has been established in case, when the additional condition is given on theboundary of domain [7, 14] or the sought fucntion f (u) is known on the de�nitepart of codomain of the function u [13].In the work [17] the theorem of uniqueness and stability of solution of the inverseproblem of getting non-linear right hand side of multidimensional parabolic equationunder the given additional condition at internal point of domain has been proved.

2. Uniqueness and estimation of the solutions stability.
It is know, that the uniqueness theorem, and also estimation of solution's stabil-ity of the inverse problems takes central place in investigation of their correctnessquestions [18]. Under the fairly general suppositions the following theorems of solu-tion's uniqueness of problems I-IV have been proved and the estimations of solution'sstability have been established.Theorem 2.1. Let conditions 1 0, 20, 30, 70 be ful�lled. Then if there exists the

solution of problem I and it belongs to the set K1 = f�fk; uk; k = 1;m� = fk (x) 2C� � �D�, uk (x; t) 2 C2+�;1+�=2 � �D � [0; T ]�g, then it is unique and the estimation

of stability is true:

ku� �uk0 + f � �f0 �M1 hkg � �gk0 + k'� �'k2 +  � � 2;1 + kr � �rk2i ;
where M1 > 0 depends on data of problem I and the set K1, �� �fk (x) ; �uk (x; t) ;k = 1;m�	 is a solution of problem I with data �gk (�) ; �'k (�) ;  k (�) ; �rk (�), which
satisfy the conditions 1 0, 20, 30, 70, respectively.
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Theorem 2.2. Let conditions 1 0, 20, 40, 80 be ful�lled. Then if there exists the

solution of problem II and it belongs to the set K2 = f�fk; uk; k = 1;m� = fk (t) 22 C� [0; T ] ; uk (x; t) 2 C2+�;1+�=2 � �D � [0; T ]�g, then it is unique and the esti-

mation of stability is true:

ku� �uk0 + f � �f0 �M2 hkg � �gk0 + k'� �'k2 +  � � 2;1 + kp� �pk1i ;
where M2 > 0 depends on data of problem II and the set K2; �� �fk (t) ; �uk (x; t) ;k = 1;m�	 is a solution of problem II with data �gk (�) ; �'k (�) ; � k (�) ; �pk (�), which
satisfy the conditions 1 0, 20, 40, 80 respectively.Theorem 2.3. Let conditions 1 0, 20, 50, 90be ful�lled. Then if there exists the

solution of problem III and it belongs to the set K3 = f�fk; uk; k = 1;m� =fk (x0; t) 2C�;�=2 � �D0 � [0; T ]�, uk (x; t) 2 C2+�;1+�=2 � �Q� [o; T ]�g then it is unique and the

estimation of stability is true:

ku� �uk0 + f � �f0 �M3 hkg � �gk0 + k'� �'k2 +  � � 2;1 + kq � �qk0;1i ;
where M3 > 0 depends on data of problem III and the set K3; � �fk (x0; t) ; �uk (x; t) ;k = 1;m	 is a solution of problem III with data �gk (�) ; �'k (�) ; � k (�) ; �qk (�), which

satisfy conditions 1 0, 20, 50, 90 respectively.Theorem 2.4. Let conditions 1 0, 20, 60, 100 be ful�lled. Then if there ex-

ists the solution of problem IV and it belongs to the set K4 = ��fk; uk; k = 1;m� j
fk (�) 2 C� �R1� ; kfkC(R0) � kfkC[�2;�3] uk (x; t) 2 C2+�;1+�=2 � �D � [0; T ]�o, then it

is unique and the estimation of stability is true:

ku� �uk0 + f � �f0 �M4 hkg � �gk0 + k'� �'k2 +  � � 2;1 + h� �h1i ; (8)
where M4 > 0 depends on data of problem IV and the set K4; � �fk (�) ; �uk (x; t) ;k = 1;m	 is a solution of problem IV with data �gk (�) ; �'k (�) ; � k (�) ; �hk (�), which
satisfy conditions 1 0, 20, 60, 100, respectively.Theorems 2.1-2.4 are proved with close method. Let's show the proof of theorem2.4.Proof. From equation (1) as x = x� taking into account the conditions oftheorem 2.4 for the fucntion fk (uk) we'll obtain:

fk (hk (t)) = [hkt (t)��ukjx=x� ] =gk (x�; t; h (t)) ;
k = 1;m; (x; t) 2 
 = D � (0; T ]; (9)

De�ne the fucntion [2, p.87]:
�k (x; t) 2 C2+�;1+�=2 ��
� ; �k (x; 0) = 'k (x) ; x 2 �D;

�k (x; t) =  k (x; t) ; k = 1;m; (x; t) 2 S = @D � [0; T ] : (10)
Let zk (x; t) = uk (x; t)� �uk (x; t) ; �k (uk; �uk) = fk (uk)� �fk (uk) ; �1k (x; t; u) =gk (x; t; u) � �gk (x; t; u) ; �2k (x) = 'k (x) � �'k (x) ; �3k (x; t) =  k (x; t) � � k (x; t) ;�4k (x) = hk (t)� �hk (t) ; �5k (x; t) = �k (x; t)� ��k (x; t) ; k = 1;m:
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It is easy to check, that the functions f�k (uk; �uk) ; #k (x; t) = zk (x; t)� �5k (x; t) ;k = 1;m	 satisfy the system:

#kt ��#k = �k (uk; �uk) gk (x; t; u) + Fk (x; t) ; (x; t) 2 
; (11)
#k (x; 0) = 0; x 2 �D; #k (x; t) = 0; (x; t) 2 S; (12)

�k �hk; �hk� = Hk (t)��zkjx=x�=gk (x�; t; h (t)) ; t 2 [0; T ] ; (13)
where

Fk (x; t) = �fk (�uk) [gk (x; t; u)� gk (x; t; �u) + �1k (x; t; �u)]� �5kt (x; t) + ��5k;
Hk (t) = �4k (t) =gk (x�; t; h)� [�1k �x�; t; �h�+

+gk (x�; t; h)� gk �x�; t; �h�]= ��gk (x�; t; h) � gk �x�; t; �h��Under the conditions of theorem 2.4 and from the de�nition of the set K4 itfollows that coe�cients and right hand side of equation (11) satisfy the H�older'scondition. It means, there exists a classical solution of de�nition problem of #k (x; t)from the conditions (11), (12) and it can be represented in the form [1, p.468]:
#k (x; t) =

tZ
0
Z
D Gk (x; t; �; �) [�k (uk; �uk) gk (�; � ; u) + Fk (�; �)] d�d� ; (14)

where d� = d�1:::d�n; Gk (x; t; �; �) is a Green's function of problem (11), (12), forwhich the following estimations [1, chapter IV] are true:
jGk (x; t; �; �)j � N1 (t� �)�n=2 exp ��N2jx� �j2= (t� �)� ;
Z
D
���DlxGk (x; t; �; �)��� d� � N3 (t� �)�(l��)=2 ; l = 0; 1; 2 (15)

here Dlx� are various derivatives in xi of order l; Ni > 0 (i = 1; 2; 3) - depend ondata of problem IV.Taking into account, that #k (x; t) = zk (x; t) � �5k (x; t) ; k = 1;m from (14)we'll obtain:
zk (x; t) = �5k (x; t) + Z t

0
Z
D Gk (x; t; �; �) [�k (uk; �uk) gk (�; � ; u) + Fk (�; �)] d�d� :

(16)Assume � = ku� �uk0 + f � �f0Under the conditions of theorem and from de�nition of the set K4, taking intoaccount estimation (15) we'll obtain:
jzk (x; t)j �M5 hk�5k2;1 + k�1k0i+M6� t; (x; t) 2 �
; (17)
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���k �hk; �hk��� �M7 hk�1k0 + k�4k1 + k�5k2;1i+M8� t�=2; t 2 [0; T ] : (18)

Inequalities (17), (18) are satis�ed at any values (x; t) 2 �
. Therefore they mustbe satis�ed also for maximum values of the left parts.Consequently,
� �M9 hk�1k0 + k�4k1 + k�5k2;1i+M10� t�=2 (19)

Let T1 (0 < T1 � T ) be such number, that M10T�=21 < 1. Then from (18) we'llobtain, that as (x; t) 2 �D � [0; T1] the estimation of stability (8) for solution ofproblem IV is true.By induction method we'll show, that estimation (8) is true for all t 2 [0; T ]. Letestimation (8) be true for 0 � t � sT1. Let us show, that it is true for sT1 � t �(s+ 1)T1 too.If to consider system (1), (2), (3), (7) in the domain �x 2 �D; t 2 [sT1; (s+ 1)T1]	,then we'll obtain, that the functions f�k (uk; �uk) ; #k (x; t) = zk (x; t)� �sk (x; t) ;k = 1;m	 satisfy the system:
#kt ��#k = �k (uk; �uk) gx (x; t; u) + Fk (x; t) ; (x; t) 2 D � (sT1; (s+ 1)T1]; (20)

#k (x; 0) = zk (x; sT1)� �5k (x; sT1) ; x 2 �D;
#k (x; t) = 0; (x; t) 2 @D � [sT1; (s+ 1)T1]; (21)

�k (uk; �uk) = Hk (t)��zkjx=x�=gk (x�; t; h (t)) ; t 2 [sT1; (s+ 1)T1] ; (22)
here the functions Fk (x; t) and Hk (t) �k = 1;m� have the same forms as in problem(11)-(13).Under the condition of theorem 2.4 and from the de�nition of the set K4 itfollows, that the solution of problem (20), (21) can be represented in the form [1,p.468]:

#k (x; t) = Z t
sT1

Z
DGk (x; t; �; �) [�k (uk; �uk) gk (�; � ; u) + Fk (�; �)] d�d�+

+Z
DG (x; t; �; sT1) [z (�; sT1)� �5k (�; sT1)] d�

Hence we'll obtain:
zk (x; t) = �5k (x; t) + Z t

sT1
Z
DGk (x; t; �; �) [�k (uk; �uk) gk (�; � ; u) + Fk (�; �)] d�d�+

+Z
DGk (x; t; �; sT1) [zk (�; sT1)� �5k (�; sT1)] d�

Substituting expression for zk (x; t) from the last equality in (22) and arguing asat derivation of inequality (19), we'll obtain:
� �M11 hk�1k0 + k�4k1 + k�5k2;1i+M10 (t� sT1)�=2 ; sT1 � t � (s+ 1)T1; (23)
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Here the constant numberM10 > 0 is the same, that in inequality (19). Thereforefrom (23) follows, that estimation (8) holds and a for sT1 � t � (s+ 1)T1.So it is proved, that the estimation of stability (8) holds for all (x; t) 2 �D �[0; T ]. The uniqueness of the solution of problem IV follows from estimation (8) asgk (x; t; w) = �gk (x; t; w) ; 'k (x) = �'k (x) ;  k (x; t) = � k (x; t) ; hk (t) = �hk (t) :So, theorem 2.4 is completely proved.In the conditions of theorem 2.4 (and also in theorem 2.1-2.3) it is supposed,that jgk (x; t; w)j � �1 > 0; k = 1;m. Example 1 in p.1 shows that without thiscondition the uniqueness of the solution of problem is broken.

3. The method of successive approximations.
The method of successive approximations is applied for approximate solution ofthe considered inverse problems.The method of successive approximations with reference to problem II consistsof the following:Let nf (s)k (t) ; u(s)k (x; t) ; k = 1;mo 2 K2 be already found. Consider the prob-

lem on de�nition of u(s+1)k (x; t) ; k = 1;m from the conditions:
u(s+1)kt ��u(s+1)k = f (s)k (t) gk �x; t; u(s)� ; (x; t) 2 
 = D � (0; T ]; (24)

u(s+1)k (x; 0)='k (x) ; x 2 �D ; u(s+1)k (x; t) =  k (x; t) ; (x; t) 2 S = @D�(0; T ]; (25)
This problem has a unique classical solution (if input data will satisfy the con-ditions 10, 20, 40, 80) belonging to C2+�;1+�=2 ��
� [1, p. 364].Then, under the functions u(s+1)k (x; t) ; k = 1;m from the condition:
f (s+1)k (t) = hpkt (t)��u(s+1)jx=x�i =gk �x; t; u(s+1)� jx=x� ; t 2 [0; T ] (26)

are de�ned f (s+1)k (t) 2 C� [0; T ] ; k = 1;m, and these functions are used for the nextstep of iteration. So, if choose f (0)k (t) 2 C� [0; T ] ; u(s+1)k (x; t) 2 C2+�;1+�=2 ��
� ; k =1;m from system (24)-(26) as s = 0; 1; 2; ::: consequently we'll �nd the functionsf (s)k (t) 2 C� [0; T ] ; u(s)k (x; t) 2 C2+�;1+�=2 ��
� ; k = 1;m.Let us show uniform boundedness of the sequences nf (s)k (t)o and nu(s)k (x; t)o ;
k = 1;m, which we'll need below.Lemma 3.1. Let conditions 1 0, 2 0, 4 0, 8 0 be ful�lled. Then if f (0)k (t) 2
C� [0; T ] ; u(0)k 2 C2+�;1+�=2 ��
�, then the functions

nf (s)k (t) ; u(s)k (x; t) ; k = 1;mo
found from system (24)-(26) at s = 1; 2; ::: are uniformly bounded (on sup norm) at(x; t) 2 �
.Proof. As stated above, if we choose nf (0)k (t) ; u(0)k (x; t) ; k = 1;mo 2 K2, thenunder the conditions of lemma 3.1 and by virtue of statement of the theorem, provedin [1, p.364] it follows, that for any s = 1; 2; ::: nf (s)k (t) ; u(s)k (x; t) ; k = 1;mo 2 K2.
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Then, by Green's fucntion [1, p.468] we'll �nd the expressions for solution of theproblem on de�nition of u(s+1)k (x; t) ; k = 1;m form (24), (25).

u(s+1)k (x; t) = �k (x; t)+
+ tZ

0
Z
D Gk (x; t; �; �) hf (s)k (�) gk ��; � ; u(s)�� �k� (�; �) + ��ki d�d� (27)

here �k (x; t) is de�ned in (10), Gk (x; t; �; �) is a Green's fucntion of problem (24),(25) for which estimations (15) are true.Taking into account estimations (15) and the conditions of lemma 3.1, from (27)and (23) we'll obtain:���Dlxu(s+1)k (x; t)��� � N4 k�k2;1+N5 ���f (s)k (t)��� t(2+��l)=2; k = 1;m; l = 0; 1; 2; (x; t) 2 �
���f (s+1)k (t)��� � N6 kpk1 +N7 ���D2xu(s+1)k (x�; t)��� t�=2; t 2 [0; T ]
or (s+1) � N8 hk�k2;1 + kpk1i+N9t�=2(1);
where

(s) = 2X
l=0

Dlxu(s)0 +
f (s)0

From the last inequality we have
(s+1) � N10 hk�k2;1 + kpk1i (1� �s) = (1� �) + �s(0); � = N9t�=2:

Let T2 (0 < T2 � T ) be such a number, that N9T�=22 < 1. Then we'll obtain,that the sequences nf (s)k (t)o ; nDlxu(s)k (x; t)o ; l = 0; 1; 2; k = 1;m are uniformly(on sup. norm) bounded as (x; t) 2 �D � [0; T2].Considering problem (24)-(25) is turn in the intervals (T2; 2T2) ; (2T2; 3T2) andetc., and acting as in proof of theorem 2.4, for �nite number of steps we'll obtain theuniform boundedness of the sequences nf (s)k (t)o ; nDlxu(s)k (x; t)o ; l = 0; 1; 2; k =1;m at all (x; t) 2 �D � [0; T ].Theorem 3.1. Let : 1) conditions 1 0, 2 0, 4 0, 8 0 be ful�lled, 2) problem II have

a unique solution belonging to the set K2. Then the functions
nf (s)k (t) ; u(s)k (x; t) ;

k = 1;m	 found from system (24)-(26) uniformly tend to the solution of problem

II with speed of geometric progression.Proof. From equation (1) as x = x� taking into account the conditions oftheorem 3.1 for the functions fk (t) we'll obtain:
fk (t) = [pkt (t)��ukjx=x� ] =gk (x�; t; p (t)) ; t 2 [0; T ] : (28)

Subtracting from the correlations of system (1), (2), (28) the correspondingcorrelations of system (24), (25), (26) we'll obtain, that the functionsn�(s)k (t) = fk (t)� f (s)k (t) ; z(s)k (x; t) = uk (x; t)� u(s)k (x; t) ; k = 1;mo
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satisfy the conditions of the system:

z(s+1)kt ��z(s+1)k = �(s)k (t) gk (x; t; u)+
+f (s)k (t) hgk (x; t; u)� gk (x; t; u)(s)i ; (x; t) 2 
; (29)

z(s+1)k (x; 0) = 0; x 2 �D; z(s+1)k (x; t) = 0; (x; t) 2 S; (30)
�(s+1)k (t) = ��z(s+1)k jx=x�=gk (x�; t; p (t)) + h�pkt (t)��u(s+1)jx=x���

� �gk �x�; t; u(s+1) (x�; t)�� gk (x�; t; p (t))�i =�gk �x�; t; u(s+1) (x�; t)� gk (x�; t; p (t))�(31)From the assumptions of theorem 3.1 and statement of lemma 3.1 it follows,that the right hand side of (29) belongs to the class C�;�=2 ��
� and it is uniformlybounded. Therefore, there exists a classical solution of problem on de�nition ofz(s+1)k (x; t) from conditions (29), (30) and it can be represented in the form [1,p.468]
z(s+1)k (x; t) = tZ

0
Z
D Gk (x; t; �; �) h�(s)k (�) gk (�; � ; u)+

+f (s) (�) �gk (�; � ; u)� gk ��; � ; u(s)��� d�d�
(32)

For Gk (x; t; �; �) Green's fucntion problems (29), (30), estimations (15) are true.Acting as in the proof of Lemma 3.1, we'll obtain:���Dlxz(s+1)k (x; t)��� � N11 h����(s)k (t)���+ ���z(s)k (x; t)���i t(2+��l)=2; l = 0; 1; 2; (x; t) 2 �

����(s+1)k (t)��� � N12 h���z(s+1)k (x�; t)���+ ���D2xz(s+1)k (x�; t)���i t�=2; t 2 [0; T ] ;

or �(s+1) � N13�(s)t�=2
where �(s) = 2X

l=0
Dlxz(s)0 + �(s)0.Applying the last inequality, obtain:

�(s+1) � �s+1�(0); � = N13t�=2 (33)
Let now T3 (0 < T3 � T ) be such a number, that N13T�=23 < 1. Then it follows,that the sequence ��(s)	 is majorized by decreased geometric progression. Acting asindicated above, we'll obtain, that inequality (33) is true at all t 2 [0; T ]. It means,�(s) ! 0 as s!1 no slower than geometric progression.So, we've obtain, that the functions nf (s)k (t) ; u(s)k (x; t) ; k = 1;mo found from(24), (25), (26) uniformly tend to the solution of problem (1), (2), (3), (5) as s!1with speed of convergence, which isn't slower than speed of convergence of thegeometric progression.
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As in theorem 3.1 the following convergence theorems of the method of successiveapproximations, used in problems I and II are proved.Theorem 3.2. Let: 1) conditions 1 0, 2 0, 3 0, 7 0 be ful�lled; 2) problem I have

a unique solution, belonging to the set K1. Then the functions
nf (s)k (x) ; u(s)k (x; t) ;

k = 1;m	, found from the system:

u(s+1)kt ��u(s+1)k = f (s)k (x) gk �x; t; u(s)� ; (x; t) 2 D � (0; T ];
u(s+1)k (x; 0) = 'k (x) ; x 2 �D; u(s+1)k (x; t) =  k (x; t) ; (x; t) 2 @D � [0; T ];
f (s+1)k (x) = hu(s+1)k (x; T )� 'k (x)��rk (x)i =

TZ
0 gk �x; t; u(s+1)� dt; x 2 �D

uniformly tend to the solution of problem I with speed of geometric progression.Theorem 3.3. Let: 1) conditions 1 0, 2 0, 5 0, 9 0 be ful�lled; 2) problem III have

a unique solution belonging to the set K3. Then the functions
nf (s)k (x0; t) ; u(s)k (x; t) ;

k = 1;m	, found from the system:

u(s+1)kt ��u(s+1)k = f (s)k �x0; t� gk �x; t; u(s)� ; (x; t) 2 Q� (0; T ]; (34)

u(s+1)k (x; 0) = 'k (x) ; x 2 �Q; u(s+1)k (x; t) =  k (x; t) ; (x; t) 2 @Q� [0; T ]; (35)
f (s+1)k (x) = �qkt (x0; T )��u(s+1)jx=c� =
=g �x; t; u(s+1)� jxn=c (x0; t) 2 �D0 � [0; T ] ; (36)

uniformly tend to the solution of problem III with speed of geometric progression.

4. Existence of solution.
The existence of solution of problems I, II, III is proved by the method of suc-cessive approximations, used in x3.Theorem 4.1. Let conditions 1 0, 2 0, 3 0, 7 0 be ful�lled. Then problem I has at

least one solution in the sense of de�nition 1.1.Theorem 4.2. Let conditions 1 0, 2 0, 4 0, 8 0 be ful�lled. Then problem II has

at least one solution in the sense of de�nition 1.2.Theorem 4.3. Let conditions 1 0, 2 0, 5 0, 9 0 be ful�lled. Then problem III has

at least one solution in the sense of de�nition 1.3.Theorems 4.1-4.3 are proved with close method. Let's prove below theorem 4.3.Proof. Note, that if we choose f (0)k (x0; t) 2 C�;�=2 � �D0 � [0; T ]� ; u(0)k (x; t) 2C2+�;1+�=2 � �Q� [0; T ]�, k = 1;m, then under the conditions of theorem 4.3 for alls = 1; 2; ::: u(s) (x; t) 2 C2+�;1+�=2 � �Q� [0; T ]� [1, p.364]. Then from (34) under theconditions of theorem 4.3 it follows, that f (s)k (x0; t) 2 C�;�=2 � �D0 � [0; T ]� ; k = 1;m.Using the functions �k (x; t) �k = 1;m� de�ned in (10), and representations of
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solution through Green's fucntion [1, p.468], let us �nd the expressions for solutionof problem on de�nition u(s+1)k (x; t) from conditions (34), (35):

u(s+1)k (x; t) = �k (x; t) +
tZ

0
Z
Q Gk (x; t; �; �)F (s)k (�; �) d�d�

where F (s)k (x; t) = f (s)k (x0; t) gk �x; t; u(s)�� �kt +��k.As lemma 3.1 it is proved the following:Lemma 4.1. Let the conditions of theorem 4.3 be ful�lled. Then the sequencesnf (s)k (x0; t)o, nDlxu(s)k (x; t)o ; l = 0; 1; 2; k = 1;m are uniformly bounded (on sup

norm) as (x; t) 2 �Q� [0; T ].An equipotential continuity of the sequences nDlxu(s)k (x; t)o ; l = 0; 1; 2; k =1;m follows from the inequality:���Dlxu(s+1)k (x; t)�Dlxu(s)k (�x; �t)��� � ���Dlxu(s+1)k (x; t)�Dlxu(s+1)k (�x; t)���+
+ ���Dlxu(s+1)k (�x; t)�Dlxu(s+1)k (�x; �t)��� � ���Dlx�k (x; t)�Dlx�k (�x; t)���+

+ ���Dlx�k (�x; t)�Dlx�k (�x; �t)���+
tZ

0
Z
Q

���DlxGk (x; t; �; �)�DlxGk (�x; t; �; �)����

� ���F (s)k (�; �)��� d�d� +
�tZ

0
Z
Q

���DlxGk (�x; t; �; �)�DlxGk (�x; �t; �; �)����

� ���F (s)k (�; �)��� d�d� + tZ
�t
Z
Q

���DlxGk (�x; t; �; �)��� ���F (s)k (�; �)��� d�d�
taking into account the uniform boundedness nf (s)k (x0; t)o of continuity and bound-edness of input data, estimations (15) and following [1, p.469]���DlxG (x; t; �; �)�DlxG (�x; t; �; �)��� � N14 jx� �xj� jt� � j�(n+2+�)=2�

� exp��N15 jx� �j2 = (t� �)� ; ���DlxG (x; t; �; �)�DlxG (x; �t; �; �)��� �
� N16 jt� �tj(2+��l)=2 (�t� �)�(n+2+�)=2 exp��N17 jx� �j2 = (t� �)� :

An equipotential continuity of the sequence nf (s)k (x0; t)o ; k = 1;m follows fromthe inequality:���f (s)k �x0; t�� f (s)k ��x0; �t���� � ���f (s)k �x0; t�� f (s)k ��x0; t����+ ���f (s)k ��x0; t�� f (s)k ��x0; �t���� �
� ���qkt �x0; t�� qkt ��x0; t���+ ����u(s+1)k (x; t)���xn=c �

����u(s+1)k (�x; t)����xn=c
� =
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= ���gk �x; t; u(s)� jxn=c���+ ���gk �x; t; u(s)� jxn=c � gk ��x; t; u(s)� j�xn=c����

����qkt ��x0; t���+ ����u(s+1)k (�x; t) j�xn=c���� =
= ���gk �x; t; u(s)� jxn=c � gk ��x; t; u(s)� j�xn=c���+

+ h��qkt ��x0; t�� qkt ��x0; �t���+ ����u(s)k (�x; t) j�xn=c ��u(s)k (�x; �t) j�xn=c���i =
= ���gk ��x; t; u(s)� j�xn=c���+ ���gk ��x; t; u(s)� j�xn=c � gk ��x; �t; u(s)� j�xn=c����

����qkt ��x0; �t���+ ����u(s+1)k (�x; �t) j�xn=c���� =
����qk ��x; t; u(s)��xn=c � gk

��x; �t; u(s)� j�xn=c
���� ;

taking into account the uniform boundedness and equipotential continuity of thesequence nDlxu(s)k (x; t)o ; l = 0; 1; 2 of continuity and boundedness of input data.The uniform boundedness and equipotential continuity of the sequencenu(s)kt (x; t)o follows from (34).
By Arcela's theorem [2, p.84] from the sequences nu(s)kt o ; nDlxu(s)k o ; nf (s)k o ;

l = 0; 1; 2; k = 1;m it is possible to choose sequences, convergent to some functionsfu�ktg ; �Dlxu�k	 ; l = 0; 1; 2; ff�kg ; respectively and u�k (x; t) 2 C2;1 � �Q� [0; T ]� ;f�k (x0; t) 2 C � �D0 � [0; T ]�.Then passing to the limit as s!1 in correlations (34)-(36) we'll obtain
u�kt ��u�k = f�k �x0; t� gk (x; t; u�) ; (x; t) 2 Q� (0; T ]

u�k (x; 0) = 'k (x) ; x 2 �Q; u�k (x; t) =  k (x; t) ; (x; t) 2 @Q� [0; T ] ;
f�k �x0; t� = �qkt �x0; t���u�kjxn=c� =gk (x; t; u�) jxn=c; �x0; t� 2 �D0 � [0; T ] ;
Hence it follows:

u�kt ��u�k = gk (x; t; u�) �qkt �x0; t���u�kjxn=c� =gk (x; t; u�) jxn=c :
From the last equality as xn = c, taking conditions 'k (x0; c; 0) = q (x0; 0) intoaccount, we obtain u�k (x0; c; t) = qk (x0; t) :Thus, the existence of solution of problem III is proved in terms of de�nition 1.3.
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