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SIMPLIFICATION OF AN ALGORITHM FOR
RECOGNITION OF EQUALITY OF CANONICAL

MORPHISMS IN THE CATEGORIES WITH

ADDITIONAL STRUCTURES

Abstract
The concept of seminormal term is introduced, and it is proved that for the

establishment of the canonical morphisms in symmetrical monoidally closed cat-
egories is not necessarily to reduce to the normal form the terms corresponding
to these morphisms and, it is sufficient, that these terms are seminormal.

One of the important problems at studying categories with additional structures
is a problem of canonical morphism’s equality. It consists of finding an algorithm,
allowing to final out which diagrams, made from canonical morphisms commute. It
is known the following scheme of the solution of these problems with the help of
methods of the theory of proofs. The formal system is constructed, in which the
derivations correspond to the canonical morphisms in the given category. The con-
cept of equivalency of the derivations is introduced, it is proved, that two canonical
morphisms are equal if and only if derivations corresponding to them are equiva-
lent. Later it is proved, that an equivalent conclusions have the same normal form,
from what the solvability of the problem of an equality of the canonical morphisms
follows.

S.MacLane brought up such question: whether it is possible to establish equality
of canonical morphisms conclusions corresponding to them?

The aim of this paper is to give the answer on this question for establishing
an equality of canonical morphisms to the symmetrical monoidally closed (SMC)
categories.

SMC is a category:
R =

(
R0, I,⊗,⊃, a, a−1, b, b−1, c, c−1, d, e

)
is defined by the following datas:

(i) category R0;
(ii) object I ∈ obR0;
(iii) two-place functors;

⊗ : R0 × R0 → R0

⊃: R0 × R0 → R0;

(iv) natural isomorphisms

a = aABC : H ⊗ (B ⊗ C) → (A ⊗ B) ⊗ C

b = bA : A ⊗ I → A

c = cAB : A ⊗ B → B ⊗ A with inverse a−1, b−1, c−1

(v) natural transformations

d = dAB : A → B ⊃ A ⊗ B

e = eAB : (B ⊃ A) ⊗ B → A
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Naturality property of the transformations is understood as in [31]. At that the
following diagrams must be commute:

The canonical morphisms in SMC-categories are called morphisms, which can
be obtained from 1, a, a−1, b, b−1, c, c−1, d, e with the help of⊗,⊃ and compositions.

The relation = for canonical morphisms is defined by a functorness ⊗,⊃, a
property of unit, by that a, b, c are isomorphisms, by a naturality of a, b, c, d, e, as-
sosiativity of the compositions, commutativity of the diagrams D1-D5 and ordinary
rules for an equality.
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In [6], [7] the deductive system and the system of deductive terms, cprresponding
to the SMC - categories are constructed. Let us show these systems here.

A sequence in this system is the expression of the form Γ → A, where A is a
formula, Γ is a list (may be empty) of formulae. The derivation of sequences is
defined by induction. The sequences

A → A
→ I

are the axioms.
The rules of inferences (to within the order of the formulae in antecedent) have

the form:

Γ → A Σ → B

ΓΣ → A ⊗ B

(⊗+
)
;

Γ1 AB Γ2 → C Σ → A ⊗ B

Γ1ΣΓ2 → C

(⊗−)
;

ΓA → B

Γ → A ⊃ B

(⊗+
)
;

Γ → A ⊃ B Σ → A

ΓΣ → B

(⊃−)
;

ΓΣ → A Π → I

ΓΠΣ → A
(a thinning)

Let’s denote this system by NSMC . In the same papers the system of the de-
ductive terms for NSMC is constructed. For each term we’ll attach some formula as
a type. The notation tA (or t ∈ A) will mean t-term of the type A. The terms will
be constructed from the constant of the type I and variables xA, yA... of the type A
for each formula A

Definition.
(1) xA is the the term of the type A;
(2) I is the term of the type I;
(3) if t ∈ B is a variable and xA freely enters to t, then λxAt ∈ (A ⊃ B); the

symbol λxA connects entires xA in t,
(4) if t ∈ A, s ∈ (A ⊃ B), then (s, t) ∈ B
(5) if t ∈ A, s ∈ B, then < t, s >∈ A ⊗ B
(6) if t ∈ C, s ∈ A ⊗ B xAxB freely enter to t, then txAxB [ls, rs] ∈ C
(7) if t ∈ A, s ∈ I, then {t, S} ∈ A
In points (4), (5), (7) t and s have no common free variables.
The equivalence relation (≡) between terms is defined by the following way:
(i) t ≡ λxA

(
t, xA

)
, where t ∈ A ⊃ B, xA is a new variables

(ii) t ≡< lt, rt >, where t ∈ A ⊗ B
(iii)

(
λxAt, sA

) ≡ txA

[
sA

]
, where txA

[
sA

]
means a result of the substitution sA

instead of free occurrences of the variable xA into the term t, renaming the connected
entries of the other variables for the avoidance of the collisions; we’ll not indicate
xAB in denotation for the substitutions

(iv) txAxB [l < u, v >, r < u, v >] ≡ txAxB [u, v], wherexA, xB freely enter to t
(v) txI [s] ≡ {tx′ [I] , s}, where s ∈ I and xI freely entries to t
(vi) {t, I} ≡ t, {I, t} ≡ t
(vii) t ≡ t′, if t and t′ are congruent, i.e. coincide or obtained from each other

by remaining the connected variables

(viii)
t ≡ t1 t ≡ t2

t1 ≡ t2

s1 ≡ s2

t [s1] ≡ t [s2]
.
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After this the deductive term f is associated with every canonical morphism
τ (f) and the following theorem is proved

Theorem 1. For any canonical morphisms f, g an equivalency is true: f = g
if and only if τ (f) = τ (g).

In the same place the normal form for the terms with help of conversions s �−→ s′,
corresponding to the equivalences s ≡ s′ of type (i)-(iv) is defined.

(1) s �−→ λxA
(
s, xA

)
, if s ∈ A ⊃ B, s has no form λys1 the entries of the

subterm s, chenged by λxA
(
s, xA

)
don’t descend from the entries of the subterm

of the form ({{... {s, u1} , u2} ...un} , t1) , n ≥ 0.
(2)

(
λxAt, s

) �−→ txA [s]
(3) s �−→< ls, rs >, if s ∈ A ⊗ B,S has no form < s1, s2 >, the entries of the

subterm s, changed by < ls, rs > don’t descend from the entries of the subterm of
the form f {{... {s1, u1} , u2} ..., un}, where n ≥ 0, f = l, r

(4) sxI [u] �−→ {sxI [I] , u}, if u �= I and xI is in the domain of action λ or (), or
< >

(5) {s, I} −→ s, {I, s} R1−→ s

(6) txAxB [l < s1, s2 >, r < s1, s2 >] �−→ txAxB [s1, s2]
1) A term, to which non of the conversions of s �−→ s′ applicable is called normal

term.
If conversions (1), (2), (4) are not applicable to this term, we’ll call it a seminor-

mal term. It is obvious, that every normal term is seminormal.
2) Lemma 1. If we’ll apply to the seminormal term one of conversions (3), (5),

(6), then the obtained term will be seminormal too.
Proof. Let t̄ be a seminormal term and the conversion s �−→< ls, rs > be

applicable to it. The obtained term we’ll denote by υ (υ is obtained from t̄ by the
substitution of its part S by < ls, rs > ). It is obvious, that if conversions (1), (2),
(4) are not applicable to υ, then conversions (1), (2), (4) are not applicable to υ too.

The rest cases (conversions (5), (6)) are easy checked.
The entry of a subform in the formula is positive (negative), if it is even (odd)

number of antecedent of implications. We’ll call the entry to be essentially positive
if it is not in the antecedent of any implication. A < B means, that A is essentially
positively enters in B.

Definition. The sequence is called balanced if each variable entering in it has
exactly two entries with different signs, I-balanced, if it is balanced and in any its
subformula of the form A ⊃ B with the constant B (i.e. constructed from the
constant I) the premise A is constant too.

Definition. Let t, t : Γ → A and sequence Γ → A be balanced. t and t′

satisfy the pair condition, if t and t′ don’t contain subterms
(
sB⊃C
1 , sB

2

)
, respectively,

and
(
υB′⊃C

1 , υB′
2

)
, where s2 : Σ → B, υ2 : Σ → B′, B ⊃ C < Σ; B′ ⊃ C ′ < Σ, I <

C,C.

In [9] the following theorem is proved.
Theorem 2. Let t, t′ : Γ → A be the normal terms and the sequence Γ → A be

balanced, then t ≡ t′ if and only if t and t′ satisfy the pair condition:
We’ll prove the same theorem, when t and t′ are seminormal terms. Denote by

t the normal form, and by t̄ seminormal form of the term t.
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Lemma 2. Let t1, t2 : Γ → A and the sequence Γ → A be balanced. Then t̄1, t̄2
satisfy the pair condition, if and only if t1, t2 satisfy the pair condition.

Proof. We’ll prove the implications from left to right by the induction over the
number of the conversions.

The basis is obvious.
The inductive transition
Let υ1, υ2 be a result of application of one of conversions (3), (5), (6) to t̄1 and

t̄2 respectively. By lemma 1 υ1 and υ2 are seminormal terms.
Consider one of the possible cases:
υ1

=. t̄1s [< ls, rs >] υ2
=. t2{s,I} [s] (the sign =. means a graphical coincidence of

the terms).
If t̄1, t̄2 satisfy the pair condition, then it is obvious, that t̄1s [< ls, rs >] and

t̄2{s,I} [s] satisfy the pair condition too.
The rest cases are considered similarly.
The implication from right to left. Let t̄1, t̄2 don’t satisfy the pair condition. As

in the first part of the proof it is easy to prove, that if t̄1 and t̄2 don’t satisfy the
pair condition, then in the result of applying conversions (3), (5), (6) to t̄1 and t̄2,
the obtained terms will not be satisfy the pair condition too.

From theorem 1, 2 and Lemma 2 it follows
Theorem 3. If f, g : A → B are canonical morphisms in SMC-categories, the

sequence A → B is balanced, then f = g if and only if τ (g) and τ (g) satisfy the
pair condition.

So, for the establishment of the canonical morphism’s equality in SMC categories
it is not necessary to reduce to the normal form the corresponding terms, their
seminormality is enough.
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