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STRONG SOLVABILITY OF THE FIRST
BOUNDARY VALUE PROBLEM FOR
DEGENERATE ELLIPTIC-PARABOLIC
EQUATIONS OF SECOND ORDER

Abstract

In the work the first boundary value problem is considered for degenerate
elliptic-parabolic equations of second order with, generally speaking, discontin-
wous coefficients. It’s supposed that a matriz of semior coefficients satisfies
parabolic Cordes condition with respect to space variables. A unique strong (al-
most everywhere) solvability is established for above mentioned problem in the
corresponding weighted Sobolev space.

Introduction.

Let E, be an n-dimensional Euclidean space of points z = (z1,...,2,), { be a
bounded domain in E,, with a boundary 92, 9Q € C?, Q7 be a cylinder Q x (0,7,
where T' € (0, 00).

Let’s consider in Q7 the first boundary value problem

n

Lu = Z Aij ('Iat)uij‘}"'l/](xat)utt_ut:f(Iat)a (1)
i.j=1
ulrgr) =0, (2)
2 2
where fori,j =1,n u;; = O u(s,1) u; = Ou 0"u T (Qr) = (0Q x [0, T])U

a.’tzal’] s Uy aixiault_ aTiat’
(2 x {(z,t) : t =0}) is a parabolic boundary of the domain Q7 and % (z,t) =
Ap)w () (T — 1), p = pla) = dist (z,09).
Assume that the coefficients of the operator L satisfy the following conditions:
laij (z,t)|| is a real symmetrical matrix with elements measurable in Q7 and for any
(z,t) € Qr and ¢ € E,, the following inequalities are true

YEP <D aij (1) &&55 <77 [€) (3)

1,7=1

where v € (0,1] is a constant

0 = sup Z a;; ($, t) /Z Qi (.’E, t) < )\2’ (4)
Qr \; j=1 i=1 n—
where
n
inf ag (z,t
Qr =1 " ( )
A= - ,
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X(p) >0, X(p) e C[0,diam Q], ‘)\' ‘<p\/)\(p), (5)
w(t) >0, w(t)eco,1], (6)
0(2) >0, ¢'(2) >0, @(2) €C0,T], ¢(0)=¢'(0)=0,

¢ (2) 2 Bz’ (2), (7)
where p and 3 are positive constants.

The condition (4) is called Cordes condition and is taken within non-degenerate
linear transformation in the following sense: the domain ()7 can be covered by finite
number of domains Q',...,QM so, that in each Q° such a non-degenerate linear
transformation of coordinates exists, that the matrix of senior coefficients of an
image of the operator £ satisfies the condition (4) in image of Q¢, i =1, M.

The purpose of this work is to prove a unique strong (almost everywhere) solv-
ability of the first boundary value problem (1)-(2) in the corresponding weighted
Sobolev space for any f (z,t) € Ly (Qr). Let’s note that for similar equations with
one space variable the first fundamental result in this direction was obtained by
Keldysh [1]. We will also mention the works [2]-[4] where strong solvability of the
boundary value problem (1)-(2) is established for equations with smooth coefficients.
For the case when v (z,t) = ¢ (T — t) the corresponding result was obtained in the
work [5] for equations whose main part satisfies the parabolic Cordes condition.
As to the second order elliptic and parabolic equations of non-divergence structure,
satisfying the condition of Cordes type, we will mention the works [6]-[13] in this con-
nection. We’d also note that the questions of weak solvability of the first boundary
value problem for degenerate second order elliptic-parabolic equations of divergence
structure were studied in the works [14]-[15]. As a base of our considerations in the
given work we take the coercive estimate for operators of L-type established in he
work by the author [16].

1. Estimate for a model operator.

At first we introduce some denotations and definitions. Let W21 o0 (Qr), W22 0 (Qr),
I/V22’1 (Qr) and W;’j (Q1) be Banach spaces of functions u (z,t) given on Qp with
finite norms 7

1/2
el 20y = /<u2+zu§) dzdt |
QT =1
1/2
lully 2000, = / u —i—Zu + Zu dedt |,

QT 5.7 1

lellwzror) = Iullwzogr) + 1Utlliaor

i,j=1 i=1

1/2
lullwz2 o (/(u +Zu +Z ul; +ui +9° (z, ) ufy + o (1) Zult>dmdt> (8)
Q
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respectiygly. ‘ -
Let W;i (Qr) be a subspace of W;i (Qr) that has a set of all functions from C* (Q7)

vanishing on I' (Qr) as a dense set. For R > 0, 2° € E,, we denote a ball { : |a: - .Z'0| <R}
by Bpg (2°) and a cylinder Bg (2°) N (0,T) by Q% (2°). Let Bg (2°) C Q. We say that
u(z,t) € A(QF (2°)) if u(z,t) € C (@1; (wo)), ui—o = 0 and supp u C Q (z°) for
some p € (0, R).

Everywhere further the notation C' (-) means that a positive constant C' depends only
on the contents of brackets.

Our goal is to establish a unique strong solvability of the boundary value problem (1)-
(2) by means of coercive estimate obtained in the work [16] and method of continuation by
parameter. For this purpose we have to prove independently the solvability of the problem
mentioned for some model equation from the class under consideration. As a model operator
we take the following one

Lo=A+ (T—t)a—Q—g
0 4 o~ o’
n 62
where A = Z 922 is a Laplace operator and fucntion ¢ (z) satisfies the conditions (7).
i=1 3

Everywhere further we limit ourselves to consideration of the most interesting case, when
p(z) >0at z>0. If p(z) =0, then the equation (1) is parabolic and the corresponding
result on solvability of the first boundary value problem was obtained in [8]. But if ¢ (z) =0
at z € [0,2°], then the solution of the problem (1)-(2) can be obtained by assembling of
the solution u (z,t) of the problem in a cylinder @).o and the solution v (z,t) of the first
boundary value problem for parabolic equation in a cylinder  x (ZO,T) with boundary
conditions v (z,2°%) = u (,2°), vlsaxp0,m = 0.

Let’s fix an arbitrary e € (0,7) and introduce a fucntion ¢, (z) in the following way:

o' (e)e | ¥ (e) 2
v (2) =¢(e)— p- ] 2™ at z € [0,¢), . (2) = p(z) at z € [e,T], where m = ik
It’s easy to see that o, (z) € C*[0,T]. Let’s show that for z € [0, T
1
¢e (2) 2 59 (2) (9)

It’s enough to prove (9) for z € [0,¢e). It’s clear that due to monotonicity of ¢ (z) the
inequality (9) will be fulfilled if

orp(e) > 2¢' (e)e.
But the last estimate is true because of (7). Hence the inequality (9) has been proved.
Without losing of generality we consider m > 1. Then

= (T) = supy. (2) < q(T) = supy’ (z). (10)
[0,7 [0,T]

z m—1
Tndeed, . (T) < max {?up]go' © () (T)} = max {9’ (¢),(T)} = q(T),
0,e
We say, that u(z,t) € B(QF (2°)), if u(z,t) € A(QF (2°)) and, besides, ul—p =
ut|t:T = 0
Let’s define the operator
0? 0]



58 Proceedings of IMM of NAS of Azerbaijan
[E.R.Gasimova]

Lemma 1. If ¢ (2) satisfies the conditions (7), then there exists such Ty (p,n), that
at T < T for any fucntion u(z,t) € B (QF (2°)) the estimate is true:

/ (Z ug; +ui + @2 (T—t)u?tws(T—t)Zu?t) dwdt <
QE(20)

i,j=1 i=1

<(1+2(n+1)q(T)) / (Low)? dudt (11)
QE(x°)
Proof. For simplicity we’ll write () instead of Q% (2)

/(L:Eu)2 dxdt > / Z u?jdmdt + /(p? (T — t)ui,dzdt + /ufdde-

Q Q b=l Q Q

+2 / 0. (T — t) up Audxdt — 2 / 0. (T — t) ugrurdadt (12)
Q Q
But on the other hand

n

2 / ¢ (T —t) up Audxdt — 2 / Z (0. (T = t) uij), wedxdt
Q Q =

n
(as wij|i=o = uiile=T = 0) =2 / oL (T —t) Z wiuedrdt—
Q

=1

-2 / w. (T —1t) Z wiipurdadt > —q. (T') / Z u?jdmdt—

Q i=1 Q i,j=1
—ng. (T') /u?dmdt +2 / . (T —1t) Z w3 dxdt (13)
Q Q =t

and similarly

_2/905 (T - t) uggudrdt = —/(,0'5 (T —t) uidxdt+

Q Q
+. (T) /uf (,0)dz (as ut|t—r =0) > —q. (T) /u?dwdt . (14)
B Q

1
Owing to (7) ¢(T) — 0 at T' — 0. Choosing T} so small that (n+1)¢(T7) < 50 e
have at T <Ty .
1-(n+1)q(T)
Using this and (10), and proving like in lemma 1, from the work [16], we get the estimate
(11) on the base of (12)-(14).
Lemma has been proved.
Lemma 2. Let ¢ (z) satisfy the conditions (7), L at € > 0 have the same meaning as

in lemma 1. Then at T < T (p,n,Q) for any function u (x,t) € W;j (QT) the estimate
18 true:

<14+2(n+1)q(T)

lullwz (qr) < C1 (0,0, e = il gy (15)
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where p = %; W22’2 (Qr) is a Banach space of functions u(x,t) given on Qr with the

Pe
finite norm defined by the equality (8), where function ¢ is replaced by ¢.; W;i (Qr) is
a completion of a set of all functions from C* (QT) vanishing ond0Qr with respect to a
norm of the space W;’i (Qr)-

Proof . It’s enough to prove the lemma for functions u (z,t) € C* (@T) , Ulogr=0-

Let’s note that according to the above mentioned g (77) < 1. Then reasoning as in the
proof of coercive estimate [16], we derive from (11) the existence of such T3 (¢,n,Q) < Ty,
that if 7' < T3, then for any function v (z,t) € C* (Qr), vlr(@r) = 0, Vli=r = v¢ls=r =0
the estimate is true:

lolhwz2 (@ < 2 (01D (1€l 1aom + Il aiom) (16)

T T _
Let T < ?3 We take R = T and let u (z,t) € C*° (Qr), ulag, = 0. Let’s consider such

a function ¢ (¢) € C>*[0,T], that ((t) =1 att € [0,T —R],((t) =0 at t € [T— ];,T] )

0<(¢(t)<1land
! C 1 C
COI< s, ["OI< 5 (17)

Putting in (16) v (z,t) = u (z,t)  (¢) and taking into account (17), we get

lllwz2 iy < Co (1 WOl i) + Mllraion) <

Cs
<G (I @l + (G +1) Wil ) +

2C; Cs
TR lpcuellr,gp + "2 llecullr, gy (18)
From the conditions (7) it follows, that supy (z) < Cy4 (¢) - T. So, taking into consider-
[0,7]
ation, that supyp, (z) = supy (z), we conclude
[0,T7] [0,T7]
Il a0y < CaT lullpom) (19)

On the other hand for any o’ > 0 the interpolation inequality takes place
, 3
||905Ut||L2(QT) < GiTa ||<Psutt||L2(QT) + o ||u||L2(QT) (20)
Indeed, let’s fix an arbitrary o' and consider for v > 0 the integral

112
k= / [mp? (T —t) ug + Vu] dzdt.
Qr

It’s clear, that k£ > 0. Simultaneously

. 1 .
k=v* / O (T — t)ul,dadt + 2 / u?dzdt+
Qr Qr

+2 / 02 (T — t) ugudzdt < 5T?V? / ©2 (T — t) u,dzdt+
Qr Qr
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1 . .

+ﬁ / u?dzdt — 2 / O2 (T — t) uldzdt + 4 / 0. (T —t) o (T — t) u ugdzdt.
Qr Qr Qr

Besides, using the fact, that ¢ (T') < 1 as well as the inequality (10), we get

4 / 0. (T —t) o (T — t) u updadt < / O (T —t) uidwdt+

Qr Qr
+4 / (L (T — ) uldzdt < / O (T — t) uidxdt + 4 / u?dzdt (21)
Qr Qr Qr

From (20)-(21) it follows, that
. . 1
/ O (T — t) uidzdt < 3T%0? / ©2 (T — t)ui,dxdt + (1/2 + 4) / u?dzdt .
Qr QT Qr

Now it’s enough to put ¥ = min {a’, 1} to prove the inequality (20).
Using (19) and (20) in (18) we conclude that for any o’ > 0 the inequality is true

||U||W22§E @Qrn) S C2 || L. (u)||L2(QT) +8a'CyC3C, ||u||W22,>§£(QT) +

Cs (30’ n, Q)
+ 22l ) (22
Let’s fix an arbitrary a > 0 and choose o' = — % Then from (22) it follows, that
8C2C3Cy

06 ((p7naﬂ)
lllw22 (@r ) < C2lle @llpaiom + allullwze @)+~ g lullagmy  (23)

Similarly we can show that if
Q =Qx(T-2R,T+2R), Q"=Qx(T-R,T+R),

S(Q") =00 x [T —-2R,T +2R],
then for any function w (z,t) € C*° (Q') , Wls(@y = 0 at any a > 0 the estimate is true

C’T (‘p:nvﬂ)
lollwzz (gny < CollCeslipyqn + ol @y + o2 wllyiqy - (24)

Let Q) =0 x (T —2R,T), Q" =0 x (T,T+2R), Q" =Q x (T — R,T). We extend
the fucntion w (x,t) in an odd way and ¢, (T —t) in an even way through the hyperplane

t =T from Q. to Q_. We denote the extended functions again by u (z,t) and ¢_ (T —t)
respectively. Putting in (24) w = u and taking into account the equality

||U||W§;3,E @ < ﬁ”“““’i’i (@)
and similar equalities for norms ||u||W222 @ ullp, gy and [[Lewllp, gy, We get
»Pe

Cr
lullwzz (@n) < C2liLeullpy @) +allullwzz (@) + 7 lull, @) (25)

Uniting (23), (25) and choosing the corresponding «, we conclude

. 1 .
||U||€v22;j€(Q+) < Cs (p,n, Q) <||55U||3:2(QT) M) ||U||i2(QT)> (26)
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On the other hand recalling that 1 = &, we have

[ (o= g dode = £l gy + 2 Nl ) -

Qr
o / wLeudzdt = |Coull], o, + 12 il o) + B (27)
Qr
Besides,
k1= —2u / u(Au+ @, (T —t) uy — uy) dedt = 2 / Zu?dwdt—
Qr Qr =1
—2u / ¢ (T —t)u ugdzdt + p / (u2)t dzdt >
Qr Qr
> 2u / o. (T —t)uldzdt — 2u / oL (T — t) u updzdt. (28)
Qr Qr
Let’s show that for z € (0,T) the inequality is true
¢ () > Bzo. (2). (29)

Owing to (7) it’s enough to prove (29) only for z € (0,¢). But for such z (29) is equivalent
to the inequality

! m

2
> Ld (E)fl , where m=—.
m me™ B

But the last inequality is true, if the estimate takes place

06) 2 24! (o) (30

Now it is sufficient to note that (30) is fulfilled owing to (7). Hence from (28), (29) and
(10) we obtain

Qr Qr
—uq (T)T 2
> Hq2(6 ) / (Tli _dadt. (31)
Qr
We apply the Hardy inequality according to which
u? 9
———dzdt <4 [ uidzdt . (32)
(T -1 t
Qr Qr

Then from (27), (31) and (32) we conclude
: 2q(T)
Vel g + 1 o) < 16eu = mull gy + L5 Nz @) (39

Now we’ll choose such a small Ty (¢, n,Q, 3) , that ¢ (Ty) < % and fix Tp = min { 22, T, }.
8
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Then from (26) and (33) the needed estimate (15) follows.
Lemma has been proved.

20, Solvability of the problem for a model equation.
Let’s consider the operator

0? 0
r_ _
Lo=A+¢(z,1) 92 " B

nooa
82

where A = Z 92 is Laplace operator.
i

i=1

Lemma 3. If ¢ (z,t) satisfies the conditions (5)-(7) then at T < T5 (v); 7 € [0,1] for
any fucntion u(z,t) € A (Q¥ (a:o)) the estimate is true

i,j=1 i=1

/ (Z ufj +u? 4 b (z,t) uly + 1 (z,t) Zu?t) dzdt <
QF (x°)

N
< (1+$D(T)) / (o~ T) " dw (34)
QR(20)
where Sy = S (¢, n) is some constant

D(T)=q (T)+4q(T),

qi (T) = sup ¢(t), q(T)= sup ¢ (t).
t€[0,7] t€[0,7]

Proof. It’s enough to consider the case of 7 > 0. We denote % by u'. We have

L = /(Lgu — p'u)? dedt = /(ﬁf)u)2 dzdt+
Q Q

+ () /qumdt -2/ / uAudzdt + 24/ / w ugdt — 2/ / ¥ (z,t) ugudzdt. (35)
Q Q
In [16] the estimate has been obtained

i,j=1 i=1

/ (Z ul +ui + 97 (1) uf, + 1) (2,1) Zuft> dzdt <
Q

§(1+D(T)><S)/( Lu)? drdt
Q

where S (¢, n) is some constant.
We can rewrite it in the following way

1 < ‘ o
i=1

Q Q \bi=l

But | SD(T)
e i SV S
1+SD(T) ! 1+SD(T)—1 SD(T),
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and

/( bu)’ dedt > (1— SD (T))/ (Z ul 4+ ui +PPud, + 1 Zu;) dxdt.
Q =1

Q i,j=1

We will use the obtained estimate to estimate the first addend in (35).
For the third addend in (35) we’ve

—2,u'/uAudmdt = 2,u'/2u?da:dt >0,
Q Q =t

and for the fourth one
2u'/uutda:dt = ///u2 (x,T)dx >0,
Q B
Let’s consider the fifth addend in (35) in detail:

—2u' / ) (z,t) uggudedt = -2/ / (T —t) X(z)w (t) u ugdedt =
Q

= —2,1;'/@/} (z,t) uidzdt — 24
Q

O (T — ) A(z) w (t) v uydedi+

@\@

+2u' / o (T —t) X(z) ' (t)u wpdadt >
Q
> —2;//30' (T —t) X (z)w (t) |u| |uy|dzdt—
Q
2 @@ =A@ O ful jualdade >
Q
!
> —p/'Cy (N) Cro (w) agq (T) /ufdmdt - %Cgcloq (T) /quwdt—
Q Q

—u'CyCy1 (w) agy (T) /ufdwdt - %CgC’llql (T) /u2d;rdt (36)
Q Q

Let’s take Clg = max {010, 011}, 013 = CgClg.
Then continuing our reasoning we obtain from (36)

!
—QM’/zp (x,t) uggudzdt > —p'CrzaD (T) /ufda:dt - %ClgD (1) /uzdmdt. (37)
Q Q Q

Let T' < T5 (v) be so small, that Ci3D (T) < 1.
Then taking all the above mentioned into account we get from (35)

ij=1

I,>(1-8D (T))/ (Z ug; +ui + g, + 1 Zuft> dzdi+
Q i=1
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. . !
+ (1)’ /uzdmdt — u'ClgaD/ufda:dt - % /u2dxdt )
Q Q Q

1
If we put a = —;, then
I

I, > (1-SD(T)) S i+ (@) u o (2,6) Y | dadi—
Q i,7=1 i=1

—C13D (T) /ufdxdt =(1-5,D(T)) / > oowl b up +Qug > ui | dedt
Q o i,j=1 i=1
where Sl =S+ 013.

Whence,

4,j=1

n
/ Z u?j +u? 4 p?ul, 4 pud, | dedt <
Q

1 $,D (T)
< "] = _ ]
= 1—511)(T)I1 L+ 1—511)(T)I1

1
Let T5 be so small, that S; D (T) < 3 Then

D oud 4} + Puf, + gl | dedt < (1+428.D(T)) [ = (1+ 82D (T) .
o i,j=1

So we get the needed estimate (34).

Lemma has been proved.

Lemma 4. If coefficients of the operator L satisfy the conditions (3)-(7), then for any
fucntion u(x,t) € C™ (QT) y ulp@ey =0 at T < Ts(v,0,¢,n,9) and any T € [0,1] the

estimate 1s true .

||u||W22,'5(QT) < Cia(v,0,%,n) H‘CU’ - fu‘ La(@r)
Proof is similar to the proof of coercive estimate for the operator £ in the work [16].
Further we will denote the operators Lo — p and £. — u by My and M, respectively.
Let’s denote min {7y, 75} by 1°.
Theorem 1. If the fucntion ¢ (2) satisfies the conditions (7), then at T < TV the first
boundary value problem

Mou = f (z,t), (z,t) € Qr (38)

has a unique strong solution in the space ng (Q) for any fucntion f(x,t) € Ly (Qr).

Proof. First assume that f(z,t) € C* (Qr). Let v (z,t) be classical solution of the first
boundary-value problem

Av—v = f(xat)u (:If,t) € QT
U|F(QT) =0

It’s clear that this solution exists and owing to [17] v (z,t) € W5'* (Qr), and

lullyy22(0) < Crs (.2 F) (40)
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where W2? (Qr) is a Banach space of functions given on Q7 with finite norms (8), where
p=1. As at € € (0,7) the fucntion ¢, (z) < 1, we conclude from (40) that

HU||W§,’§E(QT) < Cis (41)

We denote by W5 (Qr) the completion of a set of all functions from C* (Qr) vanishing

on dQr with respect to the norm of the space W.'* (Qr); by uf (z,t) - the strong (almost
everywhere) solution of Dirichlet problem

Mo = f ("I;;t)a (.Z',t) €Qr

(u (z,8) = v (2,1) € Wy* (Qr) -

__ This solution exists at every € > 0 owing to [18]. It’s clear, that (u® (z,t) —v (z,1)) €
W;j (Qr). Taking into account that v|p,) = 0 and the inequality (9), we get that

ut (z,t) € Wy, (Qr)-
Besides, for F; (x,t) = M.v taking into account (41), we have

1Fellzy0qp) < Cro (0, QT f) (42)
From lemma 2 it follows that
||u® — ”||W22;§E(QT) <G (||f||L2(QT) + ||FE||L2(QT)) :
Then from (41), (42) and (9) we conclude
||UE||W22;§(QT) < Cir ||U||W2235 Q1) < Cis(p,n, 2,1, f) (43)

Hence, a family of functions {u® (z,t)} is bounded by norm of the space W;; (Qr)

uniformly with respect to €. So this family is weakly compact in W;j (Qr).
And this, in particular, means that there exist such sequences of positive numbers
{ex}, klim ex = 0 and a fucntion ug (z,t) € W;Z (Qr), that for any h(z,t) € C> (Q7)
—00 ’

lim (]\4'011451c ) h) = (M()Uo, h) ) (44)

k—o00

where (a,b) = /ab dz dt. But
Qr

(Mou™, h) = (Mo — Mc,) u™, h) + (Meyu* h) = (Mo — Me, ) u™ h) + (f,h) . (45)
Besides, taking into account (9) and (43) we have

J (k) = (Mo — M.,)u™, h| < || (¢ — ¢.,) uchLz(Q(ak)) X

X NPl py (0@ <3 ||UE’“||W22;§% @) M @)y < 3C1s 1Pl g, -
where @ (¢) = Q x (T —¢,T). Thus, we have that
T(k) — 0 (46)

k—o0
From (44)-(46) it follows that (Mgug, h) = (f, h), and Moug = f (z,t) almost everywhere

in QT-
Now let f (z,t) € Ly (Q7). In this case such a sequence {fy, (x,t)}, m = 1,2, ... exists,
that f, (z,t) € C* (Qr) and lim ||fn, — fllLy(@py = 0- For all natural m we will consider
m—00

a sequence {un, (z,t)} of strong solutions of the first boundary value problems
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MOUm = fm (l’,t), (iE,t) € QT;
Um|F(Qt) = 0

On the base of above mentioned we say that for any m the fucntion wu,, (z,t) exists.
Using the estimate of the previous lemma for the operator Ly at 7 = 1 we get

||Um||W22"5(QT) < Oy HmeLz(QT) < Cig (p,n,9, f) (47)

Thus, the sequence {u,, (x,t)} is weakly compact in Wf; (Q7), ie. there exist such a
subsequence {m;} € N, klim my = oo, and a fucntion u (z,t) € szj, (Qr), that for any
—00 ’
h(z,t) € C* (Qr) lim (Moum,,h) = (Mou, h).
k—oo
But
lim (Moummh) = khm (fmkah) = (f: h) .
—00

k—oo
That is why (Mou, h) = (f,h), and Mou = f (x,t) almost everywhere in Q)7. Therefore,
the existence of strong solution of the problem (38)-(39) has been proved. The uniqueness
of the solution follows from lemma 4.
Theorem has been proved.

3°. Strong solvability of the first boundary value problem.
Let’s replace the condition (3) by a weaker one

n
inf i () =~">0 3/
ng;au(l' ) Y ( )

Theorem 2. If coefficients of the operator L satisfy the conditions (3°) and (4)-(7),
then at T < T the first boundary value problem (1)-(2) has a unique strong solution in
the space Wsz (Qr) for any f(z,t) € Lo (Qr). And the following estimate is true for the
solution u (x,t)

||u||W22,’$(QT) < Uy ||f||L2(QT) . (48)

Proof. The estimate (48) and uniqueness of the solution follow from the coercive
estimate in the work [16]. Let’s prove the existence of the solution. We will consider a
family of operators L (1) = (1 —7) Mo + 7L for 7 € [0,1]. Let’s show that the set E of
points 7 for which the problem

L(T)u = f (m;t)a (:L.at) € QT; (49)

u|F(QT) = 0, (50)
has a unique strong solution in ng (Qr) for any f(z,t) € Ls(Qr), is nonempty and
simultaneously open and closed with respect to [0,1]. Whence, E = [0, 1] and, in particular,
the problem (49)-(50) is solvable at 7 = 1, i.e. when £(V) = L.

The nonemptiness of the set E follows directly from theorem 1. Let’s prove its openness.
Let 79 € E, and ¢ > 0 will be chosen later. We will show that the problem (49)-(50) is
solvable for all 7 € [0,1] such that |7 — 79| < € . The problem (49)-(50) can be rewritten in
the equivalent form

Loy = f(z,t) — (L7 = LO))u, (2,t) € Qr

u (o t) € W22 (Qr) &1
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Let’s consider an arbitrary fucntion v (z,t) € W;i (Qr) and the first boundary value
problem

L0 = f(a,8) = (L0 = L) v(z,1), (2.8) € Qr

u(xz,t) € Wii (Qr) - (52)

It’s clear, that (£ — £(T0)) v (z,t) € Ly (Qr). Let’s note that for all operators £(7)
the conditions (3’) and (4) are fulfilled with constants 727) > min {y',n} and o(;) < o
respectively.

Let’s prove it. We denote coefficients of senior derivatives of the operator £{7) with
respect to space variables by al(;) (z,t), 4,5 =1,n. Let

n

Z az; (x,1) Zn: [al(.;,) (z, t)] 2

o i,j=1 5 Gi=1
F=supl— () =

T 2 z,t n 2
9* (z,1) [Z az('z'T) (:L‘,t)]

77 = supr(™ (z,t), where g¢(z,t) = Z ai; (z,t) .
Qr i=1

Taking into account (4) and the fact, that for any operator of L-type the inequality

7 > — is true, we conclude
n

n
n(l1—7)°+20(1-1)g(z,t) + 72 Z aj; (x,1)
r) (@) = — ; M <
n?2(1—7)" +27(1—7)ng(z,t) + 72¢2% (z,t)
T2 (F - %) g% (z,t) <
n? (1 —1)° +27 (1 — 1) ng (z,t) + 729 (z,t) ~
l+ 72 (F— %)g2 (z,1)
n T2g* (2, t)

< —+

S|

<

I-=7)n+7A"

It’s easy to see that \ (1) = (St
—T)n+T

But on the other hand

;\I(T): AT =T 2§0
[(1 —7T)n+ T)\+]

That’s why ~

A1) >X(1) =\ (54)
From (53) and (54) it follows that

and our statement has been proved.
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Now let’s note that from the above mentioned and lemma 4 it follows that at 7' < T°
for any 7 € [0,1] and any fucntion u (x,t) € Wii (Q7) the estimate is true

lully 22 ) < Co || £

. 59
L2 (QT) ( )

On the base of the made assumption the boundary value problem (52) has a strong
solution w (z,t) for any v (z,t) € W;z (Qr). Thus, the operator P from szi (Qr) into
W;j} (Qr) is defined, and w = Pv. It is compressing when ¢ is chosen in the corresponding
way. We will show that. Let v() (z,t) € W221/2z (Qr), u') =Pul =12

Then, taking into account the equality £(7) — £(70) = (7 — 7¢) (£ — Mp) we conclude
that u) (z,t) — u'® (z,1) is a strong solution of the first boundary value problem

£(ro) (u<1> - u<2>) = (1= 70) (£ — Mp) (v<1> _ v@)) ;

(um _ u<2>) € W22 (Qr).

Using (55) we get

1 _ (2)“ < Conlr — HL_M (1) _ @ | 56
u u v v .
=g, S =i e (00, 0
On the other hand
L — M) (v —o® ‘ < Cy (L,n,Q,T Hv(l) - v(2)H
H( o) ( ) Lot = O ) W22 (@r)
Thus,
 _ <2)H < O H 1 _ (2)”
u u g (v v .
H wil@r) = W22(Qr)

Now choosing ¢ = we prove that the operator P is compressing. From here it

1
. 2020001 . .
follows that it has a stationary point u = Pu, that is a strong solution of the boundary value
problem (51), and, consequently, of (49)-(50). Therefore, the openness of the set E has been
proved. Now let’s show that the set E is closed. Let 7, € E, k=1,2,...; klim T = 7. For
— 00

natural k£ we denote by upy (z,t) a strong solution of the first boundary value problem
'C(Tk)u[k} =f (.Z',t), (iIJ,t) € Qr; u[k]|F(QT) =0.
According to (55) we have
||u[kl] HW;fﬁ(QT) < Cy ||f||L2(QT) . (57)

So, the family of functions {up (z,t)} is weakly compact in W;i (Q7), ie. there
exists such a subsequence of natural numbers {k;}, llim k; = oo, and a fucntion u (z,t) €
—00

Wf; (Qr), that for any 9 (z,t) € C* (Qr)

tim (£ uge, ) = (£0u,) . (58)

=00

But

(£ upon,w) = ((£7 = £09)) wgey, ) + (£,4) = 1 (O + (£.9). (59)
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Moreover, taking into account (56) and (57) we have

[ O < I =7l (£ = Mo) ugegs | < 17 = 7o | Con [y 22 ) X

XYl Ly @) < C20Co1 |7 = Tl [1fll1y00) 1PNl Ls000) (60)
From (60) it follows that llim J1 (I) = 0. Now from (58) and (59) we can conclude that
—00

(LDu,ap) = (f,9), ie. LD u= f(z,t) almost everywhere in Q7. Thereby it is shown that
T € E, i.e. the set E is closed.

Theorem has been proved.

The author expresses her deep gratitude to her supervisor corr. member of NASA, prof.
I.T.Mamedov for his valuable advice and useful discussion of the results.
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