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A MIXED PROBLEM FORBARENBLATT-JELTOV-KOCHINA EQUATION INBOUNDED DOMAIN
AbstractIn this paper the mixed problem for Barenblatt-Jeltov-Kochina equation inbounded domain of multi-dimensional space is studied. The case when timederivative is contained in boundary condition is considered.

Introduction.By studying the liquid motion in �ssured rock for liquid pressure in cracksG.I.Barenblatt, Yu.P.Jeltov and Z.N.Kochina in [1] obtained the equation
@psdt � �@�p@t = � ��p; (0:1)

where � is a piezoconductivity coe�cient of a �ssured rock, � is a coe�cient ofcharacteristics of a �ssured rock. As � ! 0 this equation coincides with ordinaryequation of uid �ltration at elastic condition. In the paper [1] on the Barenblatt-Jeltov-Kochina segment basic mixed problems are studied. Cauchy problem and amixed problem in multi-dimensional cylindrical domain for equation (0.1) are studiedin the papers [2] and [3]. Note also the paper [4] where the existence of uniquenessof a solution at almost everywhere and classic solution of semilinear pseudoparabolicequation of higher order on space variables is studied.In the given paper a mixed problem in multi-dimensional bounded domain forequation (0.1), and also a mixed problem for this equation with time derivative inboundary condition are studied.
x1. Denotation, de�nitions and a theorem on the uniqueness of solu-tion of a mixed problem for equation (0.1).Let Rn be n-dimensional Euclidean space with elements x = (x1; x2; :::; xn);
 � Rm be a bounded domain with su�ciently smooth boundary @
. ByQ = 
 � [0;1) and by C(0;0) (Q) we denote a space of functions determined inQ and continuous with respect to t and x.De�nition 1. By B(1;2) (Q) we'll denote a space of functions de�ned in Q thatD�t Dj�jx u (t; x) 2 C(0;0) (Q) ; j�j = �1 + �2 + ::: + �n and satisfying at t > 0 theestimate
ku (t; x)kC�;j�j(�
) � Cet; where 0 � j�j � 2; � = 0; 1;  > 0 (1:0)
In Q let's consider the following mixed problem

ut (t; x)� ��nut (t; x) = ��nu (t; x) + f (t; x) ; (1:1)
u (0; x) =  (x) ; (1:2)u (t; x) j[0;1)�@
 = 0; (1:3)



72 [F.B.Guseynov] Proceedings of IMM of NAS of Azerbaijan
where ' (x) 2 H� (
) ; Hv (
) is a Sobolev-Slobodedskii space.De�nition 2. The fucntion u (t; x) 2 B(1;2) (
) is said to be a classic solutionof problem (1:) � (1:3), if it satis�es the equation, initial condition and boundarycondition in an arbitrary sense.By H�D (
) (� � 1) ([5], c.252) we denote a subspace of Sobolev-Slobodedskiispace H� (
) for whose elements the conditions

F (x) j@
 = 0; �F (x) j@
 = 0; :::;�[ ��12 ]F (x)���@
 = 0
are ful�lled.By H�N (
) for � � 2 we denote a subspace of space H� (
), consisting of thefunctions F (x) for which

@F (x)@�
����@
 = 0; @@��F (x) j@
 = 0; :::; @@��[ �2 ]�1F (x)����@
 = 0;

where � is an external normal to @
.The following theorem holds:Theorem 1. A classic solution of problem (1.1)-(1.3) is unique if it exists.Proof. Show that the solution of homogeneous problem corresponding to prob-lem (1.1.)-(1.3) is only a trivial solution. For this purpose, we multiply equation(1.1) by the fucntion u (t; x) and integrate on Qt = [0; t)� 
, we get
" (t) = Z

0
Z

 [ut (t; x)� ��nut (t; x)� ��nu (t; x)]u (t; x) dxdt �

� "1 (t) + "2 (t) + "3 (t) = 0 (1:4)
Consider the �rst summand in (1.4)

"1 (t) = tZ
0
Z

 ut (t; x)u (t; x) dxdt =

12
Z


24 tZ
0

ddtu2 (t; x) dt
35 d
 = 12

Z

 u2 (t; x) d
 ;

since for a homogeneous problem  (x) � 0.Hence, we get "1 (t) = 12
Z

 u2 (t; x) dx : (1:5)

Consider the second summand in (1.4). By Green's �rst formula
"2 (t) = � tZ

0
Z

 [�nut (t; x)]u (t; x) dxdt =

= �� tZ
0
Z



nX
j=1

@ut (t; x)@xj @u (t; x)@xj dxdt+ � tZ
0
Z
@
 u (t; x) @ut (t; x)@n dsdt (1:6)
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By a boundary condition the second summand in (1.6) equals zero. Therefore,from (1.6) we have

"2 (t) = ��2
Z



nX
j=1

�@u (t; x)@xj
�2 dx (1:7)

Similarly, by boundary condition (1.3) we have
"3 (t) = � tZ

0
Z

 [�nu (t; x)]u (t; x) dtdx = �� tZ

0
Z



nX
j=1

� @u@xj
�2 dxdt (1:8)

We get from (1.4)-(1.8)
" (t) = 12

Z

 u2 (t; x) dx+ �2

Z



nX
j=1

�@u (t; x)@xj
�2 dx+

+�2
tZ

0
Z



nX
j=1

�@u (t; x)@xj
�2 dxdt = 0:

Hence from this it follows that
u (t; x) � 0

Theorem 1 is proved.
x2. The existence of the solution of mixed problem (1.1)-(1.3) and itsestimation.We represent the solution of problem (1.1)-(1.3) in the form

u (t; x) = u0 (t; x) + uf (t; x) ;
where u0 (t; x) is the solution of problem (1.1)0, (1.2), (1.3), and uf (t; x) is thesolution of (1.1), (1.2)0, (1.3) where the zero at the numbers of data means thatthey equal zero.Considering estimation (1.0) we perform Laplace transformation with respect tot on problem (1.1)-(1.3). Then, we'll get the following boundary-value problem

k~u (k; x)� (�k + �)�~u (k; x) = ~f (k; x)� �� (x) +  (x) ; (2:1)
~u (k; x) j@
 = 0: (2:2)Everywhere the sign ~ over the function will mean the Laplace transformationwith respect to t of this fucntion.Consider the di�erential expression Â = � with de�nition domain

D �Â� = fW (x) :W (x) 2 C2 (
) \ C ��
�
�W (x) 2 L2 (
) ; W (x) j@
 = 0g : (2:3)
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The di�erential expression ~A with de�nition domain D �Â� degenerates a nega-tive-de�nite self-adjoint operator A in the space L2 (
). It is known that ([6], p.177-178) the spectrum of this operator is descrete and for its eigen values �l the inequality

0 > �1 � �2 � ::: � �l � :::; liml!1�l = �1 (2:4)
holds.Eigen functions 'l (y) of the operator A corresponding to eigen values �l formsa basic in the space L2 (
). Using the said above, we prove the theorem:Theorem 2. Let � > 0; @
 2 C2[n2 ]+4; f (t; x) 2 C �(0;1) ; H2[n2 ]+2D � ;
 (x) 2 H2[n2 ]+4D (
) ;

kf (t; x)kH2[n2 ]+2(
) � Cet;  � 0; (2:5)
Then the solution of problem (1.1)-(1.3) exists, for it take place representation

u (t; x) = 1X
l=1  le

��l1���l 'l (x) + 1X
l=1

'l (x)1� ��l
tZ

0 e ��l1���l (t��)d�
and is satis�ed the estimation

ku (t; x)kC�;j�j(�
) � C(���
�� e ��11���1 k (x)kH2([n2 ]+1)+j�j(
)+

+1�
"��1X
�=0

���
�� f (����1)t (t; x)H2[n2 ]+j�j(
)

#+
+t 12 ���

�� 24 tZ
0 kf (� ; x)k2H2[n2 ]+j�j(
) d�

35
129>=>;

where  l = Z

  (x)'l (x) dx � = 0; 1; j�j = 0; 1; 2; f�1 (t; x) � 0; �1 is the �rst

eigenvalue of Dirichlet problem for Laplace operator.Proof. Using theorem 3.6 from [6] (p.177) for the solution of (2.1)-(2.2) we havethe following representation
~u (k; x) = 1X

l=1
Cl (k)'l (x)k � (�k + �)�l ; (2:6)

where Cl (k) = Z


h ~f (k; x)� ��' (x) +  (x)i'l (x) dx

and the series (2.6) converges in L2 (
). Later on, we'll show the series in (2.6) andalso the series obtained from it by termwise integration with respect to
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("� i1; "+ i1) uniformly converge with respect to x in �
. Represent Cl (k) inthe form
Cl (k) = Z


 ~f (k; x)'l (x) dx+Z
 ( (x)� �� (x))'l (x) dx � C(1)l (k)+C(2)l : (2:7)
The solution of problem (1.1)-(1.3) is de�ned as the inverse Laplace transforma-tion from ~u (k; x)
u (t; x) = 12�i

"+i1Z
"�i1 ~u (k; x) ektdk = 12�i

1X
l=1 'l (x)

"+i1Z
"�i1

Cl (k) ektk � (�k + �)�l dk �

� 12�i 1X
l=1 'l (x)

0@ "+i1Z
"�i1

C1l (k) e+ C2lk � (�k + �)�l ektdk
1A � uf (t; x) + u0 (t; x) : (2:8)

The integrand fucntion in (2.8) has prime poles at the points kl = ��l1� ��l . Allthese poles are arranged on a negative semi-axis. Consider each addend in (2.8)separately. By E.Borell theorem ([7], p.475)
uf (t; x) = 1X

l=1 'l (x)
Z

 'l (y)

8<:
tZ

0
24f (� ; y) 12�i

"+i1Z
"�i1

e(1��)kdkk � (�k + �)�l
35 d�

9=; dy: (2:9)
Calculate the integral with resect to ("� i1; "+ i1). Denote

Jl (t) = 12�i
"+i1Z

"�i1
ektdkk � (�k + �)�l

The integrand function in Jl (t) has a prime pole at the point k = ��l1� ��l .By Jordan's lemma ([7], p.410)
Jl (t) = e ��l1���l t1� ��lThen, we get from (2.8) and (2.9)

uf (t; x) = 1X
l=1

'l (x)1� ��l
tZ

0 e ��l1���l (t��)fl (�) d�;
u0 (t; x) = 1X

l=1 C(2)l e ��l1���l t1� ��l'l (x) ;
(2:10)

where C(2)l = Z

 ( (x)� �� (x))'l (x) dx.
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Since  (x) ; 'l (x) 2 H2[n2 ]+4D (
), then transforming the expression C2l byGreen's second formula, we get

C(2)l = (1� ��l) lThen u0 (t; x) = 1X
l=1  le

��l1���l t'l (x) (2:11)
Putting the expressions u0 (t; x) and uf (t; x) into (2.8) for solution of problem(1.1)-(1.3) we get

u (t; x) = 1X
l=1  le

��l1���l t'l (x) + 1X
l=1

'l (x)1� ��l
tZ

0 e ��l1���l (t��)fl (�) d� (2:12)
Now let's prove uniform convergence of series in (2.12) and its derivatives, if thedata of problem (1.1)-(1.3) satisfy the conditions of theorem 2.In [8] it is shown that if @
 2 C[n2 ]+v+1, then

k'l (y)kC�(�
) � Cj�lj 12([n2 ]+�+1); � = 0; 1; 2; ::: (2:13)
Besides, it is known that ([6], p.200)

c0l 2n < j�lj < c1l 2n ; (2:14)
where the constants c0; c1 are independent of l. It follows from (2.13) and (2.14)that k'l (y)kC�(�
) � Cl 12([n2 ]+�+1); � = 0; 1; 2; ::: (2:15)Estimating by modulus, we obtain

juf (t; x)j � 1X
l=1

k'l (x)kC(�
)1� ��l
tZ

0 e ��l1���l (t��) jfl (�)j d�
By (2.13)

juf (t; x)j � 1�
1X
l=1 j�lj

12([n2 ]�1) tZ
0 e ��l1���l (t��) jfl (�)j d�: (2:16)

By Cauchy-Bunyakovskii inequality
1X
l=1 j�lj

12([n2 ]�1) tZ
0 e ��l1���l (t��) jfl (�)j d� � ( 1X

l=1 j�lj�([
n2 ]+1)) 12 : (2:17)

Since
�hn2 i+ 1� 2n =

8>><>>:
1 + 2n; if n is even,
1 + 1n; if n is odd, (2:18)
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by inequality (2,14) we'll get that1X

l=1 j�lj�([
n2 ]+1) < +1: (2:19)

Since �l < 0 then applying Cauchy-Bunyakovskii integral inequality we'll get0@ tZ
0 e ��l1���l (t��) jfl (�)j d�

1A2 � t tZ
0 jfl (�)j2 d�

From (2.16), (2.17), (2.19), the last inequality and theorem 8 of [5] (p.253) weget
kuf (t; x)kC(�
) � C� t 12

8><>:


tZ
0 fl (� ; x)


2
H2[n2 ](
) d�

9>=>;
12 : (2:20)

Now we get the estimation of derivatives uf (t; x). Let � � 1 be an integer. Thenwe have from (2.9)
D�t Dj�jx uf (t; x) = 1X

l=1
Dj�jx 'l (x)1� ��l

�f (��1)l (t) + ��l1� ��l f (��2)l (t)+
:::+ � ��l1� ��l

���1 fl (t) + � ��l1� ��l
�� tZ

0 e ��l1���l (t��)fl (�) d�:
Since ���� ��l1� ��l

���� < �� as l � 1
then proceeding as in obtaining estimation (2.20) we'll get

kuf (t; x)kC�;j�j(�
) � C�
(��1X
�=0

���
�� f (����1)t (t; x)H2[n2 ]+j�j(
)+

+t 12 ���
�� 24 tZ

0 kf (� ; x)k2H2[n2 ]+j�j(
) d�
35

129>=>; ; (2:21)
where, f�1 (t; x) � 0; C is a constant.Now, let's estimate u0 (t; x). From (2.11) by Cauchy-Buynakovskii inequality weget

ju0 (t; x)j � e ��lt1���1 1X
l=1 j lj k'l (x)kC(�
) � Ce ��lt1���1 1X

l=1 j lj j�lj
12([n2 ]+1) �

� Ce ��lt1���1 ( 1X
l=1 j lj2j�lj2([

n2 ]+1)) 12 ( 1X
l=1 j�lj�([

n2 ]+1)) 12 : (2:22)
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Allowing for (2.18) from estimations (2.14), (2.19), by theorem 8 ([5], p.253) weget from (2.22)

ku0 (t; x)kC(�
) � Ce ��lt1���1 k (x)kH2([n2 ]+1)(
) : (2:23)
Now, let's estimate the derivatives u0 (t; x).We have from (2.11)

D�t Dj�jx u0 (t; x) = 1X
l=1  l

� ��l1� ��l
�� e ��lt1���1 tDj�jx 'l (x) : (2:24)

Proceeding as in estimation of u0 (t; x), we get
ku0 (t; x)kC�;j�j(�
) � C ���

�� e ��lt1���1 t k (x)kH2([n2 ]+1)+j�j(
) (2:25)
Summing (2.21) and (2.25) for � > 0 for the solution of problem (1.1)-(1.3) weget the following estimation

ku (t; x)kC�;j�j(�
) � C(���
�� e ��lt1���1 t k (x)kH2([n2 ]+1)+j�j(
)+

+1�
"��1X
�=0

���
�� f (��v�1)t (t; x)H2[n2 ]+j�j(
)+

+t 12 ���
�� 24 tZ

0 kf (� ; x)k2H2[n2 ]+j�j(
) d�
35

12375
9>=>; (2:26)

This completes theorem 2.The case � = 0. In this case equation (1.1) turns into parabolic equation. Thefollowing theorem holds.Theorem 3. Let @
 2 C2[n2 ]+6;  (x) 2 C (
) ; f (t; x) 22 C2�[0;1); H2[n2 ]+6D (
)�. Then, for he solution of problem (1.1.)-(1.3) for � = 0it holds the estimation
ku (t; x)kC�;j�j(�
) � Cf��e��1t k (x)kC(�
) + f (��1)t (t; x)H2[n2 ]+j�j+2(
)+

+� f (��2)t (t; x)H2[n2 ]+j�j+4(
) + :::+ ���1 kf (t; x)kH2[n2 ]+j�j+2�(
)+
+��t 12

24 tZ
0 kf (� ; x)k2H2[n2 ]+j�j+2�+2(
)

35
129>=>; : (2:27)

Proof. For � = 0 from (2.11) for u0 (t; x) we have
u0 (t; x) = 1X

l=1  le��lt'l (x) :
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Hence, di�erentiating with respect to t and x we get:

D�t Dj�jx u0 (t; x) = 1X
l=1  l (��l)� e��ltDj�jx 'l (x) :

Estimating by norm and using estimation (2.13), applying Cauchy-Bunyakovskiiinequality, we get���D�t Dj�jx u0 (t; x)��� � 1X
l=1 j lj �� j�lj� e��lt

���Dj�jx 'l (x)��� �
� C��e��lt( 1X

l=1 j lj2
) 12 ( 1X

l=1 j�lj[
n2 ]+j�j+2�+1 e2�(�l��1)t) 12 (2:28)

Since at t > 0 e2�(�l��1)t � Cj�lj[n2 ]+j�j+2�+1 ;
and  (x) 2 C (
), from inequality (2.28) we get

ku0 (t; x)kC�;j�j(�
) � C��e��1t k (x)kC(�
) : (2:29)
Now, let's consider uf (t; x) at � = 0. From (2.10) for � = 0 we get

uf (t; x) = 1X
l=1 'l (x)

tZ
0 e��l(t��)fl (�) d�

Di�erentiating with respect to t and x we get
D�t Dj�jx uf (t; x)

= 1X
l=1 Dj�jx 'l (x) hf (��1)l (t) + ��lf (��1)l (t) + :::+ ���(��1)l � fl (t)i+

+(��l)� tZ
0 e��l(t��)fl (�) d� (2:30)

Estimating (2.30) by modulus and using estimation (2.15) we get
���D�t Dj�jx uf (t; x)��� � C( 1X

l=1 j�lj
12([n2 ]+j�j+2�+1) f (��1)l (t) +

+� 1X
l=1 j�lj

12([n2 ]+j�j+3) ���f (��1)l (t)���+
+:::+ ���1 1X

l=1 j�lj
12([n2 ]+j�j+2�+1) fl (t)+
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+�� 1X

l=1 j�lj
12([n2 ]+j�j+2�+1)t tZ

0 e��l(t��)fl (�) d�
9=; (2:31)

Using Cauchy-Bunyakovskii inequality in (2.31) we get
kuf (t; x)kC�;j�j(�
) � C " 1X

l=1 j�lj�([
n2 ]+1)# 12 8<:

" 1X
l=1 j�lj2[

n2 ]+j�j+2 ���f (��1)l (t)���2# 12 +

+�" 1X
l=1 j�lj2[

n2 ]+j�j+4 ���f (��2)l (t)���2# 12 + :::+ ���1 " 1X
l=1 j�lj2[

n2 ]+j�j+2� jfl (t)j2# 12 +
+��t 12

24 1X
l=1 j�lj2[

n2 ]+j�j+2�+2 tZ
0 jfl (t)j2 d�

35
12 (2:32)

Applying theorem 8 of [5] (p.253) from (2.32) we get
kuf (t; x)kC�;j�j(�
) �

� C �f (��1)t (t; x)H2[n2 ]+j�j+2(
) + � f (��1)t (t; x)H2[n2 ]+j�j+2(
)+
+���1 kf (t; x)kH2[n2 ]+j�j+2�(
) + ��t 12

24 tZ
0 kf (� ; x)k2H2[n2 ]+j�j+2�+2(
) d�

35
129>=>; (2:33)

Summing (2.29) and (2.33) we get the proof of theorem 3.Remark. We note that in theorem 2 and 3 we can take � � 3 but � � 2. Thistime more smoothness is required from data of problem (1.1)-(1.3).Now, let's consider a mixed problem for equation (1.1) with time derivative inboundary condition.
x3. A mixed problem for Barenblatt-Jeltov-Kochina equation in boundeddomain with time derivative in boundary condition.Now, let's consider in Q mixed problem (1.1), (1,2) with the boundary condition

@@�
��u+ �@u@t

�����@
 = 0; (3:1)
where � is a normal to the boundary @
. In one-dimensional case this case is studiedin the paper [1]. Here we shall also study a classical solution of problem (1.1.), (1.2),(3.1) whose de�nition is given as in x1. For this problem a uniqueness theorem isproved as in theorem 1. In this case for "� (t) we get the expression

"� (t) = 12
Z

 u2 (t; x) dx+ �2

Z



nX
j=1

�@u (t; x)@xj
�2 dx+
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+�2

tZ
0
Z



nX
j=1

�@u (t; x)@xj
�2 dxdt+ tZ

0
Z


��@ut (t; x)@� + �@u (t; x)@�

� dsdt = 0;
where ds is a surface element of @
. By boundary condition (3.1) the last addendin the expression "� (t) equals zero. Hence, as in theorem 1, we get the uniquenessof problem (1.1), (1.2), (3.1). Applying Laplace transformation with respect to t tothis problem, we get

k~u (x; k)� (�k + �)�~u (x; k) = ~f (x; k)� �� (x) +  (x) ; (2:1)
(�+ �k) @@� ~u (x; k)

����@
 = 0; (3:2)
where Re k > 0. Since � + �k 6= 0, then reducing to this multiplier we get thefollowing boundary condition

@@� ~u (x; k)
����@
 = 0: (3:3)

Now, let's consider problem (2.1), (3.3). For solving this problem we shall pro-ceed as in x2. Moreover, Vl (x) and �l will be respectively, eigen-functions andeigen-values of Neumann problem for Laplace operator
�Vl (x) = �lVl (x)

@@�Vl
����@
 = 0: (3:4)

Eigen-functions Vl (x) form a basis in the space L2 (
) [5] (p.189-191). Now,we'll get an estimation of type (2.15) for eigen-functions of Neumann problem forLaplace operator. Applying in turn Laplace operator to (3.4) we get
@Vl@�

����@
 = 0; @@��Vl (x)
����@
 = 0; :::; @@��[ �2 ]�1Vl (x)����@
 = 0; (3:5)

Lemma 1. Let @
 2 Cv; v = hn2 i+2 and Vl (x) be eigen-functions of Neumannproblem for Laplace operator that correspond to eigen-value �l. Then it holds theestimation kVl (x)kH�(
) � C k�lk �2 ;where C is independent of Vl (x).Proof. First we note that Z

 Vl (x) dx = 0

for any l � 2: (V1 (x) = 1; �1 = 0).Indeed, by Green's �rst formula by virtue of a boundary condition from (3.4)Z

 Vl (x) dx = 1�l

Z

 �Vl (x) dx = 1�l

Z
@


@Vl (x)@� d
 = 0
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i.e. all eigen-values of Neumann problem for Laplace operator beginning from thesecond one are orthogonal to a unit in a scalar product L2 (
).Let @
 2 C� (� � 2). Then by lemma 3 from [5] (p.252) we get

kVl (x)kH�(
) � C � �2 Vl (x)L2(
) ;if � is even and kVl (x)kH�(
) � C � ��12 Vl (x)H1(
) ;if � is odd, at this C is independent of l.Hence kVl (x)kH�(
) � C k�lk �2 ; (3:6)if � is even and kVl (x)kH�(
) � C j�lj ��12 kVl (x)kH1(
) ; (3:7)if � is odd.Since kVl (x)k2H1(
) = Z

 jgrad Vl (x)j2 dx+ Z
 V 2l (x) dx =

= �Z
 Vl (x)�Vl (x) + 1 = ��l + 1 (3:8)
from (3.6)-(3.8) for any � � 2 we have

kVl (x)kH�(
) � C k�lk �2 ; (3:9)
Lemma 1 is proved.Remark. Now, let @
 2 C[n2 ]+�+2. Then Vl (x) 2 H[n2 ]+�+2N (
) and bySobolev's imbedding theorem

kVl (x)kC�(�
) � C kVl (x)kH[n2 ]+�+1(
) ; (3:10)
From this C is independent of Vl (x).Hence and from (3.9) we get

kVl (x)kC�(�
) � C j�lj 12([n2 ]+�+1) : (3:11)
Since Re k > 0, then problem (2.1), (3.3) is solved as problem (2.1), (2.2.).Further, applying results of x2 and considering that �1 = 0 for he solution ofproblem (1.1), (1.2), (3.1) we get the formula

u (t; x) =  �1 + 1X
l=2  �l e

��lt1���l Vl (x) + tZ
0 f�1 (�) d�+

+ 1X
l=2

Vl (x)1� ��l
tZ

0 e ��l1���l (t��)f�l (�) d�;
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where  �l = Z


  (x)Vl (x) dx; f�l (�) = Z

 f (x; �)Vl (x) dx : (3:12)

From (3.12) it follows that for � > 0 and � = 0 for the solution of problem (1.1),(1.2), (3.1) the analogy of theorem 2 and 3 hold, respectively. Since the proofs ofthese theorems are conducted similar to the proofs of theorems 2 and 3, here we givehe statement of only one of these theorems.Theorem 4. Let � > 0 and the remaining conditions of theorem be ful�lledin this space H�D (
) it is necessary substitute by H�N (
). Then for the solution ofproblem (1.1), (1.2), (3.1) the estimation (2.26) holds (moreover in (2.26) �l shouldbe substituted by �l and considered that �1 = 0).
The convergence of the series 1X

l=2 j�lj�([
n2 ]+1) which is used in the proof of the-

orem 4 follows from the convergence of squares of characteristic numbers of an in-tegral equation with symmetric polar kernel to which Neumann problem is reducedfor Helmholtz operator [9] (p.354).The author expresses his thanks to corr. member of NAN of Azerbaijan B.A.Is-kenderov for he statement of the problem and his help.
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