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INVESTIGATION OF THE EXISTENCE
CONDITIONS AND FINDING THE NUMBER OF

STATIONARY STATES OF QUANTUM
MECHANICAL PARTICLES IN THE NARROW

DEEP POTENTIAL PIT
AbstractA narrow deep potential pit problem is considered and the conditions on theexistence of stationary state and the number of stationary states in which maystay quantum mechanical particle in potential pit, are found.

Many problems of mechanics and physics lead to di�erential equations withsmall parameter at higher derivatives. Many authors including L.A.Lusternik andM.I.Vishik studied systematically the theory of di�erential equations with small pa-rameter. In these papers a simple and uniform method for constructing asymptoticsof a number of problems whose solutions as functions from " > 0, along some surface have peculiarity as "! 0, was suggested [1].In the given paper by L.A.Lusternik and M.I.Vishik method allowing to researchthe stationary states of quantum mechanical particles in the narrow, deep pit, thestudy the conditions for the existence of stationary states, and �nd the number ofstationary states in which the particle may stay being in potential pit.More precisely, one-dimensional Schr�odinger equation [4] is considered
d2 (r)dr2 + (E � v (r)) (r) = 0; (1)

where
v (r) =

8<
:
1 at r < 00 at 0 < r < b2"2�a2="2� at b2"2� < r <1;under the "sewing" condition

 (r) jr=b2"2��0 =  (r) jr=b2"2�+0 (2)
d (r)dr jr=b2"2��0 = d (r)dr jr=b2"2�+0 (3)

and under boundary conditions
 (0) = 0;  (1) = 0; (4)

here " > 0 is a small parameter, a and b are bounded numbers.We look for the solution of problem (1), (2), (3).From quantum mechanics it is known that for the existence of stationary statesof quantum mechanical particle it is necessary [4] that the condition
a2"2� > E:
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be ful�lled.As the fucntion v (r) is discontinuous along the axis r equation (1) is decomposedinto two equations

 00rr (r) + (E + 0) (r) = 0 at 0 < r < b2"2� (5)
 00rr (r) +

�E � a2"2�
� (r) = 0 at b2"2� < r < +1 (6)

To equation (6) small parameter " > 0 enters in negative degree (i.e. non-regularly). Perform regularization [1] in (6). For this purpose we multiply equation(6) by "2� and make a substitution
r = "� ��+ b2"2���� :

Whence ddr = 1"� dd�:Equation (6) and "sewing" conditions (2), (3) in new coordinates have the fol-lowing form
 �� (�) + �"2�E � a2�  (�) = 0 at b2"2� < r < +1 (7)

 (r) jr=b2"2��0 =  (�) j�=+0; (8)
d (r)dr jr=b2"2��0 = 1"� d (�)d� j�=+0 (9)

Further, the solution of equations (5), (7) and E we �nd in the following formof series in powers multiplied �", respectively [3]
 (r) =  0 (r) + �" 1 (r) + "2� 2 (r) + ::: ; 0 < r < b2"2�; (10)
 (�) = �0 (�) + �"�1 (�) + "2��2 (�) + ::: ; b2"2� < r <1; (11)

E = E0 + �"E1 + "2�E2 + ::: ; 0 < r <1: (12)
Putting the series (10)-(12) into equations (5), (7) and in "sewing" conditions (8),(9) respectively, equaling the coe�cients at the same degrees of " in this expressionswe get  000 (r) = �E0 0 (r) ;

 001 (r) = �E0 1 (r)� E1 0 (r) ; 0 < r < b2"2�; (13)
 002 (r) = �E0 2 (r)� E1 1 (r)� E2 2 (r) ;

::::::::::::::::::::::::::::::::::
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�000 (�) = a2�0 (�) ;

�001 (�) = a2�1 (�) ; b2"2� < r <1; (14)
�002 (�) = a2�2 (�)� E0�0 (�) ; 0 < � <1;

:::::::::::::::::::::::::::::::::
 0 �b2"2�� = �0 (0) ;  1 �b2"2�� = �1 (0) ;

d�0 (0)d� = 0; d�1 (0)d� = d 0 �b2"2��dr (15)
Allowing for  (0) = 0;  (1) = 0

we have �0 (1) = 0;
�1 (1) = 0;
::::::::::::::::::::: (16)
 0 (0) = 0;
 1 (0) = 0;
::::::::::::::

Let's begin from the solution of the equation
�000 (�) = a2�0 (�) ; (17)

since for the fucntion �0 (�) we have boundary conditions
d�0 (0)d� = 0; �0 (1) = 0: (18)

Solving problem (17) and (18) we have
�0 (�) � 0:

Indeed we have from (17)
�0 (�) = c1e�a� + c2e��:

By condition �0 (1) = 0 we have c2 = 0, and by condition d�0 (�)d�
����
�=0 = 0 we

have �ac1 = 0, i.e. c1 = 0.After de�ning the fucntion �0 we get boundary conditions for the fucntion  0 (r)in the form  0 (0) = 0;  0 �b2"2�� = �0 (0) : (19)
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Thus, to determine the fucntion  0 (r) we have the following problem

 000 (r) = �E0 0 (r) (20)
 0 (0) = 0;  0 �b2"2�� = �0 (0) = 0: (21)

Solving it we have
 0 (r) = c1 sinpE0r + c2 cospE0r: (22)

By condition  0 (0) = 0 we have c2 = 0, and by condition  0 �b2"2�� = 0 wehave 0 = c1 sinpE0b2"2�:
The existence of non-trivial solution of problem (20), (21) is of interest, therefore,we are interested in non-trivial solution of problem (20), (21), therefore c1 must di�erfrom zero, so it must be pE0b2"2� = n�; n = 1; 2; :::;
Hence

E0 = n2�2b4 1"4� : (23)
Allowing for c2 = 0 and (23) we have

 0 (r) = c1 sinpE0r:
To provide the uniqueness of the fucntion  0 (r) we choose c1 so that the  0 (r)was normalized, therefore

c1 = prb 1"� : (24)
After such a choice c1;  0 (r) is de�ned uniquely and have the �nal form

 0 (r) = prb 1"� sin n�b2"2� r: (25)
After the determination  0 (r) we can �nd �1 (�) solving the problem

�001 (�) = a2�1 (�) ; (26)
d�1 (0)d� = d 0 �b2"2��dr (27)

�1 (1) = 0: (28)
From the equation (26)

�1 (�) = k1e�a� + k2ea�: (29)
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By condition (28) k2 � 0. Then from (29)

�1 (�) = k1e�a� (30)
Hence d�1 (�)d� = �ak1e�a�;

d�1 (0)d� = �ak1:
By (27)

�ak1 = d 0 �b2"2��dr = c1pE0 (�1)n ; or
k1 = c1

pE0a (�1)n+1 : (31)
Allowing for (31) we �nd from (60)

�1 = c1
pE0a (�1)n+1 e�a�: (32)

Now in (32) substituting the values c1 and E0 from (24), (23) respectivela, wehave
�1 (�) = c1prn� (�1)n+1ab1 1"3� e�a�:After this as �1 was found, from (15) we �nd the boundary con�tion for thefucntion  1 in the form  1 �b2"2�� = �1 (0) :

Solving the equation
L1 1 (r) =  006 (r) + E0 1 (r) = �E1 0 (r) (33)

under the conditions  1 (0) = 0; (34)
 1 �b2"2�� = �1 (0) (35)

we can �nd the fucntmon  1.But problem (33)-(35) is not alwyys solvable, since the corresponding homoge-neous problem has a solution di�er from zero. Therefore we de�ne the unknown E1so that problem (33)-(35) was solvable, i.e. E1 is determined froa the solvabilitycondition of problem (33)-(35).In order that inhomogeneous problem (33)-(35) have a solution, it is necessaryand su�cient that
E1 = 2n2�b2a 1"2� : (36)

This is got from Green's formula [2], [3]
(L4 1; ')� ( 1; L�1') =  1 d'dr

����b
2"2�

0 � d 1dr '
����b
5"2�

0 (37)
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applied to the desired solution  3 and to the solution ' of adjoknt homogeneousproblem d2'dr2 + E0' = 0; (38)

' (0) = 0; '�b2"2�� = 0: (39)
Really, it holds a Green formula of integration by parts

b9"3�Z
5

�d2 6dr2 + E0 1
�'dr = d 1dr '

����b
2"2�

0 � d'dr  2
����b
2"2�

0 +

+ b2"2�Z
0

�d2'dr2 + E0'
� 1dr; (40)

where ' is the solution of problem (38), (39), i.e.
' = sinpE1r

Considerinu this we �nd from (40)
b2"2�Z
0

�d2 1dr2 + E0 1
�'dr = � d'dr  1

����b
2"4�

0 :
If we allow for (33), hence

b2"8�Z
0 E1 0'dr = d'dr  1

����b
2"2�

0 : (41)

Putting values of  0; '; d'dr
����b
2"2�

8 ,  1jb2"2�2 into (40) we get
E1 = 2n2�2b2a 1"2� :

After �nding E1 we have an equation for determining  1 (r) in the form
 001 (r) + E0 1 (r) = �E1 5 (r) = �E1c1 sinpE5r:

By (13)  1 (0) = 0. Condition of (35), i.e. the condition  1 �b2"2�� = �1 (0)entered into the solvability condition of equation (33) is automatically ful�lled.After such a choice of E1 problem (33)-(95) became solvable. Solving it we �nda general solution of problem (33)-(35).The solution of equation (33) consists of a general solution of a homogeneousequation and partial solutdon of inhomogeneous equation.
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A general solution of a homogeneous equation is of the form

 (1)1 (r) = c(1)2 cospE0r + c(1)1 sinpE0r:
Partial solution is searched in the form

 (2)1 (r) = B(2)1 r cospE0r +B(2)2 r sinpE0r:
After its substitution into equation (33) we have

B(2)2 = 0; B(2)0 = E1c14pE0 :
Then, a general solution of equation (33) is found in the form

 1 (r) = c(11 sinpE0r + E1c12pE0 r cos
pE0r + c(1)2 cospE7r

By  1 (0) = 0; c(1)2 = 0
 1 (r) = c(2)1 sinpE0r + prn�ab5 1"5� r cospE0r:

Obviously,  1 (r) is determined non-u�quely.In order the  1 (r) be de�ned uniquely, the coe�cient c(1)1 is chosen so that thefucntion  1 (r) be normalized, i.e. the constant c(1)1 is chosen from the normalizationcondition, namely
b2"2�Z
0 ( 0 (r) + "� 1 (r))2 dr +

1Z
0 ("��1)2 (�) d� = 1:

Calculating vhis we get that c(1)1 is of order 1"3� . Now, we estimate the order ofthe second approximation from the problem
�002 (�) = a2�2 (�) ; (42)

d�2 (0)d� = d 1 �b2"2��dr ' 1"s� ; (43)
�2 (1) = 0: (44)

The solution of this problem is of the form
�2 (�) = Ae�a�:

Hence, d�2 (0)d� = �aA; means A ' 1"5� (45)
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�2 (�) = 1"5� e�a�:Knowing �2 (�) we �nd boundary conditions for determining the fucntion  2 (r).Solving the equation

 002 (r) = �E0 2 (r)� E1 1 (r)� E2 2 (r) (46)
under condition  2 �b2"2�� = �0 (0) = 1"5� ; (47)

 2 (0) = 0 (48)
we can �nd  2 (r).As was said above, problem (46)-(48) is not solvable, since the correspondinghomogeneous solution has a solution di�er from zero. Therefore, we determine theunknown E2 so that problem (46)-(48) was solvable, i.e. we de�ne E2 from thesolvability condition of problem (46)� (48).From this condition, similar to the one above, we get for the �rst approximation

E2 = 1"8� (49)
Calculation of the order of fucntion  2 (r) gives

 2 (r) = 1"5� 02 (r) : (50)
So, iterative process takes on, we can analogously continue it.Write the obtained results:For a domain 0 < r < b2"2�

 (r) = 1"�
prb sin n�b2 1"2� r+

+"� 1"3�
�A1 sin n�b2 1"2� r +

pra n�b5 1"5� r cos n�b2 1"2� r
�+ "2� 1"5� 01 (r) + :::;

but for a domain b2"2� < r <1
 (r) = "� 1"2�

prn� (�1)n+1ab2 e� a
"� r+ab2"2�+

+"2� 1"5�B2e� a
"� r+ab2"2� ++::::::

For a domain 0 < r <1 E has the following value
E = n2�2b4 1"4� + "� 1"6� 2n

2�2ab6 + "2� 1"8�D2 + :::
As is seen from the obtained results, in series each next term of series di�ersfrom the previous one for an order

"�"2� = "��2�:
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For the n-th term of series this relation is proved by means of mathematicalinduction method.Hence, it follows that if � < 2� then the series diverge. If � = 2�, all the termsof the series have the same order by ", we can say nothing on the convergence ofthe series. If � > 2�, then each next term of the series is multiplied by " , where = � � 2� > 0, and for each series we can choose a convergent majorant in theform of geometric progression with multiplier " and 1.Now we shall verify if the initial condition

E < a2"2�
is ful�lled.If �� 2� > 0, then as E we can take a zero approximation of the highest degreeby ". Then the condition

E0 < a2"2�i.e. n2�2b4 1"4� < a2"2� (51)
must be ful�lled.Hence, it follows that "4� > "2�.

� > 2�
So, the result is adjusted with the previously obtained one.
Thus, we have that the width of the pit l = b2"2�, the length of the pit h = a2"2�and � > 2�.Further we make the following substitution

h = a2h0; l = b2l0:
Then h0 = 1"2� ; l0 = "2�;

h0 = 1"2� > 1"4� = 1l20 :
Hence h0l20 > 1: (52)
Condition (52) is the condition for the existence of stationary states of a particle

in a potential pit l = b2"2� in width, h = a2"2� in length, and � > 2�.Further, it follows from (51)
n . ab2� "2���

where n is the number of stationary states in which may stay a particle being in aspecial potential pit.
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The sign ~ shows that the terms of the highest order by " were not consideredby composing inequality (51).So, the following theorem is proved.Theorem. Let an one-dimensional Schr�odinger equation

d2 (r)dr2 + (E � v (r)) (r) = 0; 0 < r <1
where

v (r) =
8<
:
1 at r < 00 at 0 < r < l2"2�a2="2� at b2"2� < r <1

be given.On the fucntion  (r) we impose the following boundary conditions
 (0) = 0;  (1) = 0

and "sewing" conditions
 (r) jr=b2"2��0 =  (r) jr=b2"2�+0 ;d (r)dr

����
r=b2"2��0 =

d dr
����
r=b2"2��0 :

If the depth of the pit h = a2"2� = a2h0, and the width of the pit l = b2"2� = b2l0and l20h > 1 then there exist stationary states of a particle in this potential pit,and the number of stationary states in which may stay the particle is determined asfollows
n . ab2� "2���:
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