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THE OPTIMIZATION METHOD OF TRANSPORT

PROBLEM DISTRIBUTION

Abstract

In the paper the questions on definition of optimal variant by solving dis-
tributive problems of linear programming are considered. It is suggested the
optimization method of transport problems, which significantly reduce the num-
ber of iterations and laboriousness of goal achievement.

One of the important problems in operative planning of homogeneous loads trans-
portation is optimal allot of consumers to suppliers. The essence of the transport
problem is in the following. Let at the sending points A1, A2, ..., An, there be ho-
mogeneous load, and the volume of the load at the point Ai be ai tons. This load
should be delivered to the consumption point B1, B2, ..., Bm, and the amount of
the load delivered to the point B should be bj tons. It is known the distance of
transportations lij between all the sending points and receipt of load.

The problem is in construction of such kind transportations, at which the demand
for load at all points of consumption will be satisfied, all load from sending points
will be taken out and at that it will be provided the minimum of transport work in
tons-kilometers, that corresponds to attainment of the least average distance of the
load transportations.

In this problem the amount of load, to be transported from each sender to
a concrete consumer is unknown. Denoting by χij the amount of transportable
load from the i-th sending point to j-th consumption point, we get the following
mathematical statement of the problem.

Find the minimum of the transport work

P =
n∑

i=1

m∑

j=1

lijχij (1)

under the conditions
n∑

i=1

χij = bj , j = 1, 2, ..., m (2)

m∑

j=1

χij = ai, i = 1, 2, ..., n (3)

χ ≥ 0, i = 1, n; j = 1, m (4)

n∑

i=1

ai =
m∑

j=1

bj . (5)
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The obtained equations have only linear form, i.e. contain all variables in the first
degree. The equations in system (2) reflect restrictions by amount of load delivered
to each consumption point, i.e. from all i-th sending points only bj tons of load is
delivered to j-th receipt point. The equations in system (3) reflect restrictions by
amount of load, taken out from each sending point, i.e. only ai tons load may be
taken out from the i-th sending point to all j-th consumption points.

Condition (4) shows, that desired variables cannot be negative numbers. For
compatibility of simultaneous equations (2) and (3), it is necessary, that the balance
will keep, i.e. consumption volume should be equal to sending volume.

Any set of magnitudes χij

(
i = 1, n; j = 1, m

)
satisfying condition (1)-(5) will be

admissible plan of transportations. The plan, for which the transport work attains
minimum, will be optimal.

The following features refer to the transport problem model for allotting con-
sumers for suppliers.

- uncertainty of simultaneous linear equations, and consequently, presence of
countless number of possible solutions;

- it is combined, i.e. there exists solution;
- linearity of dependence of system, as any of its equations may be represented

in the form of linear combination of the rest of equations;
- the number of linearly independent equations is always less than the common

quantity of equations in the system by one.
- The matrix elements of system are units and zeros, and criterion function is

expressed by the linear form.
It is known, that the first exact method of solution of transport problem is a

method of potentials, suggested by L.V.Kantorovich and M.K.Gavurin [3] in 1949.
The similar algorithm was developed later by the american Dantsig, called modified
distributive method.

The potential method allows to construct the solution of transport problem for
finite number of iterations proceeding from some strong plan of transportations.

The plan is estimated by potentials, which are chosen so that their difference for
any pair of the points Ai, Bj , connected with basic communication, was equal to
lij distance between them. If the difference of preliminary potentials for each pair
of the points Ai, Bj does not exceed lij , then the given plan of transportations is
a solution of the problem. Otherwise it is indicated the manner of getting a new
strong plan, related with smaller transport expresses. After the finite number of
iterations the process of solution is completed by construction of optimal plan. For
optimality of the plan X it is necessary and sufficient its potentiality.

At present many methods of solution of linear programming transport problem
are known. One of such methods is a distributive method, which has some varieties,
different by the way of exposure of optimal solution. These are: potentials, Hichkok,
Krekoh, and modified distributive method [1], [2].

By solving the problems by distributive method the number of intermediate
solutions may be decreased, if we make the first variant of loading of the table cells
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(support plan) not by the northwestern angle method or diagonal distribution, but
by using the methods of the Fogel approximation, dual preference and ”arrows”
method [2].

The flow block of algorithm of the proposed optimization
method transport problem of distribution.

Fig. 1.

The existent methods of solution of transport problems (the methods of poten-
tials, Hichkok, Krekoh, Hungarian method, modified distributive method, solving
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factors method, solving addends method and etc. [1], [2]) take much time for defi-
nition of final solution.

The plan’s optimality in some methods is defined with the help of auxilary in-
dices. Each index should be defined uniquely. In practice sometimes it is difficult
to fulfill this requirement. In these cases an executor has to compose a new initial
distribution, and there are no guaranties, that he will not obtain the same result.
Besides, under the existent methods after each iteration the optimality of the previ-
ous plan of distribution if there wi’ll need to construct a new plan, is studied, that
takes much time and is laboriousness.

The indicated defects predetermined the development of a method, providing
decrease of laboriousness of calculations and reduction of the number of iterations.

The core of proposed method is reduced to redistribution of the cells loading
with large distances, until it is possible. The algorithm of the proposed method is
composed from preliminary stage and finite number of some type iterations of the
plan improvement.

It is represented in fig.1.
The flow block of algorithm of the proposed optimization method of transport

problem distribution
On the preliminary stage the initial support plan is constructed - the matrices

x0 = ‖xij‖m,n and l = ‖lij‖m,n are composed.
The construction algorithm of preliminary distribution is constructed by one of

the known methods. For example, by the dual preference method. It is constructed
in the following way:

1. By each row and column the cell with minimal distance, we mark by dagger
in the left upper corner.

2. By the column of matrix first of all we load the cell denoted by dagger
with dual and single note with minimal distance, taking into account of volumes of
demand and consumption. The two cases are possible.

ai < bj , i.e. xij = ai; ai > bi, i.e. xij = bj and etc.

If there will be several cells with the same minimal distance, then it is preferred
the cell, by row of which the next least distance is maximal by absolute quantity.

3. Later on the rows with completely distributed volume of the load will not be
considered.

4. For the rest free cells operations 1-3 are repeated till the full distribution of
load.

The way of filling of matrix, composing initial plan of problem is typical for the
considered algorithm. Each transportation xij of the plan x = ‖xij‖n,m is a liner
combination of the numbers a1, a2, ..., an and b1, b2, ..., bm (volumes of supply and
consumption).

By solving the problem the quantity of loaded cells must be n + m − 1. If the
quantity of loaded cells will be less, then the artificially missing quantity of free cells
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are loaded by zero. The statement of zero loading will not influence on balance of
presence and demand of load.

The support plan of transport problem is checked on degeneracy, i.e. it must
contain n+m−1 linearly independent vectors, to which the positive transportations
correspond. If the quantity of loaded cells will be less, then the artificially missing
quantity of free cells are loaded by zeros. The statement of zero loading will not
influence on balance of presence and demand of load.

Consider the example on using the suggested method, reducing the number of
iterations for search of optimal variant of solution. Condition and results of primary
distribution of transport problem with the volume of turnover of goods P = 2775
tkm are represented in table 1.

Table 1.

To decrease the problem laboriousness we must check, if displacement of loading
in a cell with lesser distance is possible? It should be remarked that the displacement
will be rational, if the sum of distances, indicated in the cells corners, from which
the loading is transferred will be greater, than the sum of cells distance, to which the
loading is transferred. Such cells are: the cells A2B2 from which they are transferred
to the cell A4B2 and from the cell A4B3 to the cell A2B3 is transferred 25 tons, and
also from the cell A1B2 to the cell A1B3 and from the cell A4B3 to the cell A4B2 is
transfered the loading in 15 tons.

After application of the arrow method turnover of goods was decreased by 65
tkm and made up 2710 tkm. The final initial distribution taking into account the
travelling is represented in table 2.

Improvement of the distribution plan is made according to the following algo-
rithm:

1. Among loaded cells the cell with maximal distance max l3ij is chosen
2. The free cells with the distance lcij > max l3ij are excepted, they are marked

by T ;
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3. For the loaded cell with max l3ij the contour is constructed, with tops, except
one, disposed in loaded cells. One top of the contour must be located in free cell,
desirable with minimal distance. The motions by defining the contour are made
strictly under the right angle, i.e. straight line is drawn by row and column, into
composition of contour the cells are included by two. One and only one contour may
correspond to each chosen unloaded cell.

Table 2.

4. The signs ”+” and ”-” are appropriated to the contour vertices, beginning
from free cell.

5. The algebraic sum on the contour vertices is defined. If the sum is positive,
then we pass to point 1 and consider the next loaded cell with greatest distance. If
the algebraic sum is negative then we pass to point 6. It should be kept in mind,
that under the negative values of the distance sum the distribution plan can be
improved.

6. The minimal loading is defined among tops with the sign ”-”, which is sub-
tracted from loading of cells with the sign ”-” and added to loading of cells with the
sign ”+”. Again pass to point 1.

7. The process is continued until the free cells, which aren’t denoted by star T ,
are remained, as at that it is impossible the next iteration. For the optimal plan
x it is necessary and sufficient the possessiveness of algebraic distance sum on the
vertices of contour.

In the considered example the loaded cell is chosen with maximal distance. Such
cell is A4B5 with the distance 20 km. It is constructed the contour, including this
and unloaded cell. The contour for the unloaded cell A3B5 has the following form
A4B5 − A3B5 − A3B1 − A1B1 − A1B3 − A4B3 − A4B5. The distance sum of the
considered contour is calculated from the expression: −20+19−15+8−9+14 = −3.
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Taking into account the negative values of sum for loading of the cell A3B5 it is
chosen the minimal loaning among cells with the sign ”-” 10t, which is subtracted
from all cells with the sign ”-” and added to all cells with the sign ”+”.

Put down the obtained result to table 3.
Table 3.

Then it is considered the next loaded cell with the greatest distance. The next
loaded cell is A3B1 with max l3 = 15km. Construct for it the contour A3B1−A3B4−
A2B4 − A2B3 − A1B3 − A1B1 − A3B1.

Alternately appropriating the varying signs, beginning from A3B1, for which
the sign ”-” is appropriated, calculate the algebraic distance sum of the contour
−15 + 8 − 9 + 11 − 14 + 16 = 35 − 38 = −3.

Chose the minimal loading among loaded cells with the sign ”-”, i.e. the loading
5, which we subtract from loaded cells with the sign ”-” and add to loaded cells
with the sign ”+”. Put down the obtained result to table 4, in which we except the
unloaded cells with the distance, greater than lcij > max l3ij , i.e. the distance 16-23
km.

The next loaded cell with max l3ij is A3B4 with the distance l3ij = 16km. Con-
struct for it the contour A3B4 −A2B4 −A2B3 −A1B3 −A1B1 −A3B1 −A3B4 with
the algebraic sum 16 − 14 + 12 − 15 = −1.
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Table 4.

The minimal loading among the cells with the sign ”-” is 25 t, which we transfer
from cells with the sign ”-” to cells with the sign ”+” and the obtained result write
down to table 5.

Table 5.
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The process is continued until we get the optimal distribution. From analysis of
table 5 it follows, that the obtained result is optimal, as the number of loaded cells
is equal to n + m − 1 = 4 + 5 − 1 = 8 and the algebraic distances sum of contours,
constructed for free cells have the positive signs.

By observing the system of formal rules, i.e. algorithm, exactly and uniquely
defining the process of the problem solving, is sufficient to know the basic arithmetic
operations.

If plan of allotting of consumers to suppliers, which satisfies all requirements of
problem is constructed, then it is optimal.

The optimal allot of consumers to suplliers for the considered example is repre-
sented in table 5. At that the transport work is equal to 2640 tkm, it’s decreased
by 135 tkm, i.e. by 4,86%.

From the done comparative analysis of results of solution of numerous problems
by using the suggested method and the potentials method it is clear the sudden
reduction of quantity of necessary iterations. So, for example, for solution of the
considered example, using the potentials method the optimal solution was obtained
after six iterations. At that for each iteration the digital indices and potential cells
were defined, which were loaded by the contour rule.

Using the suggested method the optimal variant is attained after three itera-
tions. Besides, in the suggested method the solution of the problem is simplified,
the necessity in definition of additional digital indices falls away due to which the
laboriousness and time of solution of problem is cancelled.

It should be noted that other optimality criteria in particular, the minimum of
transportations cost, the minimum of spent time on transportations and etc. may
be also put on the basis of the solution.
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