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Sabir S. MIRZOYEV, Ayten T. ALIYEVA

ON SOLVABILITY OF ONE CLASS OF BOUNDARY

VALUE PROBLEM FOR A FOURTH ORDER

OPERATOR-DIFFERENTIAL EQUATION

Abstract

The theorem about correct and univalent solvability of a class of boundary
value problem for operator-differential equation with variable coefficients was
obtained. These conditions are expressed only by the coefficients of the given
equation.

In separable Hilbert space H consider the boundary value problem

P

(
d

dt

)
u ≡ d4u (t)

dt4
+ ρ (t)A4u (t) +

4∑
j=0

A4−j (t)u(j) (t) = f (t) ,

t ∈ R+ = (0,∞) , (1)

u (0) = u′ (0) = 0, (2)

where f (t) , u (t) are vector functions with values from H,

ρ (t) =

{
α4, t ∈ (0, 1) ,
β4, t ∈ (1,∞) ,

α > 0, β > 0 and operators A and Aj (t)
(
j = 0, 4

)
satisfy the following conditions.

1. A is a normal reversible operator, whose spectrum is contained in angular
sector Sε = {λ : |arg λ| ≤ ε}, 0 ≤ ε <

π

4
;

2. The operators Bj (t) = Aj (t)A−j
(
j = 0, 4

)
are bounded in H and Bj (t) ∈

L∞ (R+;L (H)).
Here and later on the derivatives are understood in the sense of distributions,

and L (H) is a space of linear bounded operators acting in H.
From condition 1) it follows, that the operator A is represented in the form:

A = UC = CU , where C is positive-definite self-adjoint operator, and U is a unitary
operator in H. Let’s consider the scale of Hilbert spaces generated by the operator
C, i.e.

Hγ = D (Cγ) , (x, y)γ = (Cγx,Cγy) , x, y ∈ Hγ , γ ≥ 0.

Then, let’s denote by L2 (R+;H) the Hilbert space of vector-functions f (t),
defined in R+ with values from H for which

‖f‖L2(R+;H) =

∞∫
0

‖f (t)‖2 dt

2

<∞.
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Let’s denote by W 4
2 (R+;H) the Hilbert space (see [1])

W 4
2 (R+;H) = {u : u(4) ∈ L2 (R+;H) , A4u ∈ L2 (R+;H)}

with norm

‖u‖W 4
2 (R+;H) =

(∥∥∥u(4)
∥∥∥2

L2

+
∥∥A4u

∥∥2

L2

) 1
2

.

Let

W̊ 4
2 (R+;H) = {u : u ∈W 4

2 (R+;H) , u (0) = u′ (0) = 0}.

It follows from the theorem on traces [1], that W̊ 4
2 (R+;H) is a complete subspace

of the space W 4
2 (R+;H).

The spaces L2 (R;H) and W 4
2 (R;H) , where R = (−∞,∞) are defined similarly.

Definition 1. If at any f (t) ∈ L2 (R+;H) there exists the vector-function
u (t) ∈ W 4

2 (R+;H), satisfying the equation (1) almost everywhere, the boundary
conditions (2) in the sense

lim
t→+0

‖u (t)‖7/2 = 0, lim
t→+0

∥∥u′ (t)∥∥
5/2

= 0

and for which the estimate

‖u‖W 4
2
≤ const ‖f‖L2

,

is true, then we’ll call the problem (1), (2) regularly solvable.

Let’s find the conditions of regular solvability of problem (1), (2) in the given
work.

Let’s note, that at ρ (t) ≡ 1 (i.e. α = β = 1) this problem was investigated in
the paper [2] and at α 6= β and A is a self-adjoint operator in [3].

Let’s write the problem (1), (2) in the form of the equation

Pu = P0u+ P1u = f,

where

f ∈ L2 (R+;H) , u ∈ W̊ 2
2 (R+;H)

and

P0u = u(4) +A4u, P1u =
4∑

j=0

A4−j (t)u(j) (t) , u ∈ W̊ 4
2 (R+;H) .

It holds

Theorem 1. Let the condition 1) be fulfilled then, the operator P0 : W̊ 4
2 (R+;H) →

L2 (R+;H) is isomorphism.
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Proof. It’s easy to see, that the equation P0u = 0 has only a zero solution. Let’s
show that the image of the space operator P0 coincides with the space L2 (R;H).
Evidently, the vector-functions

u1 (t) =
1
2π

∞∫
−∞

1
λ4E + α4A4

∞∫
0

f (s) e−iλ(t−s)ds

 dλ

and

u2 (t) =
1
2π

∞∫
−∞

1
λ4E + β4A4

∞∫
0

f (s) e−iλ(t−s)ds

 dλ

satisfy respectively, the equation u(4) + α4A4u = f and u(4) + β4A4 = f almost
everywhere in R+. Let’s show, that u1 (t) , u2 (t) ∈ W 4

2 (R;H). By Plansharel
theorem∥∥∥u(4)

∥∥∥
L2(R;H)

=
∥∥λ4û1 (λ)

∥∥
L2(R+;H)

=
∥∥∥λ4

(
λ4E + α4A4

)−1
f̂ (λ)

∥∥∥
L2(R;H)

≤

≤ sup
λ∈R

∣∣∣λ4
(
λ4 + α4A4

)−1
∣∣∣ ‖f‖L2(R;H) ≤

≤ sup
λ∈R

(
sup

µ∈σ(A)

∣∣∣λ4
(
λ4 + α4µ4

)−1
∣∣∣) ‖f‖L2(R;H) ≤ ‖f‖L2(R;H) .

It’s analogously proved, that A4u1 ∈ L2 (R;H), i.e. u1 (t) ∈ W 4
2 (R;H) . By

the same way it is proved, that u2 (t) ∈ W 4
2 (R;H). Let’s denote the contractions

of vector-functions u1 (t) and u2 (t) on [0; 1] and (1;∞), by ψ1 (t) and ψ2 (t), re-
spectively. It is evident, that ψ1 (t) ∈ W 4

2 ([0; 1] ;H) , ψ2 (t) ∈ W 4
2. ((1;∞) ;H) , and

ψ1 (0) ∈ H7/2, ψ
′
1 (0) ∈ H5/2, ψ

(j)
1 (1) , ψj

2 (1) ∈ H4−j−1/2

(
j = 0, 3

)
.

Let’s determine the vector-function

u (t) =


ξ1 (t) ≡ ψ1 (t) + eαω1tAϕ1 + eαω2tAϕ2 + eαω1(1−t)Aϕ3+
+eαω2(1−t)Aϕ4, t ∈ [0; 1),
ξ2 (t) ≡ ψ2 (t) + eβω1(t−1)Aϕ5 + eβω2(t−1)Aϕ6, t ∈ (1;∞) ,

where ω1 = −
√

2
2

(1 + i) , ω2 = −
√

2
2

(1− i), and the unknown vectors ϕj ∈
H7/2

(
j = 0, 6

)
. It’s easy to see, that vectors ϕj are identically defined from the con-

dition u ∈ W̊ 4
2 (R+;H)

(
ξ1 (0) = 0, ξ′1 (0) = 0, ξ(j)1 (1) = ξ

(j)
2 (1) , j = 0, 3

)
. Thus,

u (t) ∈ W̊ 4
2 (R;H). Since at u ∈ W̊ 4

2 (R+;H)

‖P0u‖L2
≤
√

2 max
(
1;α4;β4

)
‖u‖W 4

2
,

then approval of the theorem follows from Banach theorem on the inverse operator.
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It follows from this theorem, that norms ‖P0u‖L2
and ‖u‖W 4

2
are equivalent in

the space W̊ 4
2 (R;H). Therefore, by the theorem on intermediate derivatives, the

norms
N̊j (R+) = sup

0 6=u∈W̊ 4
2 (R+;H)

∥∥∥A4−ju(j)
∥∥∥

L2

‖P0u‖−1
L2
, j = 0, 4 (3)

are finite. Let’s prove the following lemma for estimation of these numbers.
Lemma 1. Let the condition 1) be fulfilled, then the inequality

‖P0u‖2
L2
≥ min

(
α4;β4

)(∥∥∥ρ− 1
2u(4)

∥∥∥2

L2

+
∥∥∥ρ 1

2A4u
∥∥∥2

L2

+

+ 2 cos 4ε
∥∥A2u′′

∥∥2

L2

)
, (4)

holds at any u ∈ W̊ 4
2 (R+;H).

Proof. Since∥∥∥ρ− 1
2P0u

∥∥∥2

L2

=
∥∥∥ρ− 1

2u(4) + ρ
1
2A4u

∥∥∥2

L2

=
∥∥∥ρ− 1

2u(4)
∥∥∥2

L2

+

+
∥∥∥ρ 1

2A4u
∥∥∥2

L2

+ 2 Re
(
u(4), A4u

)
L2

. (5)

Considering that u ∈ W̊ 4
2 (R+;H) (u (0) = u′ (0) = 0) integrating by parts we get

(
u(4), A4u

)
L2

=

∞∫
0

(
u(4), A4u

)
dt =

∞∫
0

(
A∗2u′′, A2u′′

)
dt =

(
A∗2u′′, A2u′′

)
L2
,

i.e.
Re
(
u(4), A4u

)
L2

= Re
(
A∗2u′′, A2u′′

)
L2
≥ cos 4ε

(
A2u′′, A2u′′

)
L2

=

= cos 4ε
∥∥A2u′′

∥∥2

L2
.

Thus it follows, from (5) that∥∥∥ρ− 1
2P0u

∥∥∥2

L2

≥
∥∥∥ρ− 1

2u(4)
∥∥∥2

L2

+
∥∥∥ρ 1

2A4u
∥∥∥2

L2

+ 2 cos 4ε
∥∥A2u′′

∥∥2

L2
. = (6)

The approval of the lemma follows from inequality (6) subject to inequality∥∥∥ρ− 1
2P0u

∥∥∥2

L2

≤ max
t
ρ−1 (t) ‖P0u‖2

L2
=

1
min

(
α4, β4

) ‖P0u‖2
L2
.

The lemma is probed.
Lemma 2. For numbers N̊j (R+) the following estimations hold:

N̊j (R+) ≤ cj (α;β; ε) , j = 0, 4,

where

c0 (α;β; ε) =
1

min
(
α4, β4

)


1, 0 ≤ ε ≤ π

8
,

1√
2 cos 2ε

,
π

8
≤ ε <

π

4
,

(7)
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c1 (α;β; ε) =
1

min
(
α3, β3

)


1√
2 cos 2ε

, 0 ≤ ε <
π

8
,

1
4
√

8 cos 2ε
,
π

8
≤ ε <

π

4
,

(8)

c2 (α;β; ε) =
1

2 cos 2εmin
(
α2;β2

) , 0 ≤ ε <
π

4
, (9)

c4 (α;β; ε) =
max

(
α2;β2

)
min

(
α2;β2

)


1, 0 ≤ ε <
π

8
,

1√
2 cos 2ε

,
π

8
≤ ε <

π

4
.

(10)

Proof. At u ∈ W̊ 4
2 (R+;H) (u (0) = u′ (0) = 0) we have

∥∥A2u′′
∥∥2

L2
=
∥∥C2u′′

∥∥2

L2
=

∞∫
0

(
C2u′′, C2u′′

)
dt =

∞∫
0

(
C4u, u(4)

)
dt =

=
(
ρ

1
2C4u, ρ−

1
2u(4)

)
L2

≤
∥∥∥ρ 1

2C4u
∥∥∥

L2

∥∥∥ρ− 1
2u(4)

∥∥∥
L2

=

=
∥∥∥ρ 1

2A4u
∥∥∥

L2

∥∥∥ρ− 1
2u(4)

∥∥∥
L2

≤ 1
2

(∥∥∥ρ 1
2A4u

∥∥∥2

L2

+
∥∥∥ρ− 1

2u(4)
∥∥∥2

L2

)
. (11)

Taking into account inequality (4) in (11) we get:

∥∥A2u′′
∥∥2

L2
≤ 1

2

(
1

min
(
α4;β4

)
‖P0u‖2

L2
− 2 cos 4ε

∥∥A2u′′
∥∥2

L2

)
or ∥∥A2u′′

∥∥
L2
≤ 1

2 cos 2ε
1

min
(
α2;β2

) ‖P0u‖L2
= c2 (α;β; ε) ‖P0u‖L2

, (12)

i.e. N̊2 (R+) ≤ c2 (α;β; ε).
At 0 ≤ ε ≤ π

8
(cos 4ε ≥ 0) it follows from inequality (4), that

∥∥A4u
∥∥

L2
≤ max

t
ρ−

1
2 (t)

∥∥∥ρ 1
2A4u

∥∥∥
L2

≤ 1
min

(
α4;β4

) ‖P0u‖2
L2
. (13)

And at
π

8
≤ ε <

π

4
(cos 4ε ≤ 0) from inequality (4) with regard to (12) we get

‖P0u‖2
L2
≥ min

(
α4;β4

)(∥∥∥ρ 1
2A4u

∥∥∥2

L2

+
2 cos 4ε

4 cos2 2εmin
(
α4;β4

) ‖P0u‖2
L2

)
or ∥∥∥ρ 1

2A4u
∥∥∥2

L2

≤ 1
2 cos2 2ε

1
min

(
α2;β4

) ‖P0u‖2
L2
.

Whence it follows, that∥∥A4u
∥∥

L2
≤ 1√

2 cos 2ε
1

min
(
α2;β4

) ‖P0u‖L2
. (14)
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It follows from inequality (13) and (14) that N̊0 ≤ c0 (α;β; ε).
Now let’s estimate the norms N̊1, N̊3 and N̊4.
At u ∈ W̊ 4

2 (R+;H) we have:

∥∥A3u′
∥∥2

L2
=
∥∥C3u′

∥∥2

L2
=

∞∫
0

(
C3u′, C3u′

)
dt = −

∞∫
0

(
C4u,C2u′′

)
dt =

= −
(
C4u,C2u′′

)
L2
≤
∥∥C4u

∥∥
L2

∥∥C2u′′
∥∥

L2
=
∥∥A4u

∥∥
L2

∥∥A2u′′
∥∥

L2
.

Hence taking into account the estimations proved for N̊0 and N̊2 we get, that∥∥A3u′
∥∥

L2
≤ c

1/2
0 (α;β; ε) c1/2

2 (α;β; ε) ‖P0u‖L2
= c1 (α;β; ε) ‖P0u‖L2

,

i.e. N̊1 ≤ c1 (α;β; ε) .
Then at 0 ≤ ε <

π

8
(cos 2ε ≥ 0) from inequalities (4) it follows, that

∥∥∥u(4)
∥∥∥2

L2

≤ max
t
ρ (t)

∥∥∥ρ− 1
2u(4)

∥∥∥2

L2

≤
max

(
α4;β4

)
min

(
α4;β4

) ‖P0u‖2
L2
,

i.e. ∥∥∥u(4)
∥∥∥

L2

≤
max

(
α2;β2

)
min

(
α2;β2

) ‖P0u‖L2
. (15)

And at
π

8
≤ ε <

π

4
, analogously to estimation of N̊0 we get that

∥∥∥u(4)
∥∥∥

L2

≤ 1√
2 cos 2ε

max
(
α2;β2

)
min

(
α2;β2

) ‖P0u‖L2
. (16)

It follows from (15) and (16), that N̊4 ≤ c4 (α;β; ε). We use inequality for
estimation of N̊3 ∥∥Au′′′∥∥2

L2
≤ 2

∥∥A2u′′
∥∥

L2

∥∥∥u(4)
∥∥∥

L2

, (17)

which is obtained from the inequality∥∥∥∥ξC2u′′ + Cu′′′ +
1
ξ
u(4)

∥∥∥∥2

L2

= ξ2
∥∥C2u′′

∥∥2

L2
+

1
ξ2

∥∥∥u(4)
∥∥∥2

L2

−

−
∥∥Cu′′′∥∥2

L2
−
∥∥∥∥ 1√

ξ
C

1
2u′′′ (0) +

√
ξC

3
2u′′ (0)

∥∥∥∥2

at ξ =
∥∥u(4)

∥∥1/2

L2

∥∥C2u′′
∥∥−1/2

L2
.

Thus, it follows from (17), that∥∥Au′′′∥∥2

L2
≤ 2c2 (α;β; ε) c4 (α;β; ε) ‖P0u‖2

L2
= c23 (α;β; ε) ‖P0u‖2

L2
,

i.e. ∥∥Au′′′∥∥
L2
≤ c3 (α;β; ε) ‖P0u‖L2

.
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So N̊3 ≤ c3 (α;β; ε).
The lemma is proved.
Now let’s prove the main theorem.
Theorem. Let the conditions 1), 2) be fulfilled and the following inequality hold

θ (α;β; ε) =
4∑

j=0

cj (α;β; ε) ‖B4−j (t)‖L∞(R+;L(H)) < 1.

Then the problem (1), (2) is regularly solvable.
Proof. Let’s write the equation Pu = f in the form

υ + P1P
−1
0 υ = f,

where υ = P0u. Since for any υ ∈ L2 (R+;H)

∥∥P1P
−1
0 υ

∥∥
L2

= ‖P1u‖L2
≤

4∑
j=0

‖B4−j (t)‖L∞(R+;L(H))

∥∥∥A4−ju(j)
∥∥∥

L2

≤

≤
4∑

j=0

‖B4−j (t)‖L∞(R+;L(H)) cj (α;β; ε) ‖P0u‖L2
= θ (α;β; ε) ‖υ‖L2

and θ (α;β; ε) < 1, then E + P1P
−1
0 is invertible in L2 (R+H) and

u = P−1
0

(
E + P1P

−1
0

)
f.

Hence we get, that
‖u‖W 4

2
≤ cons ‖f‖L2

.

The theorem is proved.
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