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ON SOLVABILITY OF ONE CLASS OF BOUNDARY
VALUE PROBLEM FOR A FOURTH ORDER
OPERATOR-DIFFERENTIAL EQUATION

Abstract

The theorem about correct and univalent solvability of a class of boundary
value problem for operator-differential equation with variable coefficients was
obtained. These conditions are expressed only by the coefficients of the given
equation.

In separable Hilbert space H consider the boundary value problem

40, 4 '
i (i) u=? dtit) +p () Alu(t) + §A4—j () u? () = f (1),

te Ry =(0,00), (1)
u(0) =’ (0) =0, (2)

where f (t), u(t) are vector functions with values from H,

B at te(0,1),
p(t) _{ Bt e (1,00),

a >0, f> 0 and operators A and A; (t) (j = 0,7) satisfy the following conditions.

1. A is a normal reversible operator, whose spectrum is contained in angular
sector Se = {A: |argA| <¢}, 0<e < %;

2. The operators B; (t) = A; (t) A~ (j = 0,4) are bounded in H and B; (t) €
Loo (Ry5 L(H)).

Here and later on the derivatives are understood in the sense of distributions,
and L (H) is a space of linear bounded operators acting in H.

From condition 1) it follows, that the operator A is represented in the form:
A =UC = CU, where C is positive-definite self-adjoint operator, and U is a unitary
operator in H. Let’s consider the scale of Hilbert spaces generated by the operator
C, i.e.

H,=D(C"), (ac,y),y =(C"2,C"y),xz,y € Hy,y > 0.

Then, let’s denote by Lo (Ry; H) the Hilbert space of vector-functions f (t),
defined in Ry with values from H for which

2

1 sy = / I @®2dt| < oo.
0
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Let’s denote by W4 (R4; H) the Hilbert space (see [1])
Wy (Ry; H) = {u:u™ € Ly (Ry; H) , A'u € Ly (Ry; H)}

with norm

o= (14

Let
Wy (Ry; H) = {u:u e Wy (Ry; H),u(0) =o' (0) = 0}.

It follows from the theorem on traces [1], that W24 (R4; H) is a complete subspace
of the space Wy (Ry; H).

The spaces Lo (R; H) and Wiy (R; H) , where R = (—00, o) are defined similarly.

Definition 1. If at any f(t) € Lo (Ry; H) there exists the vector-function
u(t) € Wi (Ry; H), satisfying the equation (1) almost everywhere, the boundary
conditions (2) in the sense

tl—iHLlo [ (®)]l7/2 =0, tl—iHLlo I (t)“f)/? =0

and for which the estimate
lullys < const |71,

is true, then we’ll call the problem (1), (2) regularly solvable.

Let’s find the conditions of regular solvability of problem (1), (2) in the given
work.

Let’s note, that at p(t) =1 (i.e. @« = @ = 1) this problem was investigated in
the paper [2] and at o # [ and A is a self-adjoint operator in [3].

Let’s write the problem (1), (2) in the form of the equation

PUZP0U+P1UZ f,

where
f€Ly(RysH) ,ue W3 (Rys H)
and
4 .
Pou=u® + A, Pru=> Ay (t)ul) (), we Wy (Ry; H).
=0
It holds

Theorem 1. Let the condition 1) be fulfilled then, the operator Py : Wi (Ry; H) —
Lo (Ry; H) is isomorphism.
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Proof. It’s easy to see, that the equation Pyu = 0 has only a zero solution. Let’s
show that the image of the space operator Py coincides with the space Lo (R; H).

Evidently, the vector-functions

_ 1 T 1 T —iX(t—s)
w0 =57 | S | [ 0
—00 0
and
ug () = S / _ /f (5) e M=) ds | dA
2m ] XNE 4 p*A
—00 0

satisfy respectively, the equation u® + a*A% = f and u® + g*A* = f almost
everywhere in Ry. Let’s show, that uj (t),us (t) € Wi (R; H). By Plansharel

theorem

<

H“M)’ Lo(R:H) ~

= I Ol = [ 08 )7 £ )

Lo(R;H) ()‘)HLz(R+;

< sup ‘)\4 ()\4 + 044144)_1‘ ||f||L2(R;H) =
AER

—1
< sup < Sup ‘/\4 (A +atpt) D I o ryrry < Wiy -
AER \ pea(A)

It’s analogously proved, that A*u; € Lo (R;H), ie. ui(t) € Wi (R;H). By
the same way it is proved, that us (t) € Wi (R; H). Let’s denote the contractions
of vector-functions w; (t) and wus (t) on [0;1] and (1;00), by ¥, (t) and v, (t), re-
spectively. It is evident, that v, (t) € Wi ([0;1]; H) , 45 (t) € W3 ((1;00); H) , and
1 (0) € Hy g, 71 (0) € Hs g, ¢gj) (1), ¢4 (1) € Hy_j_1y2 (j =0,3).

Let’s determine the vector-function

51 (t) = wl (t) 4 eow.utA(pl + €aw2tA§02 + eawl(l_t)A<,03—|—

u(t) =9 e, t e 0;1),
Eo (1) = by (1) + P DAps 4 Pzt t e (1;00),
2 2
where w; = —\2[ (14+14), wy = —\2[ (1 —1), and the unknown vectors ¢; €

Hz /o ( j= 0,76) It’s easy to see, that vectors ¢, are identically defined from the con-
dition u € W (Ry; H) (51 0)=0, € (0) =0, &P (1) =€ (1), j = ﬁ) Thus,
u(t) € Wi (R; H). Since at u € Wi (Ry; H)

1Poull, < V2max (150" 8%) ullys ,

then approval of the theorem follows from Banach theorem on the inverse operator.
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It follows from this theorem, that norms ||Pyul|;, and HuHW24 are equivalent in
the space W24 (R; H). Therefore, by the theorem on intermediate derivatives, the

norms

Nj(Re) = swp ARl =00 3)
O#UEW§(R+,

are finite. Let’s prove the following lemma for estimation of these numbers.
Lemma 1. Let the condition 1) be fulfilled, then the inequality

2 2
| Pyul|7, > min (a*; 8*) <Hp‘5u(4)H + ‘ p%A%‘ +
L2 L2
+200s45“A2u”HiQ) , (4)
holds at any v € Wi (Ry; H).
Proof. Since
1 2 1) 142 it
LY R R Sy
Lo Lo
2
+ ‘ p%A‘*u‘ +2Re <u(4>,A4u) . (5)
Lo Lo

Considering that u € W24 (Ry; H) (u(0) =4/ (0) = 0) integrating by parts we get

<U(4)’A4U)L2 _ / (u(4),A4u) dt — /(A*Q 1A%y //) dt — (A*2u”,A2u“)L2,
0 0
i.e.
Re (u(4), A4u) L= Re (A*u”, A%u") L, = cosde (A%, Azu”)L2 =
= cos 4¢e HAZu”Hi2 .
Thus it follows, from (5) that
_1 2 _1 2 1 2 2
Hp 2Pou’ L > Hp 2u(4)‘ . + ’ p2A4uHL2 + 2cos4de HAQu"HL2 .= (6)

The approval of the lemma follows from inequality (6) subject to inequality

1

1 2 2
"2 P u‘ — | Pyu .
Hp 0 Lo min (044,54) 17 HL2

< maxp™! (t) || Poul|7, =

The lemma is probed.

Lemma 2. For numbers ]\ij (R4) the following estimations hold:

Nj (Ry) < ¢j(o; Bi¢), j=0,4,

where .
. L 0<e<,

c(a;fBie) = ————— 7

(a3 f5e) min (a4, 3*) 1 Tee<l (7)

V2cos2e’ 8 4’
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1 us
- 0 §6< o
c1 (a; Bye) = 1 V2 cos 2e 8 ®)
LA Py : 3 33 1 T s
mm(a,ﬁ) , = <e< -,
V8cos2e 8 4
1 T
10e) = 0<e<—, 9
ez (i f¢) 2 cos 2e min (a%; 37) S (9)
a1, 0<e<I
2. b — o
T A S (10
; —_—, —<e< —.
V2cos2 8 4
Proof. At ue Wi (R H) (u(0) = (0)=0) we have
2 2 2 2 2 2 4 4
a2, = llen2, = [ (et = [ (Chuu) at =
0 0
- (otashin), sl i, -
1 1 1 1 2 1 2
= erate] ], < 3 (o], +[o2e],,) -
’p2 uL2p2u L =3 p2 uL2+p2u L (11)

Taking into account inequality (4) in (11) we get:

4|2, < <1 (o %) [ Poull3, — 2cosde HAQU”HZ>

min
or
19 . = 5 o i s 2y VP = 203320 1Pl (12
ie. No(Ry) < e (o B;e).
At0<e< % (cos4e > 0) it follows from inequality (4), that

1
Ly ~ min (044;64)

1PoullZ, - (13)
And at % <e< % (cos4e < 0) from inequality (4) with regard to (12) we get

2 n 2 cos4e 1P H2
u
Ly 4cos?2emin (a; 64) 0HIL,

p%A4u’

| Pyul2, > min (o' 5) (\

Whence it follows, that

or
2 1 1

<
Ly ~ 2cos? 2¢ min (a2; 8%)

p%A4u‘

2
[1PoullL, -

1 1
14%l,, <

Poullp, - 14
>~ \/iCOS2€min (a2;ﬁ4) H 0 HL2 ( )
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It follows from inequality (13) and (14) that No < co (a; B €).
Now let’s estimate the norms ]\ofl, ]\073 and ]\074.
At u e Wi (Ry; H) we have:

4%y, =ty = [ (e ctuyar=— [ (Chu.ctur)
0 0
- (Ctuct),, < IOt llC2,, = Al 4% ,,.

Hence taking into account the estimations proved for ]\ofo and Ny we get, that
3,1 1/2 . 3. _ . 3.
HA UHL2 ( 5, ) (Oz,ﬂ,&“) HPOUHLQ = (Oé,ﬂ7€)HP()’U,||L27

ie. Ni<ei(a;fe).
Then at 0 <e < % (cos2e > 0) from inequalities (4) it follows, that

2 2 max (a4'ﬂ4)
<4)’ < ; H -1 (4)‘ < MAaXASP ) il
H'LL Ly _m?XP() P 2u L, = min (044,54) H OUHL27
ie. ( ) 2)
max (a”; 3
< ——— 2R . 15
‘u Ly © min (0&2;52) | OUHL2 15)

And at % <e< %, analogously to estimation of ]% we get that

1 max ( 2

~ V/2cos2e min ) HPOUHLZ (16)

5°)

It follows from (15) and (16), that Ny < ¢4 (s (;¢). We use inequality for

estimation of N: 3

1., <

w7, < 2f %, [, . (17)
which is obtained from the inequality
H€C2u//—|—0um+1u(4) ? _€2HC2 //H Hu(4)H2 _
é‘ L Lo 52 Lo
2
_HC ///HL H\fczum 0) + \/gcgu// (0)

at € = [[u®] " o2,
Thus, it follows from (17), that
| 4u"|[7, < 2¢2 (a3 B;2) ea (s B ) | Poully, = €3 (s B:€) | Poul 7,

i.e.
HAu”’HL2 < c3(a; B;€) HPouHL2 .
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So N3 < c3 (c; B ).

The lemma is proved.

Now let’s prove the main theorem.

Theorem. Let the conditions 1), 2) be fulfilled and the following inequality hold

4

ZC] a; B;¢€) || Ba—j (t)||LO°(R+;L(H)) <1
7=0

Then the problem (1), (2) is regularly solvable.

Proof. Let’s write the equation Pu = f in the form
v+ P1P0_1’U = f,

where v = Pyu. Since for any v € Lo (R4+; H)

<
Lo

4
|PPs o), = IPrull, < 30 1Bas (), oy [ AT 70
7=0

4
Z [ Ba—j ( HLOO(RJr SL(H)) (o B;€) [|1Poull,, = 0 (a; B5€) [[vll
j=0

and 0 (a; B;¢) < 1, then E + PPy ! is invertible in Ly (R4 H) and
u=P " (E+ PP f

Hence we get, that
lully < cons £l

The theorem is proved.
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