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REMOVABLE SETS OF THE SOLUTIONS OF THE
SECOND ORDER BOUNDARY-VALUE PROBLEM
FOR DEGENERATED PARABOLIC EQUATIONS

Abstract

In the paper we establish sufficient removability condition of a compact with
respect to the second boundary-value problem for degenerated parabolic equations

in the space of Holder functions.

1. Let Qr = Q x (0,T) be a cylindrical domain lying in R"*1,Q C R" be a
bounded domain with the boundary 99Q. Sy = 9 x (0,7,
Qo ={(z,t) : x € Q, t =0}. In Q7 we consider the parabolic equation

- ou
Z 8 <a1] z, t 81'3> = f(i‘,t), (1)
0
=0 (2)
Yir@r)
0 o .
where — denotes a derivative by conorms, i.e. ZCLW (z,t)
ov !

(t,z) € T'(Qr) is a parabolic boundary and n; is an external unit normal, to the
surface of T'.

Let E be some compact set lying on I'. The compact E is said to be re-
movable with respect to the second boundary-value problem for equation (1) in
COM(Qr), 0 < X < 1, if it follows form

LuzO,xEQT,@

ol =0l =0, u(z,t) € C*(Qr) (3)

I'Qr)

that u (x,t) =0 in Q7.
With respect to the coefficients we suppose that for all (z,t) € Qr and £ € R”

the condition

’YZ)\z‘ (x,1) & < Zaij (x,1) &€ < ’Y_lz)\z‘ (z,1) &, (4)
i=1 i,7=1 i=1

is fulfilled, where v € (0,1] is a constant, \; (z,t) = (|x\a+\/]t|)ai, ||

Z|:L‘l]5” a; = 2 a = (a1, ..,an), a; >0, 1 =1,...n, 0<al<i
¢ 1 bl 2+a’ ) b b — ) _1
1=

With respect to the right hand side we suppose, that f (z,t) € L2 (Q7).
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By mj; (A) we denote Hausdorff measure of the set A of order s > 0.

In case of the Neumann problem for the Laplace equation in piecewise smooth
domains the removability problem has been investigated in [1], [2].

The removability problems for the solutions of the first boundary-value problem
for elliptic and parabolic equations for the second boundary-value problem set have
been investigated in the paper [3]. The removability problems for uniformly degen-
erated elliptic equations have been investigated in the paper [4], for non-uniformly
degenerated parabolic equations in the paper [5].

Theorem 1. Let Q7 be a cylindrical domain in R*"', E C Qr be some
compact. The condition (4) is fulfilled with respect to the coefficients, the right part
f(z,t) € Ly (Qr). Then for removability of the compact E with respect to problem
(8) it suffices, that

m.E (E)=0. (5)

Proof. Let’s choose some simply connected domain D C {(r,£) € Rl

T # 0,7} such that £ C D. Denote

t 1 7"2 7"2 T T
Hﬁ’“)z{(r,f)eR”* ,t—2§r§t+2;xi—2§§i<xi+2},

i1=1,...,m.

Let’s fix arbitrary € > 0 and cover the set E by the final system {H(t"’x” }, such

that  UTIY, (n@n) = D Denote I, = ™) 1, (a) = ™)
S (a) = UL (a), (@) = 832 (@) 1Qr. on(a) = 7(a) N Olr (o), and B
strictly is in Z , 1 < a < 4. Let’s consider the following function

p(a) = / Z Qij (t, ) ug;iuxjdxdt.
Qr\S(a) =1

By condition (4) we have

By v = (71, -, 7pn,V¢) We denote external unit normal to the surface o (). Then

we get

—p () + / Zaw (t, ) ug;m; | ds + Z /uam (t, @) ug;y,ds =

M@ \YT W=lg



Proceedings of IMM of NAS of Azerbaijan 19
[Removable sets of the solutions]

:% / u?y,ds + / f (z,t) dxdt.
o () Qr\S(a)

Therefore

e (a) < u - agj (t,x) ug,y,ds + / u?y,ds + / f(z,t)dxdt.  (6)
“o(a (@) Qr\S(e)

k o

Further we take into account that

aj (@, t) A

VA (z,1) )E

laij (z,t)] < ag,i,j =1,...,n,

aij (z,t) =

where ag is a positive constant.
Let’s fix the first integral from the right in (6) with the help of Cauchy inequality
with 8> 0

Z /u a;j (x,t) uxjfyld5< Z

7]1 ’le

al]
/ Ai (z,t) Uy y,ds <
Vi (2 x,t) !

Z /u Ai (m,t) ug;y,ds < ag - B/Z g, ) N (2, 1) y,ds+

o) o)™
—l—ao/Zu)\ (z,t)v,ds < ag- [ / Z)\ (x,t) (uz,) da:dt+
0’ QT\E

Jrao/Zu)\ (x,t)v,ds.

()"

AS/|7@d3<Z [ Ivilds < K- Zn+1<K Z"+O‘<K e, where K

o(@) m=10m(a) m=1 m=1
is a constant and My is the number of parallelepipeds.
Then

4
/gp(a)daSK-E.
1

Hence, by virtue of arbitrariness of € > 0, we conclude, that

/Z)\ (z,t) (ai) dzdt = 0,
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almost everywhere in Q7, and since \; (x,t) > 0 a.e., then u (x,t) = 0. The theorem

is proved.

2. In Q7 we consider the parabolic equation

ou = ou
Z O (aw 1) (91/‘]> "‘;bi (2,1) %+
+c(z,t)u=0 in Qr (7)

Za” (t,z) nl+ Zb (t,x)un; =0, (t,x) €T (Qr). (8)

3,j=1

With respect to the coefficients the condition (4) is fulfilled and also
‘bi (t,x)] < by, —bg < C(t, ac) < 0. (9)

Theorem 2. Let Qr be a cylindrical domain in R", E C Qr be some
compact. Conditions (4), (9) are fulfilled with respect to the coefficients. Then for
removability of the compact E with respect to problem (7), (8), it suffices, that

my (E)=0. (10)

Proof. Let’s choose some simply connected domain D C {(7,¢) € R
T # 0,7} such that E C D. Let’s fix arbitrary ¢ > 0 and cover the set E by
the final system {Hgn"’x" } such that UH (non) = D Let’s show this process.

We cover the set £ by no more than countable system {H;Z;”’ym)}, for which
n+A
> hn? < e and choose final subcovering from M elements, each of them in-
m

1
— 2’
STHMA < O7t%e, and E is strictly contained in this unification. Let’s de-

m

M 1O ) 1/2
tersects E. Then E C | HH::’ym, where 0,, = n,, — =, H, = Cihy,~ and
m=1

note M = inf > H2T® < C]"%, where inf is taken on all coverings, consist-
m
ing of no more than M parallelepipeds. Then there exists the system Hﬁ”’xm)

consisting of My parallelepipeds, for which My < M, E is strictly contained in

My My Moy

U H%;”’wm), St < (CPT Y+ e, i < 60 < 1, Y A SR 4 i,

m=1 m=1 m=1 T M

for any covering {H;ZT’%)} consisting of no more than of M elements. Now sup-
(tm,zm) _ 1tm,am). . — o . —

pose II,, = 11" i (@) = o ™5 1 <a<4; ()= U Uy (); o(a) =

m=1
0% () ;0m () = o (o) N O, (). Then it is evident that FE is strictly contained
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My
inY(a), 1<a<4, o(a)= > o(a), 1 <a < 4. Further acting as in theorem 1

m=1
we obtain

—p(a) + / ZCLW (t, ) ug;n; | ds + Z /uaw (t, ) ug,y;ds+

M) \W= W= (w)
/ Zb (t,z) un;ds — = / Zabl
F\E(a QT\E
+ / c(z,t) u’dzdt + lzn: / bi (t,2) u’y;ds = L /uzfy ds
9 2 — 1 9 7 2 t .
Qr\E() lo(a) o(6)

Further making estimations close to ones in theorem 1 and estimating the mem-

bers with b; (t,2) and with ¢ (¢,x) subject to conditions (9), we get:

4
/np da—/da / (t,x)u’dedt < K -¢,
1 L Qr\E(a)

where K is a positive constant. Hence, by arbitrariness of € > 0 we obtain, that
u(z,t) =0.

The theorem is proved.
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