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Dagbeyi M. GULIYEV

REMOVABLE SETS OF THE SOLUTIONS OF THE

SECOND ORDER BOUNDARY-VALUE PROBLEM

FOR DEGENERATED PARABOLIC EQUATIONS

Abstract

In the paper we establish sufficient removability condition of a compact with

respect to the second boundary-value problem for degenerated parabolic equations

in the space of Hölder functions.

1. Let QT = Ω × (0, T ) be a cylindrical domain lying in Rn+1,Ω ⊂ Rn be a

bounded domain with the boundary ∂Ω. ST = ∂Ω× (0, T ) ,

Q0 = {(x, t) : x ∈ Ω, t = 0}. In QT we consider the parabolic equation

Lu =
∂u

∂t
−

n∑
i,j=1

∂

∂xi

(
aij (x, t)

∂u

∂xj

)
= f (x, t) , (1)

∂u

∂ν

∣∣∣∣
Γ(QT )

= 0, (2)

where
∂

∂ν
denotes a derivative by conorms, i.e.

∂

∂ν
=

n∑
i,j=1

aij (x, t)
∂u

∂xj
ni,

(t, x) ∈ Γ (QT ) is a parabolic boundary and ni is an external unit normal, to the

surface of Γ.

Let E be some compact set lying on Γ. The compact E is said to be re-

movable with respect to the second boundary-value problem for equation (1) in

C0,λ (QT ) , 0 < λ < 1, if it follows form

Lu = 0, x ∈ QT ,
∂u

∂ν

∣∣∣∣
Γ(QT )

= 0, u|t=0 = 0, u (x, t) ∈ C0,λ (QT ) (3)

that u (x, t) ≡ 0 in QT .

With respect to the coefficients we suppose that for all (x, t) ∈ QT and ξ ∈ Rn

the condition

γ
n∑

i=1

λi (x, t) ξ2
i ≤

n∑
i,j=1

aij (x, t) ξiξ ≤ γ−1
n∑

i=1

λi (x, t) ξ2
i , (4)

is fulfilled, where γ ∈ (0, 1] is a constant, λi (x, t) =
(
|x|α +

√
|t|

)αi

, |x|α =
n∑

i=1

|xi|ᾱi , ᾱi =
2

2 + ai
, α = (α1, ..., αn) , αi ≥ 0, i = 1, ..., n, 0 ≤ αi <

2
n− 1

.

With respect to the right hand side we suppose, that f (x, t) ∈ L2 (QT ).
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By ms
H (A) we denote Hausdorff measure of the set A of order s > 0.

In case of the Neumann problem for the Laplace equation in piecewise smooth

domains the removability problem has been investigated in [1], [2].

The removability problems for the solutions of the first boundary-value problem

for elliptic and parabolic equations for the second boundary-value problem set have

been investigated in the paper [3]. The removability problems for uniformly degen-

erated elliptic equations have been investigated in the paper [4], for non-uniformly

degenerated parabolic equations in the paper [5].

Theorem 1. Let QT be a cylindrical domain in Rn+1, E ⊂ QT be some

compact. The condition (4) is fulfilled with respect to the coefficients, the right part

f (x, t) ∈ L2 (QT ). Then for removability of the compact E with respect to problem

(3) it suffices, that

m
n+λ

2
H (E) = 0. (5)

Proof. Let’s choose some simply connected domain D ⊂ {(τ , ξ) ∈ Rn+1;

τ 6= 0, T} such that E ⊂ D. Denote

Π(t,x)
r =

{
(τ , ξ) ∈ Rn+1, t− r2

2
≤ τ ≤ t +

r2

2
;xi −

r

2
≤ ξi ≤ xi +

r

2

}
,

i = 1, ...,m.

Let’s fix arbitrary ε > 0 and cover the set E by the final system {Π(tn,xn)
rn }, such

that
⋃
n

Π(tn,xn)
4rn

⊂ D. Denote Πn = Π(tn,xn)
rn , Πn (α) = Π(tn,xn)

αrn ,∑
(a) =

⋃
n

Πn (α) , σ (α) = ∂
∑

(α) ∩ QT , σn (α) = σ (α) ∩ ∂ΠT (α), and E

strictly is in
∑

(α) , 1 ≤ α ≤ 4. Let’s consider the following function

ϕ (α) =
∫

QT \Σ̄(α)

n∑
i,j=1

aij (t, x) uxiuxjdxdt.

By condition (4) we have

ϕ (α) ≥ γ

∫
QT \Σ̄(α)

n∑
i=1

λi (x, t)
(

∂u

∂xi

)2

dxdt ≥ 0.

By γ = (γ1, ..., γn, γt) we denote external unit normal to the surface σ (α). Then

we get

−ϕ (α) +
∫

Γ\Σ̄(α)

u

 n∑
i,j=1

aij (t, x) uxjni

 ds +
n∑

i,j=1

∫
σ(α)

uaij (t, x) uxjγids =
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=
1
2

∫
σ(α)

u2γtds +
∫

QT \Σ̄(α)

f (x, t) dxdt.

Therefore

ϕ (α) ≤
n∑

i,j=1

∫
σ(α)

u · aij (t, x) uxjγids +
∫

σ(α)

u2γtds +
∫

QT \Σ̄(α)

f (x, t) dxdt. (6)

Further we take into account that

ãij (x, t) =
aij (x, t)√

λi (x, t) λj (x, t)
∈ C

(
Q̄T

)
i, j = 1, ..., n and

|ãij (x, t)| ≤ a0, i, j = 1, ..., n,

where a0 is a positive constant.

Let’s fix the first integral from the right in (6) with the help of Cauchy inequality

with β > 0

n∑
i,j=1

∫
σ(α)

u · aij (x, t) uxjγids ≤
n∑

i,j=1

∫
σ(α)

u
aij√

λi (x, t) λj (x, t)
λi (x, t) uxjγids ≤

≤
n∑

i,j=1

a0

∫
σ(α)

u · λi (x, t) uxjγids ≤ a0 · β
∫

σ(α)

n∑
i=1

(uxi)
2 λi (x, t) γids+

+
1
β

a0

∫
σ(α)

n∑
i=1

u2λi (x, t) γids ≤ a0 · β
∫

QT \Σ̄(α)

n∑
i=1

λi (x, t) (uxi)
2 dxdt+

+
1
β

a0

∫
σ(α)

n∑
i=1

u2λi (x, t) γids.

As
∫

σ(α)

|γi| ds ≤
M0∑

m=1

∫
σm(α)

|γi| ds ≤ K ·
M0∑

m=1

rn+1
m ≤ K ·

M0∑
m=1

rn+α
m ≤ K · ε, where K

is a constant and M0 is the number of parallelepipeds.

Then
4∫

1

ϕ (α) dα ≤ K · ε.

Hence, by virtue of arbitrariness of ε > 0, we conclude, that∫
σ(α)

n∑
i=1

λi (x, t)
(

∂u

∂xi

)2

dxdt = 0,
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almost everywhere in QT , and since λi (x, t) > 0 a.e., then u (x, t) ≡ 0. The theorem

is proved.

2. In QT we consider the parabolic equation

Lu =
∂u

∂t
−

n∑
i,j=1

∂

∂xi

(
aij (x, t)

∂u

∂xj

)
+

n∑
i=1

bi (x, t)
∂u

∂xi
+

+c (x, t) u = 0 in QT (7)

n∑
i,j=1

aij (t, x)
∂u

∂xi
ni +

1
2

n∑
i=1

bi (t, x) uni = 0, (t, x) ∈ Γ (QT ) . (8)

With respect to the coefficients the condition (4) is fulfilled and also

|bi (t, x)| ≤ b0, −b0 ≤ c (t, x) < 0. (9)

Theorem 2. Let QT be a cylindrical domain in Rn+1, E ⊂ QT be some

compact. Conditions (4), (9) are fulfilled with respect to the coefficients. Then for

removability of the compact E with respect to problem (7), (8), it suffices, that

m
n+λ

2
H (E) = 0. (10)

Proof. Let’s choose some simply connected domain D ⊂ {(τ , ξ) ∈ Rn+1;

τ 6= 0, T} such that E ⊂ D. Let’s fix arbitrary ε > 0 and cover the set E by

the final system {Π(tn,xn)
zn } such that

⋃
n

Π(tn,xn)
4rn

⊂ D. Let’s show this process.

We cover the set E by no more than countable system {Π(ηm,ym)
hm

}, for which∑
m

h
n+λ

2
m < ε and choose final subcovering from M elements, each of them in-

tersects E. Then E ⊂
M⋃

m=1
Π(θm,ym)

Hm
, where θm = ηm − 1

2
,Hm = C1h

1/2
m and∑

m
Hn+λ

m < Cn+α
1 ε, and E is strictly contained in this unification. Let’s de-

note M = inf
∑
m

Hn+α
m ≤ Cn+α

1 ε, where inf is taken on all coverings, consist-

ing of no more than M parallelepipeds. Then there exists the system Π(tn,xm)
rn

consisting of M0 parallelepipeds, for which M0 ≤ M,E is strictly contained in
M0⋃

m=1
Π(tm,xm)

rm ,
M0∑

m=1
rn+λ

m
≤

(
Cn+α

1 + 1
)
ε, rm < δ0 < 1,

M0∑
m=1

rn+λ
m

<
∑
τ

hn+α
τ +

ε

M
,

for any covering
{

Π(ητ ,yτ )
hτ

}
consisting of no more than of M elements. Now sup-

pose Πm = Π(tm,xm)
rm ; Πm (α) = Π(tm,xm)

αrm ; 1 ≤ α ≤ 4; Σ (α) =
M0⋃

m=1
Πm (α) ; σ (α) =

∂Σ (α) ;σm (α) = σ (α) ∩ ∂Πm (α). Then it is evident that E is strictly contained
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in Σ (α) , 1 ≤ α ≤ 4, σ (α) =
M0∑

m=1
σ (α) , 1 ≤ α ≤ 4. Further acting as in theorem 1

we obtain

−ϕ (α) +
∫

Γ\Σ̄(α)

u

 n∑
i,j=1

aij (t, x) uxjni

 ds +
n∑

i,j=1

∫
σ(α)

uaij (t, x) uxjγids+

+
1
2

∫
Γ\Σ̄(α)

u ·
n∑

i=1

bi (t, x) unids− 1
2

∫
QT \Σ̄(α)

u2 ·
n∑

i=1

∂b1

∂xi
dxdt+

+
∫

QT \Σ̄(α)

c (x, t) u2dxdt +
1
2

n∑
i=1

∫
σ(α)

bi (t, x) u2γids =
1
2

∫
σ(θ)

u2γtds.

Further making estimations close to ones in theorem 1 and estimating the mem-

bers with bi (t, x) and with c (t, x) subject to conditions (9), we get:

4∫
1

ϕ (α) dα−
4∫
1

dα

∫
QT \Σ̄(α)

c (t, x) u2dxdt ≤ K · ε,

where K is a positive constant. Hence, by arbitrariness of ε > 0 we obtain, that

u (x, t) ≡ 0.

The theorem is proved.
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