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MATHEMATICS

Bilal T. BILALOV, Togrul R. MURADOV

ON EQUIVALENT BASES IN BANACH SPACES

Abstract

In the present paper some generalizations on Banach spaces of classical
Paley-Weiner and N.K.Bari theorems on Riesz basicity close in some sense
of systems in Hilbert spaces are shown. The corresponding definition are intro-
duced and on the language of accepted notion the theorems on basicity of close
systems in Banach spaces are formulated.

The classical Paley-Weiner and N.K.Bari theorems on Riesz basicity close in some
sense of systems in Hilbert space are well known. The different signs of basicity
of close systems were given by different authors. Concerning these questions we
can consider the review [1]. Some generalizations of the indicated Paley-Weiner
and N.K.Bari theorems in Banach and Hilbert spaces are obtained in [2]. In the
indicated papers the closeness is basically given in the language of the systems
themselves. Since the geometry of Banach spaces is very different from geometry of
Hilbert spaces, therefore for investigation of basicity properties of concrete systems
in definite Banach space we need to take into account the structure of conjugate
space.

The present paper is devoted to the construction of basicity of systems, using
the closeness of conjugate systems.

Before we formulate the basic result, let’s accept the following notation:
N is a set of natural numbers;
B is some Banach space with the norm ‖·‖;
B∗ is a space conjugate to B.
At first let’s prove the following lemmas.
Lemma 1. Let {ϕn}n∈N ⊂ B be some basis in B and minimal in B system

{ψn}n∈N be close to {ϕn}n∈N in such sense that∑
n≥1

‖ψ∗n − ϕ∗n‖ · ‖ϕn‖ < +∞,

where {ψ∗n}n∈N , {ϕ∗n}n∈N ⊂ B∗ are the corresponding biorthogonal to {ψn}n∈N ,

{ϕn}n∈N systems. Then the expression

Tf
def
≡
∑
n≥1

(ψ∗n − ϕ∗n) (f)ϕn

determines some completely continuos operator T : B → B.



4
[B.T.Bilalov, T.R.Muradov]

Proceedings of IMM of NAS of Azerbaijan

Proof. Actually we have:∥∥∥∥∥
N+p∑

N

(ψ∗n − ϕ∗n) (f)ϕn

∥∥∥∥∥ ≤
N+p∑

N

|(ψ∗n − ϕ∗n) (f)| · ‖ϕn‖ ≤

≤

(
N+p∑

N

‖ψ∗n − ϕ∗n‖ · ‖ϕn‖

)
· ‖f‖

From this inequality it follows that the series

Tf =
∑
n≥1

(ψ∗n − ϕ∗n) (f)ϕn

converges in B, moreover it is clear that ‖T‖ ≤
∑
n≥1

‖ψ∗n − ϕ∗n‖ · ‖ϕn‖. Let

TN =
∑
n≥1

(ψ∗n − ϕ∗n) (·)ϕn. Absolutely it is evident that ‖T − TN‖ ≤
∑

n≥N

‖ψ∗n − ϕ∗n‖·

‖ϕn‖ 7−→ 0, N → ∞. From the finite dimensionality and continuity in B of the
operators TN it follows the complete continuity T : B → B. The lemma is proved.

Lemma 2. Let all conditions of lemma 1 be fulfilled. Then the expression

Φf
def
≡
∑
n≥N

ψ∗n (f) · ϕn

determines Fredholm operator Φ : B → B.
Proof. It is easy to see that

Φ (f) =
∑
n≥N

ψ∗n (f) · ϕn

∑
n≥N

(ψ∗n − ϕ∗n) (f)ϕn +
∑
n≥N

ϕ∗n (f) · ϕn = (T + I) f,

where I : B 7−→ B is unique operator. Fredholm property Φ is evident.
The lemma is proved.
Definition. The minimal in B systems {ψn}n∈N , {ϕn}n∈N we’ll call ∗ϕ- close

if ∑
n≥N

‖ψ∗n − ϕ∗n‖ · ‖ϕn‖ < +∞

and ∗ is close if
∑

n≥N

‖ψ∗n − ϕ∗n‖ < +∞, where {ψ∗n}n∈N , {ϕ∗n}n∈N ⊂ B∗ are

corresponding biorthogonal systems.
Theorem 1. Let the system {ψ∗n}n∈N minimal in B be ∗ϕ close to some in B

basis {ϕn}n∈N . Then {ψ∗n}n∈N also forms basis isomorphic to {ϕn}n∈N in B.
Proof. Following lemma 2 we consider Fredholm Φ : B → B operator

Φf =
∑
n≥N

ψ∗n (f)ϕn,

where {ψ∗n}n∈N ⊂ B∗ is a system conjugate to {ψ∗n}n∈N . Let’s show that
KerΦ = {0}. Let it be not so. Then dimKer Φ∗ ≥ 1 (Φ∗ is a conjugate to Φ
operator) and let g∗ ∈ Ker Φ∗ be a non-zero element. Then we have:

0 = Φ∗g∗ (ψn) = g∗ (Φψn) = g∗ (ϕn) , ∀n ∈ N.
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From the basicity {ϕn}n∈N in B it follows that g∗ = 0. Consequently KerΦ = {0}
and it means that Φ is boundedly inverse. If we take into account that Φψn = ϕn,
then we’ll obtain the required.

The theorem is proved.
From this theorem we immediately obtain the following
Corollary 1. Let the system {ψn}n∈N minimal in some Hilbert space H be ∗

-close to some Riesz basis {ϕn}n∈N in H. Then {ψn}n∈N forms Riesz basis in H.
By virtue of the fact that Riesz basis satisfies the condition 0 < c−1 ≤ ‖ϕn‖ ≤

c < +∞ at some positive constant c > 0 the truth of lemma 1,2 relative to the
systems {ϕn}n∈N , {ψn}n∈N is evident.

Corollary 2. Let the system {ψn}n∈N minimal in B be ∗ -close to some
uniformly by the norm bounded basis {ϕn}n∈N in B. Then {ψn}n∈N also forms the
basis in B isomorphic to {ϕn}n∈N .

Corollary 3. Let {ψn}n∈N ⊂ B be minimal in B and for some basis {ϕn}n∈N ⊂
B we have: (

1
p

+
1
q

= 1
)
, 1 ≤ p ≤ +∞,

∑
n≥N

‖ψ∗n − ϕ∗n‖
p · nα·p

1/p

< +∞,

∑
n≥N

‖ϕn‖
q · n−α·q

1/p

< +∞,

where {ψ∗n}n∈N , {ϕ∗n}n∈N ⊂ B∗ are corresponding biorthogonal systems and α ∈ R
is some real number. Then {ψn}n∈N also forms the basis isomorphic to {ϕn}n∈N in
B.

In the paper [2] in terms of p-closeness and q-basis (for these notion see [2])
some theorems on bisicity of close systems in Banach spaces are shown. It is known,
that the classical exponent system

{
eint
}+∞
−∞ in these terms is q- basis in the space

Lp (−π, π) at 1 < p ≤ 2 where q : 1
p + 1

q = 1 is a conjugate number. Consequently,
the results obtained in the paper [2] are immediately non-applicable in respect of
the exponent system

{
eint
}+∞
−∞ in the space Lp (−π, π) at p > 2.

In this paragraph we’ll cite some variants of these results which cover the case
p > 2 too. Therefore in order to remain the analogy with the classical results and
for facilitating statements of obtained results we accept the following definition.

Definition 1. The system {xn}n∈N ⊂ B minimal in B with the conjugate
{x∗n}n∈N ⊂ B∗ we’ll call p-Bessel if for ∀f ∈ B we have:(∑

|x∗n (f)|p
)1/p

≤M ‖f‖ ,

where ‖·‖ is a norm in B.
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It is evident that p-Bessel basis is p-basis.
Definition 2. The basis {xn}n∈N ⊂ B in B we’ll call (p,B) basis if for ∀f ∈ B

we have (
∑
|x∗n (f)|p)1/p ≤ M ‖f‖B, where {x∗n}n∈N ⊂ B∗ is a conjugate system,

B ⊂ B, B is some Banach space with the norm ‖·‖B.
Theorem 2. Let p-Bessel system {xn}n∈N ⊂ B , be q close to the basis

{yn}n∈N ⊂ B in B. Then 1
p + 1

q = 1 forms the basis in B isomorphic to {yn}n∈N .
Actually this theorem immediately follows from the following lemma whose proof

doesn’t differ from the proof of lemma 2 of the paper [2].
Lemma 3. Let F : B → B be some Fredholm operator and Fψn = ϕn, ∀n ∈ N ,

where {ϕn}n∈N is some basis in B. Then F is invertible and {ψn}n∈N also forms
the basis in B (isomorphic to {ϕn}n∈N ).

Really, from x∗ ∈ KerF ∗ we have:
0 = F ∗x∗ (ϕn) = x∗ (Fψn) = x∗ (ϕn). From the completeness of {ϕn}n∈N in B

it follows x∗ = 0. Using definition 2 from theorem 5 of the paper [2] it is easy to get
the following.

Corollary 4. Let the system {xn}n∈N ⊂ B be (p,B) basis in B (p ≥ 1) and

the system {yn}n∈N ⊂ B be q close to {xn}n∈N

(
1
p + 1

q = 1
)
. Then if the system

{yn}n∈N is complete or minimal in B and B is continuously embedded into the
Banach space B (B ⊂ B) then {yn}n∈N also forms the basis in B isomorphic to
{xn}n∈N .

Actually considering the operator Tf =
∑
x∗n (f) (xn − yn), where {x∗n}n∈N ⊂

B∗ is a system conjugate to {x∗n}n∈N ⊂ B∗ we’ll obtain∥∥∥∑x∗n (f) (xn − yn)
∥∥∥ ≤∑ |x∗n (f)| · ‖xn − yn‖ ≤

≤
(∑

|x∗n (f)|p
)1/p

·
(∑

‖xn − yn‖q
)1/q

≤

≤M
(∑

‖xn − yn‖q
)1/q

· ‖f‖B

Allowing for the embedding B ⊂ B the further scheme of proof is carried out
absolutely similar to the proof of theorem 5 of the paper [2].

{xn}n∈N ⊂ B

Definition 3. The system {xn}n∈N ⊂ B minimal in B we’ll call (p,B) system
if for ∀f ∈ B we have (

∑
|x∗n (f)|p)1/p ≤M ‖f‖B, where {x∗n}n∈N ⊂ B∗ is a system

conjugate to {xn}n∈N , B ⊂ B (continuously embedded) B is some Banach space.
Using lemma 3 the following theorem is proved similarly to theorem 2.
Theorem 3. Let (p,B) the system {yn}n∈N be q-close to the basis {xn}n∈N ⊂ B

in B
(

1
p + 1

q = 1
)
. If B ⊂ B (continuously embedded) then {yn}n∈N also forms the

basis B isomorphic to {xn}n∈N .
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In particular case from the above stated results the following one immediately
follows.

Corollary 5. Let the complete or minimal in Lp (−π, π) system of function

{fn (x)}x∈Z be q-close in Lp (−π, π)
(

1
p + 1

q = 1
)

to the classical exponent system{
einx

}
n∈Z

+∞∑
n=−∞

 π∫
−π

∣∣fn (x)− einx
∣∣p dx

q/p

< +∞,

where p > 2. Then its forms the basis in Lp (−π, π) isomorphic to
{
einx

}
n∈Z

.
Actually denoting by {Cn (f)}n ∈ Z the biorthogonal coefficients of the function

f ∈ Lp (−π, π) by the exponent system
{
einx

}
n∈Z

we’ll consider :

Tf =
∑

Cn (f)
(
fn (x)− einx

)
.

Since: (‖·‖p is ordinary norm in Lp (−π, π)).∥∥∥∑Cn (f)
(
fn (x)− einx

)∥∥∥
p
≤
∑

|Cn (f)| ·
∥∥fn (x)− einx

∥∥
p
≤

≤
(∑

|Cn (f)|p
)1/p

·
(∑∥∥fn (x)− einx

∥∥q

p

)1/q
.

It is absolutely evident that f ∈ Lp (−π, π). Applying Hausdorff-Young inequal-
ity we have: (∑

|Cn (f)|p
)1/p

≤M · ‖f‖q .

Since Lp ⊂ Lq (continuously embedded) at p > 2, then from theorem 3 we obtain
the required.
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