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ON THE APPROXIMATION BY LINEARCOMBINATIONS OF RIDGE FUNCTIONS IN L2METRIC
AbstractThe problem considered in the paper is to approximate a multivariate func-tion by linear combinations of ridge functions with �xed directions in L2 metric.We establish characteristic properties of an extremal element and �nd its ana-lytic form.

1. IntroductionA ridge function is a multivariate function of the form
g (a � x) = g (a1x1 + � � �+ anxn) ;

where g : R! R and a = (a1; :::; an) is a �xed vector (direction) in Rnn f0g. Inother words, it is a multivariate function constant on the parallel hyperplanesa � x = �; � 2 R. Ridge functions and their combinations arise in variouscontexts. They arise naturally in problems of computerized tomography (see,e.g., [7, 10]), statistics (see, e.g., [1, 5]), partial di�erential equations [6], neuralnetworks (see, e.g., [2, 11, 13, 14]), and approximation theory (see, e.g., [2, 3,4, 8, 9, 11, 12]).The term ridge function is rather recent. These functions have been consid-ered for a long time under the name of plane waves (see, for example, [6]). Werefer the reader to Pinkus [12] for an excellent short survey on ridge functionsand various motivations for their research.In some applications, one is interested in the following sets of ridge func-tions. The �rst is given by
R �a1; :::; ar� = ( rX

i=1 gi
�ai � x� : gi : R! R; i = 1; :::; r) :

That is, we consider linear combinations of ridge functions with a �nitenumber of �xed directions. It is clear that this is a linear space.The second set is
Rr =

( rX
i=1 gi

�ai � x� : ai 2 Rnn f0g ; gi : R! R; i = 1; :::; r) :
In this case, we �x r and variate both the functions gi and the directions ai.Notice that Rr is not a linear space.Some problems of approximation by functions from both the setR (a1; :::; ar)and the set Rr were investigated by a number of authors. For example, one
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essential method of approximating from R (a1; :::; ar), its defects and advan-tages were discussed in [12]. Lin and Pinkus [8] characterized R (a1; :::; ar), i.e.they found means of determining if a continuous function f (de�ned on Rn) isof the form rPi=1 gi (ai � x) for some given a1; :::; ar 2 Rnn f0g, but unknown con-tinuous g1; :::; gr. Two other characterizations of R (a1; :::; ar) in the uniformnorm may be found in Diaconis and Shahshahani [3]. The e�ciency of approx-imation by functions from Rr in L2 metric was investigated by Petrushev [11].Maiorov [9] established upper and lower bounds for the error of approximationto functions in Sobolev class from Rr in L2 metric.In the following, we are going to consider some essential problems in ap-proximating from the set R (a1; :::; an) in L2 metric. These problems includeboth the characterization and the construction of an extremal element. Weare also interested in formulas for the approximation error. Unfortunately, ourresults involve cases in which the space dimension is equal to the number of�xed directions. Nevertheless, we hope that these results will encourage someof readers to seek more general and better ways of approaching the consideredhere problems. Since for the basis vectors a1; :::; an the functions gi(ai � x);i = 1; :::; n, are univariate, the results of the paper are also applicable to theapproximation of a multivariate function by sums of univariate functions.

2.Main resultsLet X be a subset of Rn whose Lebesgue measure is �nite. Consider theapproximation of a function f (x) = f (x1; :::; xn) from L2 (X) by functionsfrom the manifold R (a1; :::; an). We suppose that the functions gi (ai � x) ; i =1; :::; n, belong to the space L2 (X) and the vectors a1; :::; an are linearly inde-pendent. We say that a function g0 = nPi=1 g0i (ai � x) from R (a1; :::; an) is anextremal element or a best approximation to f ifkf � g0kL2(X) = infg2R(a1;:::;an) kf � gkL2(X)
Consider the mapping J : X ! Rn given by the formulasyi = ai � x; i = 1; :::; n: (2:1)Since the vectors ai = (ai1; :::; ain) ; i = 1; :::; n, are linearly independent, itis an injection. The Jacobian of this mapping is a constant di�erent from zero:

det � @yi@xj
� = det �aij� 6= 0:

Solving the system of linear equations (2.1) with respect to xi; i = 1; :::; n,we obtain that xi = bi � y; i = 1; :::; n;where y = (y1; :::; yn), bi = (bi1; :::; bin) ; i = 1; :::; n, and �bij� = �aij��1.Introduce the notation Y = J (X)
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and Yi = �yi 2 R : yi = ai � x; x 2 X	 ; i = 1; :::; n:For any function u 2 L2 (X) put

u� = u� (y) def= u �b1 � y; :::;bn � y� :It is obvious that u� 2 L2 (Y ) : Besides,Z
Y u� (y) dy = ��det �aij��� � ZX u (x) dx (2:2)

and ku�kL2(Y ) = ��det �aij���1=2 � kukL2(X) : (2:3)From (2.3) we obtain that the following lemma is valid.Lemma 2.1. Let f (x) 2 L2 (X). A function nPi=1 g0i (ai � x) is extremal to
the function f (x) if and only if nPi=1 g0i (yi) is an extremal element from thespace L2(Y1) + :::+ L2(Yn) to the function f � (y).Lemma 2.2. Let f (x) 2 L2 (X). A function nPi=1 g0i (ai � x) 2 R (a1; :::; an)is extremal to the function f (x) if and only ifZ

X
 f (x)� nX

i=1 g0i
�ai � x�!h �aj � x� dx = 0; (2:4)

for any ridge function h (aj � x) 2 L2 (X) j = 1; :::; n.
Proof. Necessity. Let a function nPi=1 g0i (ai � x) be extremal to the functionf (x). Suppose that there is a positive integer j 2 [1; n] and a ridge functionh (aj � x) 2 L2 (X) such thatZ

X
 f (x)� nX

i=1 g0i
�ai � x�!h �aj � x� dx 6= 0: (2:5)

Without loss of generality we may assume that j = 1 and the integral in(2.5) is negative. Then it follows from (2.2) thatZ
Y
 f � (y)� nX

i=1 g0i (yi)
!h (y1) dy < 0: (2:6)

For su�ciently small positive real number k we obtain from (2.6) thatf � (y)� �g01 (y1)� kh (y1)�� nX
i=2 g0i (yi)


2
L2(Y ) =

f � (y)�
nX

i=1 g0i (yi)

2
L2(Y )
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+2k ZY

 f � (y)� nX
i=1 g0i (yi)

!h (y1) dy + k2 kh (y1)k2L2(Y )
< f � (y)�

nX
i=1 g0i (yi)


2
L2(Y ) :

The last strong inequality means that the function nPi=1 g0i (yi) is not extremal
to the function f � (y). Then by lemma 2.1, the function nPi=1 g0i (ai � x) is notextremal to f (x). This contradiction shows that our supposition in (2.5) isnot true.Su�ciency. Let (2.4) holds for some element nPi=1 g0i (ai � x) fromR (a1; :::; an).Then due to (2.2), we haveZ

Y
 f � (y)� nX

i=1 g0i (yi)
! � hj (yj) dy = 0; (2:7)

for any function hj (yj) from L2 (Yj) ; j = 1; :::; n. From (2.7) we obtain thatf � (y)�
nX

i=1 hi (yi)

2
L2(Y ) =

f � (y)�
nX

i=1 g0i (yi) +
nX

i=1
�g0i (yi)� hi (yi)�


2
L2(Y )

= f � (y)�
nX

i=1 g0i (yi)

2
L2(Y ) +


nX

i=1
�g0i (yi)� hi (yi)�


2
L2(Y )

� f � (y)�
nX

i=1 g0i (yi)

2
L2(Y ) :

The last inequality means that the function nPi=1 g0i (yi) is extremal to the
function f � (y). Then by lemma 2.1, the function nPi=1 g0i (ai � x) is extremal tof (x).

Let Y (i) be the Cartesian product of sets Y1; :::; Yn except for Yi; i = 1; :::; n.That is Y (i) = Y1 � :::� Yi�1 � Yi+1 � :::� Yn; i = 1; :::; n.Theorem 2.3. Let f (x) 2 L2 (X) and Y = Y1 � ::: � Yn. An elementnPi=1 g0i (ai � x) from R (a1; :::; an) is extremal to the function f (x) if and only if
g0j (yj) = 1jY (j)j

Z
Y (j)

0B@f � (y)� nX
i=
i6=j

1 g0i (yi)
1CA dy(j); j = 1; :::; n; (2:8)
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where ��Y (j)�� is the Lebesgue measure of Y (j).

Proof. Necessity. Let a function nPi=1 g0i (ai � x) is extemal to f . Then by
lemma 2.1, the function nPi=1 g0i (yi) from L2 (Y1) + ::: + L2 (Yn) is extremal tof �. By lemma 2.2 and equality (2.2),Z

Y f � (y)h (yj) dy = ZY
nX

i=1 g0i (yi) � h (yj) dy; (2:9)
for any function h (yj) 2 L2 (Yj) ; j = 1; :::; n. Applying Fubini's theorem tothe integrals in (2.9), we obtain that

Z
Yj h (yj)

2
4 ZY (j)

f � (y) dy(j)
3
5 dyj = ZYj h (yj)

2
4 ZY (j)

nX
i=1 g0i (yi) dy(j)

3
5 dyj:

Since h (yj) is an arbitrary function from L2 (Yj),Z
Y (j)

f � (y) dy(j) = Z
Y (j)

nX
i=1 g0i (yi) dy(j); j = 1; :::; n:

Therefore,
Z

Y (j)

g0j (yj) dy(j) = Z
Y (j)

0B@f � (y)� nX
i=1i6=j g

0i (yi)
1CA dy(j); j = 1; :::; n:

Now, since yj =2 Y (j), we obtain (2.8).Su�ciency. The proof of the su�ciency is not di�cult if note that allequalities in the proof of the necessity can be obtained in the reverse order.That is, (2.9) can be obtained from (2.8). Then by (2.2) and lemma 2.2, we�nally conclude that the element nPi=1 g0i (ai � x) is exremal to the function f (x).
For the sake of completeness and further applications (see theorem 2.5),we give the proof for the following theorem which is known from functionalanalysis.Theorem 2.4. The following formula is valid for the error of approxima-tion to a function f (x) in L2 (X) from R (a1; :::; an):

E (f) =
0
@kf (x)kL2(X) �


nX

i=1 g0i
�ai � x�L2(X)

1
A

1
2 ;
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where nPi=1 g0i (ai � x) is an extremal element to f (x).

ProofIt is obvious that f �
nX

i=1 g0i

2
L2(X) = kfk2L2(X)�

�2 ZX f (x) nX
i=1 g0i

�ai � x� dx+ 
nX

i=1 g0i

2
L2(X) : (2:10)

On the other hand by lemma 2.2,f �
nX

i=1 g0i

2
L2(X) = kfk2L2(X) � ZX f (x) nX

i=1 g0i
�ai � x� dx: (2:11)

From (2.10) and (2.11) it follows that
Z
X f (x) nX

i=1 g0i
�ai � x� dx = 

nX
i=1 g0i


2
L2(X) : (2:12)

Considering (2.12) in (2.11), we �nally conclude that
E (f)2 = kfk2L2(X) �


nX

i=1 g0i

2
L2(X) :

Using theorem 2.4, it is possible to calculate the approximation error ifwe a priori can determine an extremal element. The following theorem showshow one can construct an extremal element from integrals of the approximatedfunction.Theorem 2.5. Let a function f (x) be in L2 (X) and Y = Y1 � ::: � Yn.Set the functions
g01 (y1) = 1jY (1)j

Z
Y (1)

f � (y) dy(1) � (n� 1) 1jY j
Z
Y f � (y) dy

and g0j (yj) = 1jY (j)j
Z

Y (j)

f � (y) dy(j) j = 2; :::; n:
Then the function nPi=1 g0i (ai � x) is extremal to f (x).
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Proof. It is su�cient to verify that the functions g0j (yj) ; j = 1; :::; n,satisfy the conditions (2.8) of theorem 2.3. This becomes obvious if note that

nX
i=1
i6=j

1jY (j)j 1jY (i)j
Z

Y (j)

2
4ZY (i)

f � (y) dy(i)
3
5 dy(j) = (n� 1) 1jY j

Z
Y f � (y) dy

for j = 1; :::; n.
Using theorems 2.4 and 2.5, one can obtain an e�cient formula for the errorin approximating from the set R (a1; :::; an).
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