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ON A FOURTH ORDER
OPERATOR-DIFFERENTIAL EQUATION IN
HILBERT SPACE

Abstract

In this paper algebraic conditions, providing existence and uniqueness of
a regular solution of a class of elliptic type fourth order operator-differential
equations, are obtained

Consider the following fourth order equation in separable Hilbert space H:

d4

= =7 A4u+ZA4]u() ft), teR=(—o0,00). (1)

7=0

P (d/dt)u

Here f(t), u(t) are vector-valued functions with the values in H, A and A;
(j =0, 4) are linear operators in H.

Let A be a self-adjoined positive operator in H, i.e. A = A* > uy > 0. Determine
the following Hilbert spaces [1-3] for v € (—o0, 00)

1/2
Ly (R H) =< fl ||f||L27 (f [FRGIE _27tdt> < 00

and
d*u

W2477(R;H):{ pr A'w € Ly, (R; H),

2 1/2
L2,7> } .

For v = 0 we’ll assume, that Ly (R; H) = Ly (R; H), W4y (R; H) = Wy (R; H).

Definition. If for f € Lo, (R; H) there exists a vector-function u € W24’7 (R; H)
which satisfies equation (1) almost everywhere in R, we call it reqular solution of
equation (1), in addition, if the following inequality holds:

T (s

||UHW2,,Y S ConSt ||f||L2"Y )

then, equation (1) will be called regularly solvable.

In the given paper we find condition on coefficients of equation (1), that provide
regular solvability of equation (1).

Note, that for A an elliptical operator with discrete spectrum, and operators
A; = a; constant scalar numbers of equation (1) in some weight spaces are investi-
gated in the paper [3]. For v =0 and A; some unbounded operators of equation (1)
are investigated in [4], and for some conditions on resolvents P~! ()), are considered
in the papers [1], [5].
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In the given paper solvability conditions of equation (1) are expressed by some
properties of operator coefficients A and A; (j = 071) and therefore easy verifiable
in concrete problems.

Denote by

4

d*u 4 .
Pou= g+ A'u, Pru :E)A“*J“m’ u € Wy, (R H).

It holds the following
Theorem 1. Let A be a positive-definite self-adjoint operator and info (A) =

V8

po > 0. Then for |y| < —=pqy the following equation

du
Pou—ﬁJrAu:f 2)

s reqularly solvable.
Proof. Let u(t) = 9 (t)e ™, g(t) = f(t)e™ ", then equation (2) takes the
following form

d
Pyt = (dt + v) 9+ A% =g, (3)
where 79 € W2 (R;H), g € Ly (R; H). Since the roots of the characteristic equation
A+7) 4+ u% =0 (u € 0 (A)) has the form \; = —y + wip, where w; are roots of
equation 2 +1 = 0, two roots of characteristic equation lie in half-plane Re A\ < —y+
Rew;pg = —v— \/ﬁ iy < 0, and two of them lie in half plane Re A > —y+ \[NO > 0.

Therefor for any ¢ € R = (—o00, 00) the operator bundle Py (—i¢) = (—i€ +7)* E +
A* has a bounded inverse PO_; (—1€). Then denote by

(&) = Poy (=€) §(€) (4)
where g (£) is a Fourier transformation of the vector-function g (¢) and show that

1 o

I (t) = Vor _f Py (—i€)

ge)ettag ()

1
is a regular solution of equation (2) for |y| < —=.
1 e
\/guo a vector-function v € Wy (R; H). From (2) and (3) it

follows, that it sufficies to prove, that A*9 € Ly (R; H). So, by Plansharel theorem
it sufficies to show, that A% (¢) € Lo (R; H). From (4) it follows, that

Show, that for |y| <

|49 =|latrst -ie) g @), <sup AP =) Nl (©)
Lo EER

On the other hand for ¢ € R the following inequalities hold

|ty (—ig)]| <
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2 —1/2
< sup |t ((54 — 6677+ + ')+ 1667 (€2 + 72)> <
2 pho
—1
< sup [t (6" = 66207 44"+ u!) 7| <
12410
2 -1
< sup | (62 -39%)" +u' = 89") | <
B2t
4
-1 Fo
< sup |p* (u! — 8! ‘§7>0.
H2>pig ( ) M% - 8")/4
Thus,
! 15 H Ho
%0y, = 4%9], < o Wole, = P ol (7)

Further, obviously, that ¢ (¢) satisfies equation (2) almost everywhere in R. Then
vector-function u (t) = 9 (t) 7 € W2477 (R; H) satisfy equation (2) almost everywhere
in R and from (2) and (7) it follows, that

lully, , < const [fll,.,

The theorem is proved.
Theorem 2. Let conditions of theorem 1 be fulfilled. Then for any u €
W24ﬂ (R; H) the following inequalities hold:

|4t <eiripo) NPl 5 =004, ®)
2,y '
where
4 9)
co(Viko) = a7
YT g -8y
33/4 32M4 4,-)/2
c1 (75 o) = €3 (v o) = 1+ iy (10)
’ Y4 o =87 /ug— 8!
1 87" + 2v%
C2(7§N):<1+ (1)
0 2 M% _ 8,),4
244 42
e (Vi po) = 1+ + ' (12)
’ Ho =87 \/ug =81
Proof. Write inequality (9) in the equivalent form
i (4 ’ ]
AT <dt +’y> A < (o) 1Poqdlly,, 7=04 (13)
Lo

where 9 (t) = u (t) e € Wy (R; H) and P, 49 is determined from (3).
Note, that inequality (13) for 7 = 0 follows from inequality (7). Prove the other
inequalities. Using equality (4) we get, that

|4 (=ig +Y b 9| <

L= A e P (i) 6]

Lo
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< sup |4 (=i + ) Fo,} (=i8) | 131,
£ER
Denote by
473‘( 2 2\1/2
pt I (& +47) 1
j Vs = ’ € R7 Z ) < ) 14
©j (f 7 H’) 54 _ 652’)’2 +74 +H4 f 2] Ho |7| \/g'UO ( )
j = 1,4. Then by spectral decomposition of operator A we have:
< SUpSUp; (&) g, - (15)

|4 g+ @), < supsu

So, estimate functions ¢, (¢;y; u) for j = 1,4. For j = 1 we have:

3 (¢2 2\1/2
1w (€2 +77) 2 1
Y ) = ; >0, p=>py>0, < T=lo-
©1 (&7 1) T 62 A 3 > g 7] 75

Let 0 > 0. Then, by Young inequality we have:

3/4

(p (5’)/}1,)— (6 (£2+’}/2))1/4 (671/3/14) < %5(52_}_72)2_}_%571/3”4
1 y I - .

(€ = 392)" + (u — 8Y) (€% = 392)% + (ut — 8y%)

1
Let 0 = %5—1/3, ie. § = 3%% Then

(6 ) 33/4 54 +')’4+2§2')’2 +M4
PV ) = S
(2 -37)" + (ut - 87")

33/4 . 852’)’2 +8’Y4 <
2 392)" 4+ (ut =894 )

33/4 > (€ —37%) + 492
(HS 4

IN

£ —3y2) + pt — 8y

33/4 -3
< <1+4 84+872 5 5274 )_
o — 87 (&% =372 + pg — 84

33/ 327! 4ry?
(1+u = 1 (Vi tho) -

+
NN

Analogously we prove that

o (£2+72)3/2 -
@3(&%#)—5 T +u4_ c1 (Vi) = 3 (V3 o) -

Let 5 = 2. Then
oGy = PEFT) (€37 Ay
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- 1 (62_372)2+N2+2’Y2M2 _1 - 8’74+2’Y2M2 <
T2\ (@3 rpt -8yt ) 20 (€3 +ut-8yt) T
L(, 8"+ 297
<14+ —F—7—) =Ca(7;10)-
For j = 4 it is easy to see, that
8{2’)’2—,&4 8 52_3,),2 ,),2+24,Y4
pr(Gyip) =14 iy <1t g 22) P
(&% —=37%)" +p* =8y (& —39%)" +put =8y
24~* 2 — 3y
§1+4774+872 3 : 2 E
po — 8 (€2 —3v2)" 4+ pug — 8+*
24* 42
<14t i = ¢4 (75 po)

+
po— 87t \/ug — 89"
Thus, from the inequality (15) it follows, that

|4 e+ 070 )|, < i rimo) lall, . G =T

By Plansharel theorem

< (vimo) l9llL, = ¢ (v o) | Poyy (d/dt) 9|,
Lo

or

[A ]|, < ej (vimo) Poully,,, 4 =T4.

The theorem is proved.

Note, that for v = 0 the constants of inequality (8) are exact [4].

Now prove a theorem on regular solvability of equation (1).

Theorem 3. Let conditions of theorem 1 be fulfilled, operators B; = AjA*j

1
(j =0,4) be bounded in H, || < —=p, and

V8

4
(i o) = Z ¢ (3 ko) 1Ba—1l < 1,
‘]7
where numbers c; (v;pg) (i =0,4) are determined from (9)-(12). Then equation
(1) is regularly solvable.
Proof. By theorem 1 operator Py ' : Lo, (R; H) — Wfﬁ (R; H) is bounded.
Then, after substitution of u = Poflw, where w € Ly, (R; H) we get equation

w + PlPoflw =f

in space Ly, (R; H). Since for any w € Lo (R; H) the following estimations are
true (see theorem 2)

<

4
[PP5 o oy = NPual , < 32 [Aiju®]] <
=0 2,y
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< ]2430 | Ba—;| HAH‘UU)‘ .

4
< 2 1Bijll s (500 1Pl , =
j:

2,y

Jj=0

4
= (Z ¢j (7 o) ||B4—j||> lwllp,  =aim)llwlyg, -

Since « (7; pg) < 1, then operator E+ PP, ! is reversible in Ly, (R; H), we can
find w: )
w=(E+ PP f

Hence we get
u=P ' (E+PP")f

and
lully, < constlIfl,, -

The theorem is proved.
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