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ON A FOURTH ORDEROPERATOR-DIFFERENTIAL EQUATION INHILBERT SPACE
AbstractIn this paper algebraic conditions, providing existence and uniqueness ofa regular solution of a class of elliptic type fourth order operator-di�erentialequations, are obtained

Consider the following fourth order equation in separable Hilbert space H:
P (d=dt)u = d4udt4 +A4u+ 4P

j=0A4�ju(j) = f (t) ; t 2 R = (�1;1) : (1)
Here f (t), u (t) are vector-valued functions with the values in H, A and Aj�j = 0; 4�are linear operators in H.Let A be a self-adjoined positive operator inH, i.e. A = A� � �0 > 0. Determinethe following Hilbert spaces [1-3] for  2 (�1;1)

L2; (R;H) =
8<:f j kfkL2; =  1R

�1
kf (t)k2 e�2tdt!1=2 <1

9=;
and W 42; (R;H) = �ujd4udt4 ; A4u 2 L2; (R;H) ;

kukW2; = �A4u2L2;
+ u(4)2L2;

�1=2) :
For  = 0 we'll assume, that L2;0 (R;H) = L2 (R;H), W 42;0 (R;H) =W 42 (R;H).De�nition. If for f 2 L2; (R;H) there exists a vector-function u 2W 42; (R;H)

which satis�es equation (1) almost everywhere in R, we call it regular solution of

equation (1), in addition, if the following inequality holds:

kukW2; � const kfkL2; ;
then, equation (1) will be called regularly solvable.In the given paper we �nd condition on coe�cients of equation (1), that provideregular solvability of equation (1).Note, that for A an elliptical operator with discrete spectrum, and operatorsAj = aj constant scalar numbers of equation (1) in some weight spaces are investi-gated in the paper [3]. For  = 0 and Aj some unbounded operators of equation (1)are investigated in [4], and for some conditions on resolvents P�1 (�), are consideredin the papers [1], [5].



148 [E.N.Mamedov] Proceedings of IMM of NAS of Azerbaijan
In the given paper solvability conditions of equation (1) are expressed by someproperties of operator coe�cients A and Aj

�j = 0; 4� and therefore easy veri�ablein concrete problems.Denote by
P0u = d4udt4 +A4u; P1u = 4P

j=0A4�ju(j); u 2W 42; (R;H) :
It holds the followingTheorem 1. Let A be a positive-de�nite self-adjoint operator and inf � (A) =�0 > 0. Then for jj < 1

4p8�0 the following equation

P0u = d4udt4 +A4u = f (2)
is regularly solvable.Proof. Let u (t) = # (t) e�t, g (t) = f (t) e�t, then equation (2) takes thefollowing form

P0;# = � ddt + �4 #+A4# = g; (3)
where # 2 W 42 (R;H), g 2 L2 (R;H). Since the roots of the characteristic equation(�+ )4 + �4 = 0 (� 2 � (A)) has the form �i = � + !i�, where !i are roots ofequation z4+1 = 0, two roots of characteristic equation lie in half-plane Re� < �+Re!i�0 = �� 1p2�0 < 0, and two of them lie in half plane Re� > �+ 1p2�0 > 0.
Therefor for any � 2 R = (�1;1) the operator bundle P0 (�i�) = (�i� + )4E +A4 has a bounded inverse P�10; (�i�). Then denote by

#̂ (�) = P�10; (�i�) ĝ (�) ; (4)
where ĝ (�) is a Fourier transformation of the vector-function g (t) and show that

# (t) = 1p2� 1R
�1

P�10; (�i�) ĝ (�) �ei�td� (5)
is a regular solution of equation (2) for jj < 1

4p8.Show, that for jj < 1
4p8�0 a vector-function � 2W 42 (R;H). From (2) and (3) itfollows, that it su�cies to prove, that A4# 2 L2 (R;H). So, by Plansharel theoremit su�cies to show, that A4#̂ (�) 2 L2 (R;H). From (4) it follows, thatA4#̂L2

= A4P�10 (�i�) ĝ (�)L2
� sup

�2R
A4P�10 (�i�) kĝkL2 : (6)

On the other hand for � 2 R the following inequalities holdA4P�10 (�i�) �
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� sup���0

�����4 ���4 � 6�22 + 4 + �4�2 + 16�22 ��2 + 2���1=2���� �
� sup���0

����4 ��4 � 6�22 + 4 + �4��1��� �
� sup���0

�����4 ���2 � 32�2 + �4 � 84��1���� �
� sup���0

����4 ��4 � 84��1��� � �40�40 � 84 > 0:
Thus, A4#L2

= A4#̂L2
� �40�40 � 84 kĝkL2 = �40�40 � 84 kgkL2 : (7)

Further, obviously, that # (t) satis�es equation (2) almost everywhere in R. Thenvector-function u (t) = # (t) et 2W 42; (R;H) satisfy equation (2) almost everywherein R and from (2) and (7) it follows, that
kukW2; � const kfkL2; :The theorem is proved.Theorem 2. Let conditions of theorem 1 be ful�lled. Then for any u 2W 42; (R;H) the following inequalities hold:A4�ju(j)L2;
� cj (;�0) kP0ukL2; j = 0; 4; (8)

where c0 (;�0) = �40�40 � 84 (9)
c1 (;�0) = c3 (;�0) = 33=44

 1 + 32�40�40 � 84 + 42p�40 � 84
! (10)

c2 (;�0) = 12
�1 + 84 + 22�20�40 � 84

� (11)
c4 (;�0) = 1 + 244�40 � 84 + 42p�40 � 84 : (12)

Proof. Write inequality (9) in the equivalent formA4�j � ddt + �j #L2

� cj (;�0) kP0;#kL2 ; j = 0; 4; (13)
where # (t) = u (t) e�t 2W 42 (R;H) and P0;# is determined from (3).Note, that inequality (13) for j = 0 follows from inequality (7). Prove the otherinequalities. Using equality (4) we get, thatA4�j (�i� + )j #̂ (�)L2

= A4�j (�i� + )j P�10; (�i�) ĝ (�)L2
�
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� sup

�2R
A4�j (�i� + )j P�10; (�i�) kĝkL2 :

Denote by
'j (�; ;�) = �4�j ��2 + 2�1=2�4 � 6�22 + 4 + �4 ; � 2 R; � � �0; jj < 1

4p8�0; (14)
j = 1; 4. Then by spectral decomposition of operator A we have:A4�j (�i� + )j #̂ (�)L2

� sup
�2R

sup
�2R

'j (�; ;�) kĝkL2 : (15)
So, estimate functions 'j (�; ;�) for j = 1; 4. For j = 1 we have:
'1 (�; ;�) = �3 ��2 + 2�1=2�4 � 6�22 + 4 + �4 ; �2 � 0; � � �0 > 0; jj < 1

4p8�0:Let � > 0. Then, by Young inequality we have:
'1 (�; ;�) =

�� ��2 + 2��1=4 ���1=3�4�3=4��2 � 32�2 + (�4 � 84) �
14� ��2 + 2�2 + 34��1=3�4��2 � 32�2 + (�4 � 84) :

Let 14� = 34��1=3, i.e. � = 33=4. Then
'1 (�; ;�) = 33=44 �4 + 4 + 2�22 + �4��2 � 32�2 + (�4 � 84) �
� 33=44

 1 + 8�22 + 84��2 � 32�2 + (�4 � 84)
!
�

� 33=44
 1 + 82 ��2 � 32�+ 42��2 � 32�+ �4 � 84

!
�

� 33=44
 1 + 324�40 � 84 + 82 �2 � 32��2 � 32�2 + �40 � 84

!
�

� 33=44
 1 + 324�40 � 84 + 42p�40 � 84

! = c1 (;�0) :
Analogously we prove that

'3 (�; ;�) = � ��2 + 2�3=2�4 � 6�22 + 4 + �4 � c1 (;�0) = c3 (;�0) :
Let j = 2. Then

'2 (�; ;�) = �2 ��2 + 2��4 � 6�22 + 4 + �4 = ��2 � 32��2 + 42�2��2 � 32�2 + �4 � 84 �
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 ��2 � 32�2 + �2 + 22�2��2 � 32�2 + �4 � 84
! = 12

 1 + 84 + 22�2��2 � 32�+ �4 � 84
!
�

� 12
�1 + 84 + 22�20�40 � 84

� = C2 (;�0) :
For j = 4 it is easy to see, that
'4 (�; ;�) = 1 + 8�22 � �4��2 � 32�2 + �4 � 84 � 1 + 8 ��2 � 32� 2 + 244��2 � 32�2 + �4 � 84 �

� 1 + 244�40 � 84 + 82 �2 � 32��2 � 32�2 + �40 � 84 �
� 1 + 244�40 � 84 + 42p�40 � 84 = c4 (;�0)

Thus, from the inequality (15) it follows, thatA4�j (�i� + )j #̂ (�)L2
� cj (;�0) kĝkL2 ; j = 1; 4:

By Plansharel theoremA4�j � ddt + �j #L2

� cj (;�0) kgkL2 = cj (;�0) kP0; (d=dt)#kL2

or A4�jujL2;
� cj (;�0) kP0ukL2; ; j = 1; 4:The theorem is proved.Note, that for  = 0 the constants of inequality (8) are exact [4].Now prove a theorem on regular solvability of equation (1).Theorem 3. Let conditions of theorem 1 be ful�lled, operators Bj = AjA�j�j = 0; 4� be bounded in H, jj < 1

4p8�0 and

� (;�0) = 4P
j=0 cj (;�0) kB4�jk < 1;

where numbers cj (;�0) �j = 0; 4� are determined from (9)-(12). Then equation

(1) is regularly solvable.Proof. By theorem 1 operator P�10 : L2; (R;H) ! W 42; (R;H) is bounded.Then, after substitution of u = P�10 !, where ! 2 L2; (R;H) we get equation
! + P1P�10 ! = f

in space L2; (R;H). Since for any ! 2 L2; (R;H) the following estimations aretrue (see theorem 2)
P1P�10 !L2; = kP1ukL2; �

4P
j=0
A4�ju(j)L2;

�
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�

4P
j=0 kB4�jkA4�ju(j)L2;

�
4P

j=0 kB4�jk cj (;�0) kP1ukL2; =
=  4P

j=0 cj (;�0) kB4�jk
!
k!kL2; = � (;�0) k!kL2; :

Since � (;�0) < 1, then operator E+P1P�10 is reversible in L2; (R;H), we can�nd !: ! = �E + P1P�10 ��1 f:Hence we get u = P�10 �E + P1P�10 � fand
kukW2; � const kfkL2; :The theorem is proved.
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