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ON COMPLETENESS OF A SYSTEM OF EIGEN

AND ADJOINT ELEMENTS OF SOME

POLYNOMIAL OPERATOR PENCILS IN BANACH

SPACE

Abstract

In the paper we prove the theorems on m tuple completeness of a system
of eigen and adjoint elements of some classes polynomial operator pencils in
Banach space. Notice that unlike the earlier known papers of J.E.Allahverdiyev
[1], A.M.Akhmedov ([2], [3]) and A.S.Markus ([4], [5]) in this paper the oper-
ator coefficient for the higher order spectral parameter is a scalar type spectral
operator with point spectrum.

Let X be a Banach space. The operators considered below act in the space X
and are linear bounded operators. The other condition on these operators will be
imposed below.

By Xm we denote direct product of m copies of the Banach space X where each
element x̃ ∈ Xm is of the form:

x̃ = (x1, x2, ..., xm) , xk ∈ X, k = 1, 2, ...,m.

It is known that the space Xm is also a Banach space by the norm.

‖x̃‖ =

√√√√ m∑
k=1

‖xk‖2.

If X∗ is a conjugated space, the conjugated space X∗
m consisting of the elements

F = (f1, f2, ..., fm) , fk ∈ X∗ (k = 1, 2, ...,m) ,

is also a Banach space by the norm

‖F‖ =

√√√√ m∑
k=1

‖fk‖2.

Following J.E.Allahverdiyev [6], for the bounded operator A assume

sn+1 (A) = inf
1
‖A− L‖ (n = 0, 1, ...) ,

where L is a linear finite-dimensional operator such that dimL ≤ n. By σp (p > 0)
we denote a set of all compact operators A for which

∞∑
j=1

sp
j (A) <∞.
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By R (A) we denote the range of values of operator A.
Let’s consider the operator pencil

S (λ) = I −A0 − λSA1 − ...− λm−1Sm−1Am−1 − λmSm.

In the paper [7] the following lemma was proved.
Lemma 1. Let S be a scalar type spectral operator and Sm be compact. Addi-

tionally, assume that all characteristic numbers of the operator S except may be a
finite number one, lie on the rays

αk =
{
z : arg z =

kπ

m

}
(k = 0, 1, ..., 2m− 1) .

Then for any ε
(
0 < ε < π

2m

)
at all points λ from the domain obtained from the

complex plane removing 2m angles

πk

m
− ε < arg z <

πk

m
+ ε (k = 0, 1, ..., 2m− 1) ,

it is true the inequality∥∥∥λi (I − λmSm)−1 Si
∥∥∥ ≤ C, C = const, i = 0, 1, ...,m− 1.

Using this lemma we prove the following theorem.
Theorem 1 ([7]). Let S be an operator as in lemma 1. If Ai (i = 0, 1, ...,m− 1)

are compact operators, there exist positive numbers r0 and C0 such that the operator
function S (λ) is boundedly invertible for λm ∈ K, moreover∥∥S−1 (λ)

∥∥ ≤ C0 (λm ∈ K, |λ| ≥ r0) ,

where
K = {z : ε ≤ |arg z| ≤ π − ε} .

Now let’s study the growth of the resolvent S−1 (λ) in the vicinity of the point
at infinity. It is valid

Lemma 2. Let S and Ai (i = 0, 1, ...,m− 1) be the operators as in theorem 1.
If R (S) = X and Sm ∈ σp (p > 0) then S−1 (λ) is a meromorphic operator function
of order not more than mp and minimal type for order mp.

Proof. Notice that

S−1 (λ) =

[
I −

m−1∑
i=0

λi (I − λmSm)−1 SiAi

]−1

(I − λmSm)−1 , (1)

if λm ∈ K, where K is a set determined in theorem 1.
If λm ∈ K and |λ| is a sufficiently great number, it follows from lemma 1 that

the first multiplier of the first part of expression (1) is bounded.
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On the other hand, by condition of lemma 2 Sm ∈ σp for some p > 0. Then,
from the results (see [2], of theorem 2) it follows that S−1 (λ) is a meromophic
operator-function of order mp and of minimal type for order mp. This proves the
lemma.

Now, before we formulate the theorem on m- tuple completeness of a system of
eigen and adjoint elements of the operator pencil S (λ) we cite some known results
that we’ll use.

10. It is known that [see 8]), if A (λ) is a compact operator analytically depending
on λ in the domain D and there exists a resolvent (I −A (λ))−1 for λ = λ0 then it
exists on the whole of the domain D except may be a set of isolated points and it is
a meromorphic function of λ.

For A (λ) M.V.Keldysh proved in [8] the following important property:
20. If λ = c is a pole of the resolvent, then c is an eigen value of operator

functions A (λ), and principal part of the resolvent for λ = c may be represented in
the form ∑

(k)

{
y(k)z(k)

(λ− c)mk+1 +
y(k)z

(k)
1 + y

(k)
1 z(k)

(λ− c)mk
+ ...

+
y(k)z

(k)
mk + y

(k)
1 z

(k)
mk−1 + ...+ y

(k)
mkz

(k)

λ− c

}
,

where y(k),y
(k)
1 , ..., y

(k)
mk (k = 1, 2, ...) is an arbitrary canonical system of the operator

function A (λ) for λ = c and z(k), z
(k)
1 , ..., z

(k)
mk is some canonical system of the adjoint

operator-function A∗ (λ) for λ = c, determined by a unique way when the system
y(k),y

(k)
1 , ..., y

(k)
mk is given. Here by yz we denote an operator determined by the

equality

Bx = (x, z) y.

It is easy to see that B∗y = (z, x) y.
Now, let’s formulate the main theorem to be proved.
Theorem 2. Let R (S) = X and Sm ∈ σp for some p > 0, and S be a scalar

type spectral operator. Additionally, assume that all characteristic numbers of the
operator S, except may be of finite number one, lie on the rays

αk =
{
z : arg z =

kπ

m

}
(k = 0, 1, ..., 2m− 1) .

If Ak (k = 0, 1, ...,m− 1) are compact operators, then a system of eigen and
adjoint elements of the pencil

S (λ) = I −A0 − λSA1 − ...− λm−1Sm−1Am−1 − λmSm

is m- tuple complete in the Banach space X.



108
[E.B.Sultanova]

Proceedings of IMM of NAS of Azerbaijan

Proof. Assume a system of eigen and adjoint elements of the pencil S (λ) is
not m-tuple complete. Then, by Hahn-Banach theorem there exists a non-zero
functional F ∈ X∗

m with coordinates f1, f2, ..., fm such that

F
(
ψi,h

)
= 0, (2)

where X∗
m is a topological product of m copies of the space X and

ψi,h =
{
ψ0,0

i,h , ..., ψ
0,m−1
i,h

}
,

ψ0,r
i,h =

h∑
k=0

1
k!

(
dk

dλk
λr

)
λ=c

yh−k (i)

(h = 0, 2, ...,mi; i = 1, 2, ...; r = 0, 1, ...,m− 1)

is a derived chain in the sense of M.V.Keldysh (see [8]).
Consider the element f (λ) ∈ X∗ in the form

f (λ) =
m−1∑
k=0

fk+1λ
k.

Consider the equation
g = S∗ (λ) g + f (λ) .

Solution of this equation will be of the form:

g (λ) = S∗
−1

(λ) f (λ) . (3)

By the results of M.V.Keldysh (see property 2), the coefficients of the principal
part of the expansion g (λ) in the vicinity of the pole c are of the form

αi,h =
m−1∑
r=0

fr

(
ψ0,r

i,h

)
,

where h = 0, 1, ...,mi; i = 1, 2, .... But by (2)

αi,h = 0

Consequently, g (λ) has no properties at finite part of the plane.
Using lemma 1 and 2 and applying Fragmen-Lindelof theorem we find that the

point at infinity may be a pole of the function g (λ) of order not higher than n− 1.
Consequently, Lorentz series for g (λ) is of the form

g (λ) =
m−1∑
i=0

λiyi (4)

Taking into account (4) from (3) we get g (λ) = 0 . Therefore fk = 0
(k = 0, 1, ...,m− 1). The theorem is proved.
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Remark 1. From the proof of theorem 2 it is seen that it remains true in the
case when

S2 (λ) = I −A0 − λA1S − ...− λAm−1S
m−1 − λmSm,

if X is a reflexive Banach space.
Remark 2. Another approach to establishment of m - tuple completeness of

a system of eigen and adjoint elements of the pencil S (λ) was used in [9], where
the operator coefficient for λm was taken from narrow class of operators, than cor-
responding operator from the present paper.

In conclusion I express sincere gratitude to my scientific adviser to academician
J.E.Allahverdiev for problem statement and for useful discussions.
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