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ON A BOUNDARY VALUE PROBLEM FOR A
FOURTH ORDER PARTIAL DIFFERENTIAL
EQUATION

Abstract

The existence of a classic solution of a boundary value problem for a fourth
order partial differential equation is proved.

Recently, there is a great interest to the problems of wave propagation in strat-
ified liquids in connection with needs of oceanology and applied geophysics.

In the paper [1] it was derived the main equation of dynamics of compressible
exponentially stratified liquid:
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— Asu + ﬂzu] — wiAou =0, (*)

here A3 and Ay are Laplace operators with respect to variables (z1,z9,z3) and
(x1,x2), respectively. The fourth order differential equation

2 2
(‘?t? [012(;;; — Uy + ﬂQU] — Wity = 0, (**)
being one-dimensional analogy of general equation (*) was considered in [2]. Parame-
ter ¢ denotes sound velocity in the considered compressible exponentially stratified
liquid; the quantity 20 equals index in the exponent characterizing density distri-
bution of liquid and in accepted approximation may be considered to be constant;
main frequency parameter of the considered liquid called Weysel-Brandtl frequency
is denoted by wq. Its quantity is determined by the equality

wi =289 — ¢*/c2,

where g is free fall acceleration.

For convenience of further considerations we pass to non-dimensional indepen-
dent variables Sz, wot and keep previous denotation x and t. The equation (**) takes
the form:

GOty 92
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where € = wp/ (Bc) < 1. Fundamental solution of equation (***) is studied in [2].
Now, let’s consider the boundary-value problem:

Uttt (.f,t) — Uttax (Cl'f,t) + Utt (.f,t) — Ugx (.’E,t) =F (a:,t,u (mvt) , Ut (Qf,t)) )
(x,t) € Dp={(z,t): 0<2x<1,0<t<T}, (1)
w(0,6) =0, wy(L,t)=0, 0<t<T, 2)

u(x,O) = %o (.CL‘), Ut (x,O) =¥ (iL'),
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u (2,0) = oy (z), wy (,0) = @3 (x), 0<ax <1, (3)

where
F (z,t,u(x,t),u (z,t) =po (t) u(x,t) + p1 (t) ug (z,t) + f (x,t), (4)

fz,t),p0(x), 01 (x), @y(x),03(x),po(t),p1 () are the given functions, u (x,t) is
the desired function.

Under the classic solution of problem (1)-(3) we understand the functions u (x, t),
continuous in closed domain Dt together with its derivatives contained in equation
(1) and satisfying all conditions of (1)-(3) in an ordinary sense.

By B; :ﬁ ([3]) we denote aggregate of all functions of the form

[ee]
u(z,t) = Z ug (t) sin \gx, A\p =
k=1

™

considered in Dy where each of the functions wuy () is continuously differentiable on
[0,7], and

2

J(u) _ {Z <)\g ||“k (t)HC[QT])Q} + {Z (Ag Hu;c (t)HC[O,T})Q} s Tee
k=1

k=1
moreover o > 0, > 0.

In this set we define the norm as follows:

[Ju (2, 1) J(u).

HBSTQ =

It is known that [3] By :ﬁ are Banach spaces.
Since the system {sin \yx}p- is complete in Lo (0,1), obviously each classic
solution u (z,t) of problem (1)-(3) is of the form:

u(z,t) = Z ug (1) sin A\, (5)
k=1

where
1

ug (t) = 2/u (x,t) sin \yzdz.
0
Now we apply Fourier method and get from (1)-(3):

ul (1) + (14 M)l (8) + Nug () = Fy (), (6)

u (0) = o, g (0) = @1 uft (0) = o, 11l (0) = 3y (7)
where
Fy (t;u) = po () wg, (t) + pr (8) wy (8) + fr (2),

fe@t)=2 [ f(x,t)sin \pzde,

o
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1

Oik = 2/% (z)sin \gzdz (i =0,3) (8)
0

The roots of the characteristic function
par + (14 A8) pz +AF =0
corresponding to (6) are determined by the relations:
p = (P VT (= 1,2),
e = (C1 AT (=3,4).

Then, after applying the method of variation of parameters we reduce the solu-
tion of problem (6), (7) to the solution of the following denumerable system:

1
-1

in A\t
ug (t) = [(Az cost — cos At) pop, + (/\i sint — SH;\kk > P17t

. sin /\kt
+ (cost — cos Akt) pgy, + | sint — v P3pt
k
1

+)\k

/Fk (T;u) (Agsin(t —7) —sin Mg (t — 7)) dr| . 9)

0
Substituting uy (t) form (9) to the representation of function (5) we get:

- 1 in At
u(x,t) = Z {)\21 [(A% cost — cos Agt) pop + ()\i sint — Sul\kk ) O+
k=1 ~"k

. sin A\t
+ (cost — cos Apt) pop, + | sint — \ P3pt+
k

t
1
—i—)\— Fi (T;u) (Agsin (t — 7) —sin A\ (t — 7)) d7 | p sin Agt. (10)
k
0

From (9) we have:

1
up, () = T 1 [(—)\% sint + A sin /\kt) Yor + ()\z cost — cos )\kt) Y1t
2
+ (—sint + A sin A\gt) ooy, + (cost — cos Ag) @+
t
—I—/Fl€ (T5u) (cos (t —7) —cos A\, (t —7))dr |, (11)
0
1
uy (t) = [V [(—)\% cost 4+ A2 cos Ait) por + (—)\% sint + Ag sin Agt) @1+
k

+ (= cost + A sin Agt) oy + (= sint + Ag sin Agt) g+
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+/Fk (t;u) (—sin(t —7) + Agsin A\, (t — 7)) d7 |, (12)
0

1

e
k())\%_

N [()\k sint — Aj sin )\kt) Yor + (/\% cost + A7 cos )\kt) Y1t

+ (sint — A2 sin Akt) @op, + (—cost + A2 cos A (t — 7)) @3+

t

—F/F;C (r5u) (—cos(t —7) + A cos A (t — 7)) dr | | (13)
0
1
up (t) = 1 [(Af cost — A cos Akt) @or, + (A2 sint — A} sin Agt) @1+
2
+ (cost — A\ cos )\kt) Yo, + (sint — A sin )\k) Y3+
¢
—l—/Fk (t5u) (sin(t —7) — AP sin \g (t — 7)) dr| + F), (t;u). (14)
0

Proceeding from the determination of a classic solution of problem (1)-(3) we
easily solve the following
Lemma. If u(x,t) is any classic solution of problem (1)-(3), the functions

1
ug (t) = Q/U(x,t) sin \pxdr (k=1,2,...)
0

satisfy system (9) on [0,T].
We have from (9), (11)-(14):

2 2 4
lug ()| < )\2 (1+)‘k) lPor| + )\3 (1 +>\%) lo1x] + 2 |or| +
k

1
2

2 2
+—5 (14 Xe) [osel + — 1+)\k /|Fk T u\ dr |
Ak Ak

2 2
g, (1)] < AQ (Akﬂk)\so%wA (1+27) o1l + 35 (14 M) [ +
k k

1
2

T
4 4
L ol + 2T /|Fk (riw)2dr |
)‘k )‘k;

2
lug (1) < 4leor] + = 32 ()\k + 27 ol + = 2 5 (1 + A7) loorl +
2 i

1
2

2 2
+5 (L4 M) sl + — L+ M) VT /le ru)Pdr |,
Ak )‘k
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|ui) (1)) <2(1+)\k)|800k|+4|801k\+>\ (L4 Ae) [oonl +
k

T 2
b (1 ) o] + 5 <1+Ak>f(/Fk<T;u>2dT) ,

N2
k k 0
4 2
(0] <2 (140 ool + 2L+ M) b + 55 (L4 oo+
T 2
2 2
Y] (1+2%) leai + 57 (1 +Ak)\/T</Fk(T;u)2dT) B (b))
k
0

Hence we have:

(i e ||COT])2>é <

k=1
1
o 9 2
§4< ()\2‘%0%’)) +4< (A} [o1xl) ) +
k=1
1
o0 9 2
+4<Z()\k\¢2k’)) +4< (Ak lpagl) ) +
k=1
+4T [|po ( HC[OT] (Z Ak [l (t HC[OT ) +
k=1
+4T [|p1 (¢t HCO,T] (Z )‘kHuk HC[OT] ) +
k=1

k=1

NG (/ S O i (1)) ) ; (15)
0

(Z <)‘2 [ (t)HC[O,T])2> <

k=1

D=

<4 ( > (A ‘@0/&’)2); +4 (i (A7 ¢1k!)2> 7 +

k=1

[NIES
[N

+4 (Z (M IsongQ) +

k=1

+4 (fj (AF |so2k|)2>

k=1

N

e 2
+4T |lpo ()l 0,17 (Z (Aknuk |C[0T)> +

k=1
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1

(el ) )
T oo
+4VT (/Z()‘kfk (T))2d7> ; (16)
0
(S5 0t Ol

(5
+4<i(x;;\so%|)2é ( Akrsogk|>2

)

)

WE

+4T |lpr ()l 0,1 <

i
I

N|
VAN
i
-~
??‘
gL
>/
W
AS)
o
?T_
v

)‘k|901k‘ ) +

1

+4T ||po (t HC[OT]( )‘2 [Jug (¢ HC[OT -

—

ATy Ol (z (3 1 Ol
1

T (o]
+4VT (/Z (A2 | fie (7 ) . (17)
k=1

0

(3 (ullo HC[O,T])Q)é

k=1

1
00 2
2
§4< (Az|¢0k1)> ( Ak|solkr>+
k=1

+4 <i (A !wgk\)2> ( (M lpai)” |+

")
5 (wllue @) ) "
) )

IN

N|=

+4T |[po ()l 0.7

+4T [[pr (Ol com (

k

k

—_

e[|k, (2) HC[OT -
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s4<i (A2|¢0k\))2+4<w (A%|w1k|>2>2+

k=1 k=1

VI
N

+4 (i (A2 |¢3ky)2) ' +

k=1

+4 (i (A2 mw)?)

k=1

[e.e]

1
2 2
+4T [[po (Dl cpo.r Z )‘inuk(t)HCO,T +
(0,71 [0,7]

k=1
1
2

+4T [[pr (Dl com (Z (A% [k (t)Hc[o,T]>2> +4vVT (/ Z M L (1) dT) +
0 k=1

k=1

o)

+ [lpo Wl o,y (Z <)‘k |k (t)”C[O,T})Q) +

k=1

+ [lp1 Ol o, (Z <)‘k [k (t)”c[o,T})Q) + <Z (Ak 1k (t)Hc[o,T})Q) - (19)

k=1 k=1
Assume that the problem’s data satisfy the conditions:
L ¢;(2) €C°[0,1], ¢ (2) € L2(0,1) and
i (0) = ¢ (1) = @i (0) =0 (i=0,1,2).
2. g (2 )601 [0,1], 5" (z) € L2(0,1) and

3 (0) = ¢5 (1) = 0.

3. f(z,t) e ;? (DT) fuz (2,1) € Ly (D7) and
FO8)=f(1H=0 (0<t<T)..

4. po(t), p1(t) € C[0,T7.

Then from ( 5)-(19) we get:

i 2
(Z (Ai s (t)”C[O,T]) ) <4v2 2|t (=) HL2 01) T 4\fH90”/ )HLQ(O,l) +

k=1

+4V2 H‘Plzl (x)HLz(O,l) +4v2 HSOg (x)HLQ(O,l) +4V2T | f (z, t)HLQ(DT) +

+47 (Ilpo O)lcgo.ry + o1 Bl ) lell sz (20)

o'} ) 2 3
(Z(Azuuuwucm,ﬂ)) < 43Il @y + V2N @llyion +

k=1

+4\[2 H(;OIQ/ (x)HL2(071) + 4\/5 HSQ% (ll)HLQ(OJ) + 4@ Hfl’ (:U? t)HLg(DT) +

+4T (HPO )l + e (t)Hc[o,T]) lull ga.s ; (21)

Nl

(Z(Azuumwucm,ﬂf) < V26 @) y00) + 4V2 I @)l y0) +

k=1
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+4\[ H‘Pm )HLQ(O,l) + 4\/5 HSO{SI (l‘)HL2(071) + 4\/ﬁ Hf;tw (1‘, t)HLg(DT) +

+47 (1Ipo ()l ooy + o1 Ol cio.ry ) el sz (22)

> 2
<Z (Ak W” )HC[O,T]) > < 4\@“%/ (x)HLQ(o,n +4\/§H9‘7/1 (9”)HL2(0,1)+

k=1

SIS

+4\f2 HSDZ <m)HL2(O,1) + 4\/5 H(Pg (x)HLQ(QJ) + Zh/ﬁ Hf$ (xvt)HLz(DT) +

+4T (IIpo ()l cgo.zy + Py Ollerom ) el g (23)
0o 2
(5 (0 0l <1
k=1 ’

+4\/§H('0 HLQ (0,1) +4\fH¢/H )HLQ(O,l) +4\/§H(Pil3, (x)HL2(071)+
+ (4VT +1) V2| faz @Dl y 0y +

+ (T +1) (lIpo ()l ego + 1 Bllcrozy) Nl (24)

Now we deduce from inequalities (20) and (21):

g = <Z (N e HCOT]Y) v

eI

+<Z(A3 o ( >HC[0)T})2) < AT+ A (DT fulyps,  (25)

k=1
where
A1 (T) = 8v2 | ( HL2 o) T 8V2||¢l’ (= )HL2(0,1) +8v2|[¢} (37>HL2(071) +
+8v/2 H‘Pé (»’U)HLQ(O,l) +8V2VT | f, (%t)HLQ(DT) ;
A2 (T) = 8 (IIpo Ollcgo.zy + o1 ooy - (26)

So, we can prove the following theorem.

Theorem. Let conditions 1-4 be fulfilled and ¢ = Ay (T) - T < 1 where the
numbers As (T') is determined by relation (26). Then problem (1)-(3) has a classic
solution.

Proof. Write equation (10) in the form

u = Pu, (27)

where the operator @ is defined by the right hand side of (10).
Let’s consider the operator ® fixed in the ball K = Kp (HUHB3’3 < R) where R
2.T

is such that
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from the space Bg”%, it is seen from (25) that under the conditions of the theorem
for any u € K it holds the inequality

[Pullgss < A1 (T)+ A2 (T)TR< R (28)

2,7

and for any ui,us € Kr we have
1Pur — Puzfgaa < A2 (T) T [lur — uall g3 (29)

moreover, by conditions of the theorem, ¢ < 1.

It follows from inequalities (28) and (29) that under the conditions of the theorem
the operator ® acts in the ball K = K and it is contractive. Therefore, in the ball
K = Kp the operator ® has a unique fixed point {U} and this point is the solution
of (27).

The function u (x,t) as an element of the space Bg’:gp has continuous derivatives
Ug (T, 1), Ugy (2, 1), ug (2, 1), Uy (T, 1), Utgs (T, ).

Obviously,

|tz (2, 1)) (Z)\ ) ( <)\2Hu'k’ (t)HC[O,T])2> , (30)

k=1
1 1
= 2 OO /// 2\*
fwar (2.0 < { 322 ) (2 (el Ol egory) ) (31)
k=1 k=1
1
2 o9 ) 2\ 2
t) M @) . 32
[ugtee (,1)| < ( ) ( < k|luy (1) clor (32)
=1 k=1
It follows from (31)-(32) that allowing for (22)-(24) the functions wuy (x,t),

Uttza (T, 1), ug (, t), utttt (:U, t) are continuous in Dy.

It is easily verified that equation (1) and conditions (2) and (3) are satisfied in
an ordinary sense. So u (z,t) is a classic solution of problem (1)-(3). The theorem
is proved.
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