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Abstract

Dynamics of harmonic waves in a semi-infinite two-layer system bounded by
horizontal cover and bottom is theoretically studied. Dispersing relation and for-
mula for perturbation of interface between liquids considering long wavelength
inertia of layers and surface tension and nonstationary pressure variation at
initial section of channel are obtained. It is shown that this boundary is deter-
mined not only by the parameters of layers and characteristics of waves but also
by pressure at the section.

In internal waves maximal vertical permutations of particles hold on the interface
between two liquids of different density. The problems devoted to the study of waves
on the interface between three-layer ideal and two-layer viscous liquid attract atten-
tion of many specialists in the field of hydrodynamics [1− 7] long ago. Evolution
equation describing long nonlinear waves propagation on the interface between two
viscous liquids in the presence of stationary flow in horizontal channel is obtained
in [2, 3] .

Transformation of intrinsic waves in ideal liquids with piece-wise constant de-
pendence on depth is studied in [4, 5].

However, unlike the above-mentioned problems, in the given paper we consider
transformation of harmonic waves in semi-infinite channel for the given pressure at
the initial section. This problem is solved for harmonic random pressure being a
particular case of periodic process.

1. Problem statement and input equations.
Let two incompressible and immissible ideal liquids be bounded by rigid cover

z = h1 and bottom z = −h2 , and non-perturbed interface of layers be plane z = 0
( fig.1). Mean pressure at the initial section of infinite channel is given. Perturbed
motion of liquid in each layer is of the form [1, 6]
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Put boundary conditions on the cover and bottom and also on the plane of
interface considering the surface tension force

∂ϕ1

∂z

∣∣∣∣
z=h1

=
∂ϕ2

∂z

∣∣∣∣
z=−h2

= 0 ,

∂ϕ1

∂z

∣∣∣∣
z=0

=
∂ϕ2

∂z

∣∣∣∣
z=0

=
∂η

∂t
,

(1.2)



136
[M.M.Taran]

Proceedings of IMM of NAS of Azerbaijan

(
ρ2

∂ϕ2

∂t
− ρ1

∂ϕ1

∂t

)
z=0

+ (ρ2 − ρ1) gη = σ
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Fig. 1

Assign the mean pressure at the beginning of the channel

P =

 1
h1

h1∫
0

P1dz +
1
h2

−h2∫
0

P2dz


x=0

(1.4)

where ϕ1 is velocity potential, η is interface perturbation,ρi is liquid density, Pi is
its pressure, g is free fall acceleration, σ is surface tension coefficient, index i = 1, 2
for upper and lower layers.

If pressure (1.4) is a pulsating function P = P0 exp (−iωt), we’ll search for the so-
lution of problem (1.1)−(1.4) in the form of harmonic wave propagated in horizontal
direction

ϕ1 = fi (z) exp [i (kx− ωt)] (1.5)

Here k is a wave number, ω is pulsating pressure frequency.

2. Problem solution. Substituting expression (1.4) in the first equation (1.1)
and integrating it we get

fi (z) = Ai (t) ekz + Bi (t) e−kz (2.1)

Using boundary conditions (1.2) we find the velocity of potential

ϕ1 = −ch [k (z − h1)]
ksh (kh1)

∂η

∂t
, ϕ2 =

ch [k (z + h2)]
ksh (kh2)

∂η

∂t
(2.2)

Further, from (1.1) we easily define the pressure in each layer

P1 = ρ1

ch [k (z − h1)]
ksh (kh1)

∂2η

∂t2
− ρ1gz, P2 = −ρ2

ch [k (z + h2)]
kch (kh2)

∂2η

∂t2
− ρ2gz (2.3)

Substituting (2.3) in boundary condition (1.4) and neglecting the second order
smallness quantities we reduce it to the form
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1
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If we put the expression P = P0 exp (−iωt) and η = η0 exp [i (kx− ωt)] in (2.4) ,

we find perturbation amplitude of the interface

η0 = − k2h1h2P0

ω2 (h1ρ2 + h2ρ1)
(2.5)

On the basis of expressions for the velocity of potential (2.2) and pressure (2.3)
allowing for (2.5) we can see that their amplitudes are determined by pressure am-
plitude at the initial section

η = − k2h1h2P0

ω2 (h1ρ2 + h2ρ1)
exp [i (kx− ωt)] ,

ϕ1 = − ikh1h2ch [k (z − h1)]
ω (h1ρ2 + h2ρ1) sh (kh1)

P0 exp [i (kx− ωt)] ,

ϕ2 =
ikh1h2ch [k (z + h2)]

ω (h1ρ2 + h2ρ1) sh (kh2)
P0 exp [i (kx− ωt)] , (2.6)

P1 =
ρ1kh1h2ch [k (z − h1)]
(h1ρ2 + h2ρ1) sh (kh1)

P0 exp [i (kx− ωt)]− ρ1gz,

P2 =
−ρ2kh1h2ch [k (z + h2)]
(h1ρ2 + h2ρ1) sh (kh2)

P0 exp [i (kx− ωt)]− ρ2gz.

Hence, by substituting expression (2.6) in (1.3) we have relation between ω and
k , i.e. the desired dispersing relation

σk3 + (ρ2 − ρ1) gk − [ρ1cth (kh1) + ρ2cth (kh2)]ω2 = 0 (2.7)

If wave frequency is given (by the same taken the parameters of the system
are fixed), the root - k (2.7) will be the value of the wave number. Consequently,
the wave propagates with dispersion CΦ (k) = ω/k , that in particular reduces to
alternation of the form of non-harmonic surface wave.

Propagation velocity of enveloping spectral-narrow wave packet as we see, C2 (k) =
dω/dk also depends on the wave number k.

Approximation of shallow and deep water. Let’s consider two extreme cases
distinguished by the ratio between depth of water hi and wave length λ = 2π/k.

a) deep liquids; hik >> 1. In this case it should be put cth (hik) ≈ 1 to (2.7)
that simplifies the dispersing relation (2.7)

σk3 + (ρ2 − ρ1) gk − (ρ1 + ρ2) ω2 = 0 (2.8)

or
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where
m = (ρ2 − ρ1) g/σ, q = (ρ1 + ρ2) ω2/σ
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From expressions (2.6) , everywhere neglecting the quantities exp (−khi) in com-
parison with a unit we get

ϕ1 = − ikh1h2P0

ω (h1ρ2 + h2ρ1)
e−kz exp [i (kx− ωt)] ,

ϕ2 =
ikh1h2P0

ω (h1ρ2 + h2ρ1)
ekz exp [i (kx− ωt)] , (2.9)

P1 =
ρ1kh1h2P0

h1ρ2 + h2ρ1

e−kz exp [i (kx− ωt)]− ρ1gz,

P2 = − ρ2kh1h2P0

h1ρ2 + h2ρ1

ekz exp [i (kx− ωt)]− ρ2gz

Thus, at perturbations of interface in deep two liquids the particles velocities
exponentially decrease at deepening.

Shallow liquids: khi << 1. In this case (cth (khi) = 1/ (khi)) we have

k =

√√√√−(ρ2 − ρ1) g

2σ
+

√
(ρ2 − ρ1)

2 g2

4σ2
+

ρ1h2 + ρ2h1

h1h2σ
ω2 (2.10)

If the system of two liquids one is shallow, the other is deep (kh1 << 1, kh2 >> 1)
the dispersing relation (2.7) will take the form:

k4 +
(ρ2 − ρ1)

σ
k2 − ρ2ω

2

σ
k − ρ1ω

2

h1
= 0 (2.11)

The roots of equation (2.11) are expressed by the coefficients with the help of radicals
[8]. Because of their awkwardness we don’t write appropriate formula.

On the basis of dispersing relations (2.8) , (2.10) , (2.11) for the given parameters
of the problem and frequency we find the wave number k.

3. Harmonic random case is a particular case of the general periodic process
[9]

P (t) = C0 +
∞∑

k=1

(ak cos kωt + bk sin kωt) , (3.1)

wherein all real coefficients C0, ak, bk are random, and the series is assumed to
be mean convergent. Here P is dimensionless pressure. Such a process will be
stationary in the wide sense by fulfilling the following conditions of mathematical
expectations.

Mak = Mbk = 0, Ma2
k = Mb2

k, Maiak = Mbibk = 0,

MC0Ci = MC0bk = Maibk = 0, (i 6= k)
(3.2)

We assign the mean pressure at the initial section of the channel

P (t) = Im [P0 exp (−iωt)] = −P0 sinωt (3.3)
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If the amplitude P0 is continuous random variable of density ϕ (P0) , independent
on pressure phase, the process P (t) will be stationary, but not ergodic [9]

M (P (t)) = 1
π

∫
|P0|>ϕ(t)

ϕ (P0) dP0√
P 2

0 − P 2

MP (t) = 0, Rpp (τ) = 1
2MP 2

0 · cos ωτ

(3.4)

Notice that here the integral
∞∫

−∞

ϕ (P0)
|P0|

dP0 (3.5)

should be convergent.
If the amplitude P0 has Rayleigh distribution of density

ϕ (P0) = P0e
− 1

2
P 2

0 , P0 ≥ 0, ϕ (P0) = 0, P0 < 0 (3.6)

the random process will be Gaussian.
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