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ON REPRESENTABILITY OF CAUCHY TYPE
INTEGRALS BY THEIR BOUNDARY VALUES

Abstract

1 dv (t
A problem on representability of the analytic function F (z) = i / ty( )
i —z

T
by the boundary values F (t) for arbitrary finite complex measures, is considered.

In [1] P.L. Ulyanov shows that each analytic function represented in a unit circle
in the form of Cauchy L—integral is representable in the form of A—Cauchy integral,
i.e. if v is absolutely continuous finite measure with respect to Lebesgue measure

on a unit circle T = {t € C : [t| = 1}, we can represent the analytic function
1 dv (t
F(z):,/ V()intheform
2mi ) t—=z
T

F(2) = —— 1im /F<t)dt (1)
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where F'(t) is non-tangential limit value of the analytic function F' (z) as
¢9:’F(t) <)\}‘

t—=z
However, when measure v is not absolutely continuous, relation (1) becomes
invalid. For example, for the discrete measure

z—t=¢e? and TA:{t:e
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”(X)_{ 0 for 1¢X°

1
the analytic function F'(z) and its boundary values will be F (z) = . and

1
F (t) = ——, respectively, but the limit
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In the paper a problem on representation of the analytic function

1 dv (t
F(z) = / v(®) by the boundary values F (t) for arbitrary finite complex

2mi ) t—=z
T
measures, is cousidered.

Theorem 1. Let v be a finite complex measure on T and
1 dv (t
F(z) / 4 ), then it is true the equality
z

“omi | -
T

F@y—lml/F@ﬁ+1 dvs (1) 2)

C 2MMiAtoo ) t—2 4 t—z
T T

where F'(t) is non-tangential limit value of the analytic function F (z) as
z —t=2¢? T\ = {t—ew: F)
t—=z
measure v.
We'll use three theorems, proved by the author [2], (theorem A and B) and by
S.A. Vinogradov and S.V. Hruscev [3] (theorem C').
Theorem A [2]. Let u be an arbitrary finite complex Borel measure on the
interval Ty = [0;27), u (rew) be its Poisson integral, v (rew) be a function har-
monically conjugated with u (reiﬁ"). Then

< /\} and vs is a singular part of the

2T
1 F(t) 1 et i
F(Z)_%)\EI'POO t—zdt+% ew—zdusw)’ FTren
T 0

where F(z) = u(z) +iv(z), F(t) is non-tangential limit value of the function
F(z)as z—t=¢", T,\:{t:ew: f(t)
measure . ‘

Theorem B [2]|. Let p be an arbitrary finite complex Borel measure on the inter-
val Ty = [0;27) , u (rew) be its Poisson integral, v (rew) be a function harmonically
conjugated with u (rei"g). Then

< /\} and pg is a singular part of the

27
.. F(t) 1
F(z)=5=1 —dt 4 — i 0o) d6
(Z) 21 )\—13»100/ t— 2z + 43 )\413,100 r)\,Reh( 0) o+
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d .
where F (2) = u(2) +iv(2), h(0) = = F (610) , F(t) is non-tangential limit
6 J—

F(t)

value of the function F (z) as z —t =¥, T\ = {t = el . 't < )\}.
—z

Theorem C' [3]. For any finite complex Borel measure v on a unit circle T it
1s valid the equality
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, 1 00—t ;
where m is a Lebesgque measure, v (¢’?) = — lim ct dv (ew) 18
g v () = 5 tim / 979
{teTo:|t—0|>c}
a function conjugated to the measure, vs is a singular part of the measure v, a |||

s a full variation of the measure vs.
1 . )
Proof of theorem 1. Let’s consider the measure du (6) = ?e_wdy (),
i
6 € [0;27) on the interval [0;27). Then

27 2 21
1 2iePdu () 1 et 1 [e¥+2
F =— | ————= = — - du(0) = — | ———du (0
(2) 27m'/ e — 2 ﬂ/ew—z w(6) 27T/€Z9—Z w(6)+
0 0 0
1 27
tor [du®) = A () + o 3)
T
0
where
1 21 i9+ 1 21
e 4 2
Fl(z)—%/ew_zduw), Co—%/du(e)-
0 0

Ifu (rew) is an Poisson integral of the measure p , and v (rew) is the function
harmonically conjugated to u (re*?), then F (2) = u(z) + iv (2),
z = re'?. Therefore, theorem A implies

2m .
1 . Fy (t) 1 619 0
1(2) 27TZ/\—1>I—‘,I—100/1';Z +27T/67‘02 IU’S()7 e, ()
Tx 0
Fi(t)

where T} = t:ew:‘

; < )\} , and F} (t) is a non-tangential corner boundary
-z

value of the function Fj (z).
We first prove the equality

Denote

Since

TA:{teT:‘f(t)
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then from the inequalities
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we get the inclusion

Fi(t)

—Z

TgATACT;:{tET:)\—qS

S/\+c1}-

Hence, it follows the inequality

fl_“z)dt—/fl_(tz)dt g/‘fl_(? dt < (A + c1) mT}. (6)
T

/ *
A T>\

Let du (0) = f(0)dO + dug (0) . It follows from [4] that

Fi(t) = Fi () = £ (0) +i7i (6). (7)
Consider the measure du* (0) = 0 Z_ zdu F
Then ) g
R e B U
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. 1 t—60 i
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(. 1 . t—0 i 1
~ et M (6) %613& 93 <e“ —z  eW z) dnlt) =
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o 0+t ;9L
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0
where
1 cos ——e ; 0
710) = 3= [ =y dn () & L (0:27).

We get from (7) and (8)

Bt _ fO) 0 _ f(f)zﬂj* (0) — £1(0) = " (0) + f2(0),

t—z el —z el —z il

0
where fo (0) = f( )z — f1(0) € Ly ([0;27)) . It follows from the integrability of the

et —
function fo (0) that /\lirf A-m{teTy:|fo(t) > A} =0.
F(t
Since — ® _ " () 4+ f2 () and by theorem C there exists a finite limit
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then Va > 0 we get

Fl(?‘SA}gm{teTo:MIﬁ*(t)IS(HaMH
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Hence, it holds the inequality
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From the arbitrariness of the number o > 0 we get

. ~% Fl(t)

1 tely: t A | —= <Ay =0. 1

Jim m{ee i@ o> o 72| <2} <o (10)
It is similarly proved that

: ~% Fl(t)

| tely: )] <A Ay =0. 11

i m{remy 7 o< [{12) ) (1)

It follows from equalities (9),(10) and (11) that there exists a finite limit

Fy(t 2
lim m{tGTO: ‘ 1<)‘>)\}=”M:”:040'

. Fl(t) _ag 8()\)

where lim e (A) = 0. Consequently
A—+00

N ap e(A+c1) Qo e(A—a)
A Ty = (A -
( +Cl)m/\ ( +Cl)|:)\—|—61+ A+ A—cy A—c1

2c100 At
frg )\ —
)\—Cl+€( +Cl> )\—01

e(AN=c1) =0, for \— +oo.

Equality (5) follows from ineguality (6). Now, let’s prove equality (2). From
(3),(4),(5) and (6) we get

2

1 Fi (t) 1 et
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The theorem is proved.

In future, we’ll consider the functions determined on Tj , as periodic functions
determined on a real straightline with period 27. For any real function f on T we
denote [2]

n—1

P(f:q;60:0)= gctgﬂqz f(9)

for 6 € (90—1—7an ;90+7rq"_1) U(@o—ﬂq”_l ;90—7rq"),
neN, 0<qg<l, Ty,

Py (f;00)= lim lim am{f € (0p;00+7):|P(f;q;00;0) >a} (12)

g—1l— a—+o0

Py(f ;600) :qliqlf al_i)g_lmam{é’ € (0o —m;00): |P(f;q;60;0)>a} (13)
sign (P2 (f 500 ) = Pi(f 560))  for f (60) > A,

raf (o) =49 O for | f (Bo)l <A,
sign (Py(f 500 ) — P2 (f ;00))  for f (6o) < =X,

if there exist limits at the right hand sides of equalities (12) and (13) almost for all
0y € [0; 27T) .

Notice that for any finite real Borel measure v the function ry 3 (6o) exists almost
everywhere [2].

Lemma 1. Let the functions f, fi and fyo be determined on Ty . If f(6) =
f10)+ f2(0), and fo(0) is a bounded function, then the existence of the function
Tt (Bo) follows from the existence of the function ry s, (6o) and the equality

mf (6o) =7 5 (6o) (14)

is valid.
Proof. First we prove that if for some interval (a;b) there exists a
limit lim am{60 € (a;b) : |f1 (0)| > a}. Then there exists a limit

a——+00

lim am{f € (a;b) : |f(0)] > o}

a——+00

and the equality

lim am{f € (a;b) : |f(0)] > a} = agrfwam{ﬁ € (a;0) : |f1(0)] > a} (15)

a——+00
is true.
Denote m@ax]fg 0) =c, ap = liril am{f € (a;b) : |f1(0)] > a}. From
a— 100
inclusions

{0 €(a;0): [/1(0)] > a+chC{fe(ab):[f(0)>a}C

c{Oe(a;b):|f1(0) >a—c}
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we get
am {0 € (a;b) : [f1(0)| > a+c} <am{0 € (a;b) : |f(0)] > a} <

<am{f € (a;b) : |f1(0)] > a—c} (16)
But the left and right hand sides of inequality (16) tend to the same limit ayp.
So, there exists a limit lir}rl am{f € (a;b) : |f(0)] > a} and equality (15) is
aA— 100
valid. Equality (14) follows from equality (15) and definition 7 f (fg) . The lemma
is proved.
Theorem 2. Let v be a finite complex measure on T and

F(z) ! /dy_(tz) , then

" 2mi

t
T
1 F(t) . 1 7
t
F(z)=— 1 dt+ — lim A fo) do
(2) 21 )\_1)3100/ t—z + 43 /\—1>rfoo /T)"Reh( 0) dfo+
T 0
1 2m
+Z )\EI_{IOO A / rA,Imh (90) d@o, (17)
0
eié’ ) ]
where h(0) = — F (6’9) , F (ew) is non-tangential boundary value of the func-
e — 2

tion F(z) as z—t=e? T\={t=¢%:|h(0)] <A}.
1 . )
Proof. Denote du (0) = Ze*ladu (ew) , 6o €0;2m),

27
1 10
Fi(2)=— / 6,9 + Zdu (#) . Then from theorem B we get
2 ) e? — =z
0
1 d ( ) 1 2m 0 1 2w
v (t e .
— = — . dug (0) = — lim A 6o) df
47rz'/ t—z 27‘(/610—2 #s (0) 43 /\—1>I-Poo /r’\’Rehl( 0) d0o+
T 0 0
1 27
+Z )\EI:II—loo A / TA,Imhl ((90) d9(), (18)
0
0 1 2m
e' i0 i0 i0
where hy (0) = eie—zFl(e ), Fl(e ) = F(e )—co , g = 27T/du(ﬁ). But
0
20 0
since (see (3)) h1 (0) = h (0) — —5——co and the function ! is bounded, then
e — 2z —z

equality (17) follows from lemma 1 and equalities (2), (18). The theorem is proved.
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