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Abstract

The present article provides a brief review of “Treatise on Arithmetic and
Algebra” written by N. Tusi and further translated into the Azerbaijani language
by E. M. Mamedov. General comments pertinent to statements, which are of
interest in terms of the conceptualization of number, history of introduction of
negative numbers into math, as well as evolution of algebra, are given herein.

The “Treatise on Arithmetic and Algebra” is mentioned among the list of manu-
scripts by Mahdavi [1], however, without any narrative description. The copy of the
“Treatise” was recently acquired by A. A. Babayev from the University of Tehran
and translated by E. M. Mamedov into the Azerbaijani language, which has made
it available to a broader readership circle and has allowed attracting attention of
mathematicians interested in learning about the origins of mathematics.

The Treatise consists of the Preface and two parts: I. Arithmetic. II Algebra. It
is essentially a concise code of statements on arithmetic and algebra as of that period
of time. And, as stated in Preface, was written “at a request of several friends in
order to assist people dealing with computations.” This serves as a determinant for
the form of the narrative (no proofs). The purpose of the Treatise is to systemize
arithmetic and algebraic knowledge and make them clear to “computation people”,
i.e. people dealing with practical computations and acquainted with some algorithms
while the arithmetical part seems to be subordinated by algebraic one. Tusi doesn’t
make use of literal or even numeral notations, everything is set forth in verbal
assertions. However, in our case, for the purpose of conciseness of recital, we will
replace such assertions with symbolic ones.

Prior to describing the first part of the Treatise – “Arithmetic”, it is necessary to
emphasize the following. Conceptualization of real numbers has a very long history
behind [2]. Exhibition of quantities, which were expressed either in verbal or numeral
assertions where engaged in computation processes.

Attention to the concept of number, as a category, was drawn by Greek math-
ematics. The word “number” and “number concept”, as it was implied by Greeks,
was correlated only with natural numbers (greater than identity). The number was
referred to as a quantity of identities. Identity itself was an integral “monad” (let’s
point out that in the “Comments to Euclid” [3] Tusi says, that an identity should be
considered as number). Fractions were considered as quantities correlated with mag-
nitude. In medieval oriental mathematics the relation of number against another
number was becoming a fraction. The nascence of a notion “number”, including
integral, rational and irrational numbers are dated to 17th century (Newton) [4],
however, the special standpoint in the issue of conceptualization of number belongs
to ([5]). It must be noted that his attitudes to this issue were not disproved by sub-
sequent mathematicians of the Orient and, obviously, didn’t attract any attention
of medieval European mathematicians.
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The “Treatise” is of an interest also from the point of view of negative numbers
conceptualization, which as a representation of quantity were known even in ancient
China and India (“debts” versus “property”), however disputes about their introduc-
tion into mathematics as number were ongoing until 19th century, when the stone
of stumbling was found in substantiation of “rules of signs” [6]. In seventh charter
of the “Treatise” several composite rules, which actually represent “operational”
substantiation of “rules of signs” are set forth.

Part I. Arithmetical conventions. This part consists of the Preface and four
Sections.

Preface. Here it is said that a number, if comes on the tapis individually, rep-
resents an integer (sakhih), however, with regard to the greater number it becomes
a fraction, while the greater number is a “denominator” and the collating itself is a
ratio.

Section I. About numbers.
In this section a digit order number is reviewed. Numbers are added, multiplied,

doubled (“duplication” and “bifurcation” operations in medieval mathematics were
considered as separate operations) and subtracted (whenever possible), and, as a
result, numbers are obtained.

Whenever they are divided or “bifurcated” then fractions might be obtained.
Relation of identity to one of the factors is equal to relation of another factor to the
product of numbers.

Hereunder, the commutative property of multiplication is also mentioned.

Section II. About arithmetic operations.
Here, the common rules of adding, subtracting, redoubling, multiplication and

division are given for multiplace numbers.
All operations are carried out in succession by positions from right to left.
Product of two digit number identities is falls into a place, relation of one of

the factors of which (10n) equals to relation of 1 to another to multiply multiplace
numbers; multiplication of multiplace numbers is carried out by the digit order of
numbers.

Division. Relation of identity to ratio is equal to relation of denominator to
multiple (dividend).

Section III.
About types of operations and fractions. 6 types of operations are possible.
1. number and number
2. fraction and fractions
3. fraction and number
4. number and numbers with fractions
5. fractions and numbers with fractions
6. number with fraction and number with fraction.
Rules of adding, subtraction, multiplication, bifurcation, redoubling for all 6

types are described.
The method of reduction to common type is used. For fractions it means reduc-

tion to common denominator, which is determined as a product of denominator for
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number and fraction – this means representation of a number as fraction.
All these rules can be formulated as follows:
- To add or subtract it is necessary to discretely add or subtract integer and

fractional part. At this, the fractional parts are reduced to a common denominator,
if this operation results in an improper fraction, then to integer part the identity
is added, and from numerator the denominator is subtracted, thus, in fractional
part remains a relation of remainder to common denominator. When subtracting, if
necessary, from integer part an identity is subtracted and added to fractional part.

-When redoubling if denominator is an even integer, then it is divided in halves.
When bifurcation if the numerator is an even integer, then it is divided in halves, and
so when redoubling and bifurcation the integer and fractional parts are discretely
redoubled or bifurcated.

- To multiply two fractions, numerators and denominators are multiplied dis-
cretely, the product equals to relation of first product to second product.

- When multiplying compose fractions four multiplication operations are applied:
Integer by integer, integer by fractional part of the second, fractional part of the first
number to integer part of the second number, fractional part of the first number by
fractional part of the second number. Hereof the properties of distributed multipli-
cation and adding are manifested.

There is another method allowed: Preliminary both summand are converted into
a fraction.

- When dividing both fractions, first they are reduced to a common denominator,
then the ratio equals to a ratio of numerator of the first fraction to numerator of
the second fraction.

Section IV. Squaring and Cubing.
These concepts have no difference from the contemporary determination of the

natural power of a number. But the role (in contemporary conception) of negative
integral powers is represented by fractions of positive powers. The only specific
peculiarity is in Arabic terminology for high powers by means of collation of square
and cube and due to the possible wrong translation of such collations. For example,
instead of fifth, sixth, seventh, etc. powers the Arabic collations “square of cube”,
“cube of cube”, “square of square of cube”, etc.

Further, the product and division of any possible powers are studied from one
base. And these rules quite conform to modern and widely renowned rules.

Part II. Determination of indeterminates.
Section I. About proportions. Determination of indeterminates in

proportion.
Two cases are examined: a) either extreme terms, or mean proportionals are

equal.
- If indeterminates are equal proportional terms, then indeterminate is equal to

root from the product of known proportional terms of the given proportion. If an
indeterminate is one of uneven terms of proportion, then it is equal to ratio resulted
from division of square of even terms of proportion by another known proportional
term.

If the indeterminate term is one of the unequal terms of proportion, then it
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shall equal to the quotient derived from the division of the square of equal terms to
another known term of the proportion.

b) General case fully corresponds to the modern method of detecting the inde-
terminate term of the proportion.

Section II. Introduction to algebra (science of “djabr”) and “opposi-
tion”.

From the title of the given heading and the concept of “six algebraic questions” it
can be concluded that “algebra” is considered as a certain special discipline. Further,
it is clear that besides that, the word “algebra” may signify the title of a certain
method.

In this section the indeterminate is defined as “thing”. The problems are trans-
formed until the valuation of the indeterminate is not found. We should like to note
that literal notations of variables and indeterminate terms are not met in the trea-
tise. We use common notations below for the simplicity of treatments. Six algebraic
questions are determined:

1. x2 = bx, 2. x2 = b, 3. x = b

These first three questions are called “simple”
4. x2bx = c, 5. x2 + c = bx, 6. bx + c = x2.
These three questions are called “complex” or “compound”. It is worthwhile to

say that all coefficients are positive at all equations and can be whole number(s) as
well as fraction and numbers with fractions. It is acknowledged that after simple
transformations many other equations are reduced to these equations the solution
methods of which are provided at the end of the provided treatise.

Thus, the subject of algebra is the questions concerning the study of algebraic
equations: a) methods of bringing them to the canonical form with positive coeffi-
cients, which are provided in the 2-10th sections and b) their methods of solutions,
which are provided in the 11th section.

It is said that some scientists also consider cubic equations. It is said that there
are twenty-five of them in total without considering, in this case, all variants. We
would like to list them below for clarity:

x3 = bx2, x3 = bx, x3 = b, x2 = bx, x2 = b, x = b,

x3 = bx2+cx+d, x3 = bx2+cx, x3 = cx+d, x3 = bx2+d, x3+d = bx2,

x3 + bx2 = cx+d, x3 + bx2 = cx, x3 + bx2 = d, x3 +d = bx2 + cx, x3 +d = cx,

x3+cx = bx2+d, x3+cx = bx2, x3+cx = d, x3+bx2+cx = d, x3+cx+d = bx2,

x3 + bx2 + d = cx, x2 + bx = c, x2 + c = bx, bx + c = x2.

Section III. The section on structure and IV section on subtraction
are dedicated to the questions on reduction of polynomials of one variant, i.e., con-
traction of similar terms.

The rule for determination of the sum and differences of the roots of given
squares, which can be interpreted as the rule on square of the sum (variants) of
two numbers, is provided here:

For finding the sum (variant) of the root of two squares, redoubled root of their
sum is added to (subtracted from) them. The root of the derived sum (variant) is
the sum (variant) of roots.
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Section V. On redoubling.
Redoubling of the root is equal to the root of the quadruple square,

Section VI. On bifurcation.
Half of the root is equal to the root of a quarter of the square

Section VII. On multiplication.
Sum of two additives is an additive, sum of two subtracts is also an additive, sum

of the additive and subtract is a subtract, sum of double subtracts is an additive,
sum of thrice subtracted is a subtract, etc. It should be noted here that this prepo-
sition provides “operational” basis for “law of signs”, if subtraction is considered as
composition of positive and “negative” numbers. Further, as an example to these
rules, it is said that the square of the variant of ten and other numbers equals to
the sum one hundred and square of same number, only twenty fold of same number.
I.e., it is acknowledged that the square of the variant of two numbers is equal to the
variant of the sum of square of the numbers and twofold sum of same numbers and
this rule is the result of the aforementioned rules. Without doubt, this means that in
this certain case, the coefficient of binomial was received by “simple multiplication”.
In its own turn, this provides the basis to assume that binomial coefficients for first
stages could be derived by way of inductive multiplication of polynomials:

(a + b) (c + d) = ac + ad + bc + bd (a + b) (c− d) = ac− ad + bc− bd

(a− b) (c + d) = ac + ad− bc− bd (a− b) (c− d) = ac− ad− bc + bd

Another major idea of this charter is the following rule: Product of roots is equal
to the root from the product of squares, cubes, etc.

Section VIII. About division.
Ratio of the division of roots is equal to root from the ratio of division of squares,

cubes, etc.

Section IX. Algebra and “opposition”.
Djabr – means adding subtrahend to both parts of equation. Namely, djabr is an

elementary matched development of equities. In this sense “djabr” represents a kind
of method. (According to translator’s opinion, the word “djabr” is more correctly
translated as “correction”, instead of conventional “replenishment”).

And the word “opposition” – is a numerical cancellation of similar terms found
in opposite sides of the equation.

Section X. About “perfecting” and “recovery”.
Here is explained about conversion of the quadratic equation to afterlook, where

the ration with the dominant term is equal to one. There are two examples given
one of which is as follows: “One third of the square and a quarter of certain quantity
together are equal to five and a half. For the purpose of “perfecting” (so that the ra-
tio of the square will become equal to one) of this equation, all terms are multiplied
by three. After “perfecting” the canonical form of equation is obtained as follows:
Square and three fourth of the quantity together are equal to sixteen and a half”.
As mentioned above, owing to these methods various equations are reduced to six
algebraic problems. Hence, in the resulting equation an absolute term represents a



104
[E.Mamedov, V.Mezhlumbekova]

Proceedings of IMM of NAS of Azerbaijan

number with the fraction. Thus, in algebraic equations numbers and fractions are
equivalent.

Section XI. About six algebraic problems.
First three “simple” equations are resolved in a very natural manner. To solve

an equation type x2 + bx = c and x2 = bx + c firstly, the square root is found for
(c + b/2)2. In the first case, the root of the equation is equal to the difference of
the found root and b/2, and in the second case it is equal to the sum of the same
numbers.

We have to note, that in both cases second roots are negative numbers, for this
reason they are not considered.

To solve an equation type x2 + c = bx it is necessary to find the root of the
(b/2)2 − c. In this case the found root is once added to b/2, and then is subtracted
from b/2, obtained results are actually the roots of this equation.

This ends the Treatise. For the conclusion it worth to say that the present
Treatise represents a valuable source as a whole with other works of Tusi and it’s
Arabic predecessors for learning not only historical aspects of math, but also for
revelation of dialectics of mathematical concepts development.
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