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CONTROL PROBLEM IN QUEUING SYSTEM

WITH THREE TERMINALS

Abstract

In this paper we consider queuing system with three terminals. Indices of the
system – mean waiting time and mean waiting cost have been found. Some class
of controls in this system is considered. Uniqueness and existence conditions
and expression of optimal control which minimize the mean waiting cost have
been found. Some mathematical calculations are given.

1. Introduction. At present mathematical models are widely used in analysis
of transport systems, computer networks and etc. Control of such systems is of great
importance. In this field there are many control possibilities.

Ignall E., Kolesar P. [1], Lee H-S. and Srinivasan M.M. [2] in their papers studied
dispatching problems of infinite capacity server between two terminals. In these
problems the control is determined depending on the requests waiting at terminals.

In [3,4] Gadziev A.G. considered the improvement of service with delays. The
obtained results were applied to the problem of dispatching of infinite capacity server
between two terminals provided that a server may wait at one terminal, and expres-
sion of optimal control is found. In these papers the number of requests waiting at
a system is ignored, the control is determined as a time function between service
moments at terminals. Practical realization of such models is more accessible than
the above mentioned models.

In the above mentioned papers dispatching problem of cyclic motion of one server
delivering requests between two terminals is considered. Up to now such type prob-
lems were not considered for three or more terminals. In the considered paper, three
terminal system is considered. The control is conducted by the delay time of a server
at the first terminal. Unlike the above mentioned problems, here the control is de-
termined as a traveling time function between the terminals of a server at previous
cycle.

2. Problem statement. Here we consider a cyclic motion of a server deliver-
ing requests between three terminals(fig.1). It is assumed that server is of infinite
capacity, i.e. it can deliver all requests waiting at the terminal. The requests arrive
at the terminal according to Poisson process with parameter λi(i = 1,2,3).

The j-th travel time of a server from i-th terminal by the route to the next
terminal Xi

j(i = 1, 2, 3; j = 1,2,...) are independent random variables. For the
indicted i the random variables Xi

j(i = 1, 2, 3; j = 1,2,...) are identically distributed.
At each terminal cost of waiting time requests ci is given in unit time. A server
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can wait only at one terminal, it arrives to other terminals instantly, unloads the
requests, takes the waiting requests and travels to the next terminal by the route.
Mean waiting time of requests at terminals and the questions on the finding the
expressions for mean waiting cost of arbitrary request are considered. In the system
control is introduced. Control is conducted by the delay time of a server at the
first terminal. This delay time is determined as a non-negative, measurable function
g

(
X1

j , X2
j , X3

j

)
of traveling time of a server between the terminals at previous cycle.

The expression Wi(g) of mean waiting time of requests for each terminal is found
and the minimization problem of C(g), mean waiting cost of an arbitrary request in
the system in the controls class is considered:

C(g) → min , g ∈ G

here G is a set of non-negative, measurable functions.

Fig.1.

3. Problem solution. We denote by tij the j-th departure moment of a server
of the i-th terminal, and take t11 = 0. Then

For terminal one

t11 = 0, t12 = t11 + X1
1 + X2

1 + X3
1 ,...,t1m+1 = t1m + X1

m + X2
m + X3

m.

For terminal two

t21 = t11 + X1
1 , t22 = t12 + X1

2 ,...,t2m+1 = t1m+1 + X1
m+1.

For terminal three

t31 = t21 + X2
1 , t32 = t22 + X2

2 ,...,t3m+1 = t2m+1 + X2
m+1.

The time periods between service moments for terminal i are denoted by ηi
j(i =

1,2,3; j = 1,2,...), then

η1
j = t1j+1 − t1j = X1

j + X2
j + X3

j
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η2
j = t2j+1 − t2j = X1

j+1 + X2
j + X3

j

η3
j = t3j+1 − t3j = X1

j+1 + X2
j+1 + X3

j .

We get that the time periods ηi
j(i = 1,2,3; j = 1, 2,...) between service moments

of the i-th terminal are identically distributed, but dependent random variables.
Then by [4] in the i-th terminal mean waiting time of requests is calculated by the
formula:

Wi =
E(ηi

j)
2

2Eηi
j

, i = 1,2,3.

Hence we get that mean waiting cost of any request in this system is calculated
by the formula:

C(g) =
λ1c1W1 + λ2c2W2 + λ3c3W3

λ1 + λ2 + λ3
=

λ1c1 + λ2c2 + λ3c3

λ1 + λ2 + λ3
W1.

Here we take into account that W1 = W2 =...= Wn.
Let’s consider a control system determined by the way above, i.e. control is

conducted by the delay time of a server in terminal one. This delay time is defined
as a non-negative, measurable function g

(
X1

j , X2
j , X3

j

)
of travel times of a server

between the terminals in previous cycle. Then, if we denote Xj =
(
X1

j , X2
j , X3

j

)
,

the time between the service moments in terminals will be defined as follows:

ξ1
j = η1

j + g(Xj)

ξ2
j = η2

j + g(Xj)

ξ3
j = η3

j + g(Xj).

Hence we get that the time periods ξi
j(j = 1,2,...) between the service moments

of the i-th terminal are identically distributed, but dependent random variables.
Then by [4] the mean waiting time in the i-th terminal will be calculated by the
following formula:

Wi(g) =
E

(
ξi
j(g)

)2

2Eξi
j(g)

, i = 1, 2, 3.

Then mean waiting cost of arbitrary request in the system will be calculated as
follows:

C(g) =
λ1c1W1(g) + λ2c2W2(g) + λ3c3W3(g)

λ1 + λ2 + λ3
, g ∈ G.

By F (x1, x2, x3) we denote mutual distribution function of independent random
variables X1

j , X2
j and X3

j . It is clean that F (x1, x2, x3) = F1(x1)·F2(x2)·F3(x3), here
F1, F2, F3 are distribution functions of random variables X1

j , X2
j and X3

j respectively.
Let’s introduce the following denotation:

a =
E

(
X1

1 + X2
1 + X3

1

)2

2E
(
X1

1 + X2
1 + X3

1

)
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gb(x) = (b−

−λ1c1x1 + (λ2c2 + λ3c3)EX1
1 + (λ1c1 + λ2c2)x2 + λ3c3EX2

1 + (λ1c1 + λ2c2 + λ3c3)x3

λ1c1 + λ2c2 + λ3c3

)
I(g) = Eg(g − 2gd) + E

(
X1

1 + X2
1 + X3

1

)2 − 2dE
(
X1

1 + X2
1 + X3

1

)
.

By G we denote a set of non-negative, measurable functions determined in
R3

+ = {x:x = (x1,x2,x3),x1 ≥ 0,x2 ≥ 0,x3 ≥ 0}.
Then it becomes clear that

C0 =
λ1c1 + λ2c2 + λ3c3

λ1 + λ2 + λ3
a

C(g) =
λ1c1 + λ2c2 + λ3c3

λ1 + λ2 + λ3
·
Eg

(g

2
− ga

)
Eη1

1 + Eg
+ C0 =

=
λ1c1 + λ2c2 + λ3c3

λ1 + λ2 + λ3
·

∫
R3

+

g(x)
(

g(x)
2

− ga(x)
)

dF (x)∫
R3

+

(x1 + x2 + x3 + g(x)) dF (x)
+ C0

(1)

Theorem 1. Necessary and sufficient condition for the improvement of services
in the considered system is the existence of such a point x0 =

(
x0

1, x0
2, x0

3

)
that ga(x0) > 0, F (x0) > 0.

Proof. Necessity. Show that if the service in the system may be improved,
then there exists such x0 =

(
x0

1, x0
2, x0

3

)
that ga(x0) > 0, F (x0) > 0. Assume the

contrary: assume there is not such a point, then it is clear from expression (1) that
for any control g ∈ G we get C(g) ≥ C0. This shows that the service in the system
is not improvable and contradicts to our assumption. The obtained contradiction
shows that the statement of the theorem is true.

Sufficiency. Show that if there is such x0 =
(
x0

1, x0
2, x0

3

)
that ga(x0) > 0,

F (x0) > 0, then the service in the system may be improved. If we determine control
in the system as

ĝ(x) =
max(ga(x),0)

2
=

g+
a (x)
2

expression (1) implies that C(ĝ) < C0. And this means the service in the system
may be improved.

The theorem is proved.
Hence, under conditions of theorem 1 if the control in the system may be im-

proved, optimal control is interesting and the following minimization problem is
stated:

C(g) → min, g ∈ G . (2)

Definition. The function ğ(x) being the solution of problem (2) is said to be
optimal function:

min
g∈G

C(g) = C(ğ).



Proceedings of IMM of NAS of Azerbaijan
[Control problem in queuing system]

177

Now, let’s research existence, uniqueness conditions, expression and finding ways
of the optimal function.

Theorem 2. Under condition of theorem 1 problem (2) has a solution, a.e. is
unique and this solution is of the form:

ğ = max(0,gd)

and d is some number.
Proof. Assume that an optimal function exists and

C(ğ) =
λ1c1 + λ2c2 + λ3c3

λ1 + λ2 + λ3
d (3)

and d is some number. Then

C(g)− C(ğ) = C(g)− λ1c1 + λ2c2 + λ3c3

λ1 + λ2 + λ3
d > 0 . (4)

In relations (3) and (4) we make simplifications using the expression C(g) and
see that they are equivalent to the following relations, respectively:

I(ğ) = 0 (5)

I(g) > 0 = I(ğ), g ∈ G . (6)

Write Taylor expansion at the point g of the functional I(g).

I(g) = I(g) + E(g − gd)(g − g) +
E(g − g)2

2
, g ∈ G.

Hence we get that necessary and sufficient condition for the functional I(g) get
minimum at the point g is that it must satisfy the condition

E(g − gd)(g − g) ≥ 0, g ∈ G . (7)

The function g = g+
d = max(0,gd) satisfies a.e. the condition (7), i.e. it is an

optimal function. Then we get an equation for finding the number d from relation
(5). We simplify this equation as follows:

d +
E(g+

d (X1))2

2E
(
X1

1 + X2
1 + X3

1

) = a . (8)

Here if we take into account

E(g+
d (X1

1 ))2

2E
(
X1

1 + X2
1 + X3

1

) > 0

we get d < a. On the other hand for d = 0 the left hand side of the equation
equals zero. As the left hand side is strongly increasing and the right hand side is a
constant positive number, the root of the equation is strongly great than zero. As a
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result we get that the equation has a unique root in the interval (0,a). If we return
from here we prove the theorem.

Remark 1. In a special case if λ1c1 = λ2c2 = λ3c3 the optimal control is

g(x) =
(

b−
(

x1

3
+

2x2

3
+ x3

))+

.

Remark 2. Using the specific properties of the equation we can easily solve
equation (8) in a computer by the bisection of the segment method.

Remark 3. In problem statement we assumed that a server may wait only
at one terminal, it comes to other terminals instantaneously, unloads the requests,
takes new requests and moves to other terminal by the route. But for example in
transport problem instantaneous unload or load of passengers is impossible. In these
type problems we can act as follows: we can select constant τ i(i = 1,2,3) time for
unloading and loading of requests arriving and received at terminal depending on
the intensity of requests. In this problem we determine the traveling time between
terminals as

Y i
j = Xi

j + τ i i = 1, 2, 3; j = 1, 2,...

We get an optimal control problem for a more general problem(taking loading
and unloading of passengers). The theorems mentioned above are true for this
problem as well, because the conditions for traveling time are satisfied here as well.

Remark 4. We determined the control function as a non-negative, measurable
function of traveling times between the terminals at previous cycle. Show that this
definition is equivalent to the definition of a function of time periods from the last
service moments of a server to the moment it arrives at the first terminal. Really,
the time period from the last service to the moment a server arrives at terminal

one in the j-th cycle in the i-th terminal is
3∑

k=i

Xk
j . If we determine the control

function g
(
X1

j + X2
j + X3

j , X1
j + X3

j + X3
j

)
, it follows that statement is true as the

transformation between variables is singular.
In his paper [4] A.G. Gadziev determined the control for two terminal queuing

system as a time periods function g
(
η1

j , η2
j

)
between the service moments and

showed the optimal control is of the form

g(x, y) =
(

c1 −
p1x + p2y

p1 + p2

)+

and c1 is any constant number. In the case of three terminal queuing system we
can define control is a time periods function g

(
η1

j , η2
j , η3

j

)
between the service

moments and can show that optimal control is of the form

g(x1, x2, x3) =
(

c1 −
p1x1 + p2x2 + p3x3

p1 + p2 + p3

)+
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and c1 is any constant number. Such type control only is of theoretic character.
Here control arguments η1

j belong to past time, η2
j , η3

j belong to future, i.e. con-
trol can’t be defined. On the other hand, in order to find constant number c1 we
must know mutual distribution function of random variables η1

j , η2
j , η3

j . As these
variables are dependent, the determination of mutual distribution function creates
some difficulties in practice.

Remark 5. We showed the expression of optimal control in the system and the
method for finding its parameter. The value of minimal cost is of great importance
for the considered queuing system. Relation (3) gives this value.

4. Example. Traveling time between the terminals are exponentially distrib-
uted.

FXi
j
(x) = P

{
Xi

j < x
}

=


1− eαix, x ≥ 0

0, x < 0
i = 1, 2, 3.

For definite values this problem was solved in computer and the following results
were obtained:

N λ1 λ2 λ3 c1 c2 c3 α1 α2 α3 d C0 Cmin profit%
1. 2 3 4 3 5 2 0.3 0.25 1/6 8.27 29.11 26.64 8.5
2. 3 1 2 2 5 4 0.4 0.6 0.7 3.22 11.99 10.18 15.1
3. 5 4 3 3 2 6 0.8 0.7 0.9 2.3 8.65 7.85 9.3

The table shows that introduced control is effective and the problem under con-
sideration is of great practical importance.

Acknowledgement. The author expresses his thanks to corr. member of NASA,
Professor Asaf Gadziev for his help with this paper.

References

[1]. Ignall E. and Kolesar P., Optimal dispatching of an infinite capacity shuttle:
control at a single terminal, Oper. Res. 22 (1974) pp.1008-1025.

[2]. Lee H-S. and Srinivasan M.M., The shuttle dispatch problem with compound
Poisson arrivals: controls at two terminals, Queuing Systems, 6 (1990) pp. 207-222.

[3]. Gadziev A.G., Minimization of the waiting time in systems with recurrent
services, Vestnic moskovskogo univer., mathem. mech. 3 (1980) pp.19-23.

[4]. Gadziev A.G., Delays reducing the waiting time in queuing systems with
cyclic services, Scand J Statist 12 (1985) pp. 301-307.



180
[T.Sh.Mamedov]

Proceedings of IMM of NAS of Azerbaijan

Turan Sh.Mamedov
Institute of Cybernetics of NAS of Azerbaijan.
9, F.Agayev str., AZ1141, Baku, Azerbaijan.
Tel.: (99412) 439 38 69 (off.)

Received May 03, 2007; Revised July 20, 2007


