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THE ORDER OF APPROXIMATION BY THE
FAMILY OF INTEGRAL OPERATORS WITH

POSITIVE KERNEL

Abstract

The paper is devoted to the order of approximation of functions in generalized
Lebesgue points by the family of integral operators of non-convolution types with
positive kernels.

It is well known that the classical Riemann localization theorem states that the
changing of function at the some neighborhood of the point do not affect on the
convergence of Fourier series of this function at the given point. This theorem also
hold in the problem of pointwise approximation of functions by the sequences of
integral operators with positive kernels. To investigations of these approximation
problems, as a rule, the well known Natanson lemma is used. This lemma will be
modifited and generalized in the papers [1], [2], [3].

There are many investigations devoted to the problem of approximation of func-
tions by the sequences of integral operators in the different characteristically points
as soon as the Lebesgue points, d-points, generalized Lebesgue points etc. We refer
to the papers [4]–[6] (see also [7]) and to the monograps [8]–[10]. In the paper [11]
we prove the general results on pointwise approximation of functions by the family
of integral operators of type

Lλ (f ;x) =

B∫
A

f (t) Kλ (t, x) dt, x ∈ [a, b] , (1)

where between the intervals (a, b) and (A,B) there may be different embeddings.
In [10] some theorems on approximation of function f ∈ L1 (A,B) in the every
Lebesgue points including the case of finite and infinite interval (A,B) are proved.
In this paper we shall prove the theorems on the order of approximation of functions
by the family (1) in the generalized Lebesgue points.

Definition. We will call the point as a generalized Lebesgue point of function
f ∈ L1 if at this point

lim
h→0

1
µ (h)

x0+h∫
x0−h

|f (t)− f (x0)| dt = 0, (2)

where µ (h) is an increasing function and µ (0) = 0.
To the finding the order of approximation of function by the family of integrals

(1) we will use the following two lemmas proved by A.D.Gadjiev in [3] (see also [7])
for the estimating the integral of type

I =

b∫
a

f (t) µ (t) dt. (3)



118
[S.Esen]

Proceedings of IMM of NAS of Azerbaijan

Lemma 1. Let ϕ (t) be a nonnegative function of bounded variation in every
interval (c, b) where c > a, such that

b∫
a

µ′t (t− a) var
t≤s≤b

ϕ (s) dt < ∞,

where varϕ (s)denotes the variation of function ϕ on the interval [t, b] and µ (t) be
increasing, absolutely continuous function on the interval [0, b− a] and µ (0) = 0.
If f ∈ L (a, b) and

sup
0<h≤b−a

1
µ (h)

a+h∫
a

|f (t)| dt = M1 < ∞

then the following estimate holds

|I| ≤ M1

b∫
a

[
var

t≤s≤b
ϕ (s) + ϕ (b)

]
µ′t (t− a) dt.

Lemma 2. Let ϕ (t) be the function of bounded variation in every interval (a, d)
where d < b, such that

b∫
a

µ′t (b− t) var
a≤s≤t

ϕ (s) dt < ∞.

If f ∈ L (a, b) and

sup
0<h≤b−a

1
µ (h)

b∫
b−h

|f (t)| dt = M2 < ∞

then

|I| ≤ M2

b∫
a

[varϕ (s) + ϕ (a)]µ′t (b− t) dt.

Note that the lemmas 1 and 2 were used also in the paper [12] to the investigation
of the order of convergence of singular integrals of the convolution type, depending
on two parameters.

Theorem 1. Let the kernel Kλ (t, x) be a non-negative function of variables
t ∈ [A,B] and x ∈ [a, b], depending on positive parameter λ and satisfying the
conditions:

a) for any fixed x ∈ [a, b] there exists a point ξx ∈ [A,B] such that for any
fixed positive number δ Kλ (t, x) is a function of bounded variation respectively the
variable t in every intervals [A, ξx − δ] and [ξx + δ, B];

b) for any fixed x ∈ [a, b] and any fixed δ > 0

∆λ =

δ∫
0

µ′ (t)
[

var
ξx−δ≤s≤ξx−t

Kλ (s, x) + var
ξx+t≤s≤ξx+δ

Kλ (s, x)
]

dt < ∞; (4)
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c) for any fixed x ∈ [a, b] and any fixed δ > 0

sup
A≤t≤ξx−δ

Kλ (t, x) = o (∆λ) , sup
ξx+δ≤t≤B

Kλ (t, x) = o (∆λ) ; (5)

d) for any fixed x ∈ [a, b]

B∫
A

Kλ (t, x) dt = 1 + o (∆λ) . (6)

Then at every generalized Lebesgue point ξx of function f ∈ L (a, b) as λ →∞

Lλ (f, x)− f (ξx) = o (∆λ) .

Proof. By the definition of generalized Lebesgue point given ε > 0 there exists
a positive number δ such that for all h, 0 < h ≤ δ the inequalities

ξx+δ∫
ξx−δ

|f (t)− f (ξx)| dt ≤ εµ (h) (7)

hold.
Having fixed this δ and using (6) and positivity of kernel Kλ (t, x) we can write

|Lλ (f ;x)− f (ξx)| ≤


ξx−δ∫
A

+

ξx+δ∫
ξx−δ

+

ξx+δ∫
ξx

+

B∫
ξx+δ

 · |f (t)− f (ξx)|Kλ (t, x) dt+

+ |f (ξx)| o (∆λ) = I1,λ + I2,λ + I3,λ + I4,λ + o (∆λ) . (8)

Consider I1,λ and I4,λ. Clearly that

I1,λ + I4,λ ≤

[
sup

A≤t≤ξx−δ
Kλ (t, x) + sup

ξx−δ≤t≤B
Kλ (t, x)

]
[‖f‖1 + |f (ξx)| (B −A)]

and therefore since f ∈ L1 (A,B) and (5) hold, we can write

I1,λ + I4,λ = o (∆λ) (9)

as λ →∞.
Finally, consider I2,λ and I3,λ. Using the condition b) of the theorem and the

inequality (7) and applying the Lemma 2 we obtain

I1,λ ≤ −Cε

ξx∫
ξx−δ

[
var

ξx−δ≤s≤t
Kλ (s, x) + Kλ (ξx − δ, x)

]
µ′ (ξx − t) dt =

= Cε

δ∫
0

var
ξx−δ≤s≤ξx−t

Kλ (s, x) · µ′ (t) dt + CεδKλ (ξx − δ, x) µ (δ) dt.
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and using Lemma 1 for I2,λ we have

I2,λ ≤ Cε

ξx+δ∫
ξx

[
var

t≤s≤ξx+δ
Kλ (s, x) + Kλ (ξx + δ, x)

]
µ′ (t− ξx) dt =

= Cε

δ∫
0

var
ξx+t≤s≤ξx+δ

µ′ (t) dt + CεKλ (ξx + δ, x) µ (δ)

Therefore, by (4) and (5)

I1,λ + I2,λ ≤ Cε∆λ + o (∆λ) . (10)

Using (9) and (10) in (8) the proof is complete.
Corollary. Let for any fixed x ∈ [a, b] a non-negative kernel Kλ (t, x) satisfy

the condition
(ξx − t)

∂Kλ (t, x)
∂t

≥ 0 (11)

and the conditions c) and d) of the theorem 1 hold, where

∆λ =

δ∫
0

µ′ (t) [Kλ (ξx − t, x) + Kλ (ξx + t, x)] dt.

Then at every generalized Lebesgue point ξx of function f ∈ L1 (A,B) as λ →∞

Lλ (f, x)− f (ξx) = o (∆λ) .

Note. The condition (11) implies that for every fixed x the kernel Kλ (t, x) is
increasing function in the interval (A, ξx) and decreasing in (ξx, B).

By the slight modification we obtain the following result.
Theorem 2. Let’s consider the integral

Aλ (f, x) =

∞∫
−∞

f (t) Kλ (t, x) dt,

where the kernel Kλ (t, x) satisfies all the conditions of theorem 1 (with [A,B] =
(−∞,∞)) and the condition

e)

ξx−δ∫
−∞

Kλ (t, x) dt = o (∆λ)

∞∫
ξx+δ

Kλ (t, x) dt = o (∆λ)

for any fixed δ > 0 and λ →∞, where ∆λ is defined in (4).
Then at every generalized Lebesgue point ξx function f ∈ L1 (−∞,∞) as λ →∞

Aλ (f, x)− f (ξx) = o (∆λ) .
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Proof. Writing (8), we obtain the estimate (9). For I1,λ and I4,λ we can write

I1,λ + I4,λ =


ξx−δ∫
−∞

+

∞∫
ξx+δ

 |f (t)− f (ξx)|Kλ (t, x) dt ≤

≤

[
sup

−∞<t≤ξx−δ
Kλ (t, x) + sup

ξx+δ≤t<∞
Kλ (t, x)

]
‖f‖1 +

+ |f (ξx)|


ξx−δ∫
−∞

Kλ (t, x) dt +

∞∫
ξx+δ

Kλ (t, x) dt


and using e) we obtain the proof.
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