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FREQUENCY OF TORSIONAL VIBRATIONS OF A

HOLLOW BAR SUBJECTED TO INTERNAL AND

EXTERNAL CORROSION

Abstract

In the paper we investigate the value of eigen frequency of torsional vibra-
tions of corroded hollow preloaded bar of cylindrical form. We consider the
external and internal corrosive wear determined on the simpliest model. It is
shown that the value of eigen vibration changes depending on the type of wear
and value of the applied force.

In constructions possesing cavities and subjected to the action of corrosive me-
dium, the corrosive wear may happen both on the external and internal surface of the
construction.External geometrical parameters change under the action of external
corrosion. Change of geometrical parameters of cavity occurs under the action of
internal corrosion.

In the case of hollow cylindrical bar whose external surface radius will be denoted
by R, and internal surface radius by r, the external wear reduces to change of R,
the external one - to change of r. In the general case, the changes of R and r are
determined by the same equations but with different coefficients. Determine changes
of R and r basing on the simplest eqaution of corrosive wear [1]. It is of the form

dR

dt
= −v1 for t = 0 R = R0;

dr

dt
= v2 for t = 0 r = r0;

(1)

where t is wear time, v1 and v2 are corrosion velocities on the external and internal
surfaces, respectively, R0 and r0 are input values of external and internal radii of a
bar. The values of vi depend of physico-chemical properties of pair medium-metal
of a bar. However, for the same pair vi differ from each other, since mechanical
properties of surfaces may be different, for example, roughness. The solution of
equation (1) is of the form:

R = R0 − v1t; r = r0 + v2t. (2)

The obtained expressions make sense for those values of time at which R > 0 and
r > 0. If one of quantities vi = 0, the expressions of (2) make sense for the values
of time less than the wear-out time of a bar that are determined by the equality
R0 − r0

v1
or

R0 − r0

v2
.

In the case vi 6= 0, from the equation

R0 − v1t0 = r0 + v2t0; t0 =
R0 − r0

v1 + v2
; R0 =

R0v2 + r0v1

v1 + v2
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the wear-out time t0 and a radius of the surface on which R0 happens, are deter-
mined. Thus, the expressions of (2) make sense for t < t0 (t0 > 0).

The above mentioned bar is met while projecting axes, shafts, rods transmitting
torsion and other one-dimensional constructions. For example, one can simulate the
behavior of drill string by the above-consideres bar. In fact, a string is a hollow
cylindrical bar. It is known from practice that a string is subjected to internal and
external corrosion uniformly distributed on surface. We can assume that corrosion
reduces only to corrosive wear independent of stress. In this case external and
internal radii of a string will be determined by the expressions (2).

Dinstinctive property of axes and shafts is that they are subjected to torsional
vibartions. The least value of eigen-frequencies is of practical interest of these vi-
brations. This value is determined by the following expression [2].

ω =
π

2L

√
1
ρ

(
1
2
E +

T

F

)
= ω0

√
1 + 2

T

EF
, (3)

where L is the length of a bar, ρ is density of bar’s material, E is elasticity modulus,
F is a cross section area of a bar, T is longitudinal force, ω0 is the least value
of eigen frequencies of torsional vibrations of unloaded bar (T = 0).We assumed
above that corrosion reduces only to cahnge of geometrical parameters of a body.
Therefore, the quantities ρ and E don’t change, as a result of corrosion. It follows
from expression (3) that corrosive wear process doesn’t affect on the value of eigen
frequency of unloaded bar. For prestretched bar (T > 0) the value of ferquency
increases, for compression (T < 0) the value of frequency decreases up to zero that
determines the value of precompression force.

We assume that a cross section of the considered bar is a ring. Then the cross
section area F will be determined by the following expression:

F (t) = π
(
R2 (t)− r2 (t)

)
= π

[
(R0 − v1t)

2 − (r0 + v2t)
2
]
.

Here and in sequel, t is a fixed value of corrosion time at which loaded corroded bar
perturbates that leads only to torsional free vibrations. On the basis of expression
(3) we get

ω = ω0

{
1 + 2

T

E

[
(R0 − v1t)

2 − (r0 + v2t)
2
]−1

}1/2

. (4)

If only external corrosion is realized, then it follows that the desired value of the
frequaency ωR is determined by the following expression

ωR = ω0

{
1 + 2

T

E

[
(R0 − v1t)

2 − r2
0

]−1
} 1

2

. (5)

If only internal corrosion is realized, then the desired value of the frequency ωr

is of the following form:

ωr = ω0

{
1 + 2

T

E

[
R2

0 − (r0 + v2t)
2
]−1

} 1
2

. (6)
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Let’s analyze the obtained expressions. Since the cross-section area decreases as
a result of corrosive wear, then it follows from (3) that the value of eigen frequency
increases for (T > 0) and decreases for compression (T < 0), and it increases
infinitely, since F → 0. It is seen from geometrical relations that

(R0 − v1t)
2 − (r0 + v2t)

2 < (R0 − v1t)
2 − r2

0

(R0 − v1t)
2 − (r0 + v2t)

2 < R2
0 − (r0 + v2t)

2 .

Hence we get obvious relations for frequencies:

for T > 0 ω > ωR; ω > ωr

for T < 0 ω < ωR; ω < ωr.

Thus, for compression (T < 0) the lowest frequency arises at simultaneous ex-
ternal and internal corrosion. For the case of bar extension (T > 0) we compare the
quantities ωR and ωr. If R0v1 − r0v2 < 0, it is obvious that

(R0 − v1t)
2 − r2

0 > R2
0 − (r0 + v2t)

2 ; ωR < ωr < ω for t <
R0 − r0

v2
. (7)

Thus, for extension and provided R0v1 < r0v2 (v2 > v1) the lowest frequency
arises for external corrosion.

If
R0v1 > r0v2 and t < 2

R0v1 − r0v2

v2
1 + v2

2

; t <
R0 − r0

v1

then it follows that

(R0 − v1t)
2 − r2

0 < R2
0 − (r0 + v2t)

2 ; ωr < ωR < ω. (8)

Thus, for extension and provided R0v1 > r0v2; t < 2 (R0v1 − r0v2)
(
v2
1 + v2

2

)−1

the lowest frequency arises for internal corrosion. If t > 2 (R0v1 − r0v2)
(
v2
1 + v2

2

)−1

the value of the lowest frequency changes: it arises for external corrosion. Notice
that for

t = 2
R0v1 − r0v2

v2
1 + v2

2

; ωR = ωr. (9)

Analysis of value of eigen frequency depending on the type of wear showed that
the investigated quantity may change its value depending on the sign of preapplied
longitudinal force and corrosion place: internal or external wear.
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